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Chapter 1

In tro duction

Mathematics is one of the oldest sciences,it is as old as human culture and can be found in
almost every aspect of everyday life. Although its pure foundations are abstract, mathematics
�nds its application in the description of real world problems. In fact real world problems
today are not what they used to be 3000 years ago, and while the world has changed, the
appearanceof mathematics has as well.

From the very beginnings,which might have beene.g. calculating with stones,each stone
representing a cow [30], the appearanceof mathematics grew more and more complex and
abstract. During the centuries sciencesasgeometry, astronomy and physicsgot into the focus
of mathematical interest and drove mathematics itself to the development of a wide variety
of theories, concepts, representations and techniques. While mathematics turned out to be
an appropriate tool to handle various scienti�c problems, every new challenge fertilised the
development of mathematics itself, and this is what characterisedthe role of mathematics for
a long time: a sciencethat founded its existenceupon its application within other sciences.

However, the sheerplentitude of emergingmathematical ideas as well as these ideasbe-
comingmoreand moreabstract createda strong needto �nd generalways to properly describe
mathematical problems. This hasled not only to an upcoming formalism in mathematics, but
also initiated a development which had much deeper consequences,namely the negotiation of
mathematics with itself.

In the 17th century Locke's 'Nihil est in intellectu, quod non prius fuerit in sensu'(nothing
is in the mind, that has not been in the sensesbefore) was countered by Leibniz' 'Nisi
intellectus ipse' (except for the mind itself) [48]. Although Leibniz wasreferring to the human
mind in a philosophical sense,thesewords alsoillustrates the changeof attitude towards doing
mathematics starting in thesetimes. Now mathematics wasno longer only a tool to challenge
problemsfrom other scienti�c domains,but there wasalsoa consciousnessfor the pure innate
nature of mathematics decoupled from its application. Leibniz started to work not only
on the application of mathematics, but was also researching the principles of mathematical
reasoningand tried to model methods of reasoningby application of a calculus, and his call
'Calculemus!' (Let us compute!) [47] wasthe �rst step towards the idea of reasoningby means
of computation.

Two centuries later the work of Boole [11] established logics as a �eld of mathematics.
Booleapproached logic in a newway, reducing it to simplealgebraand thus contributed to the
dream of modelling human thought by meansof computation. He also saw the relationship
betweenhis work and the foundations of mathematics, in his opinion 'it is not the essenceof
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mathematics to be conversant with the idea of numbers and quantities', which characterised
the detachment of mathematics from its application in other sciences,paving the way to
modern mathematics in its pure and abstract appearance. At this time his ideas were not
only ancestors of the scienceof arti�cial intelligence, but also had deep consequenceson
contemporary mathematics and especially its formalisation. The 19th century saw the idea
of logicism come up, i.e. the thesis that all mathematics is reducible to logic, the �rst one
to fully develop this thesis was Fregewith the 'Begri�sschrift' [28] at the end of this century .
Frege's ideaswere of great in
uence to Russell,who started to put them into practice in his
Principia Mathematica together with Whitehead [79], and laid the foundations to the work
of Hilb ert, whoseaim was the development of a 'proof theory', i.e. an approach to directly
check the consistencyof mathematics. He wanted mathematics to be formulated on a solid
and complete logical foundation by showing that

� all of mathematics follows from a correctly-chosen�nite system of axioms and

� that somesuch axiom system can be shown to be consistent.

In 1920 he proposedexplicitly a research project (in metamathematics, as it was then
termed) that becameknown as Hilb ert's program to pursue this goal. Although this was
shown to be impossiblelater by G•odel [31], his ideasare still fruitful to the �eld of automated
theorem proving and led to an axiomatic approach to negotiate with mathematics, which still
characterisesmodern mathematics.

During the history of mathematics, not only the theoretical basisof mathematics had to
cover a long distancefrom its beginningsto its nowadays appearance,but sohad alsoits tools.
The �rst mathematical tools, like the Roman abacus, were engineeredto quickly perform
computations on numbers,and in fact this is roughly the task their o�spring stayed dedicated
to for the next somethousand years. However, apart from mechanical calculating machines
and later the electronic pocket calculator, which becamestandard helpersfor mathematicians
and all peoplewho had to perform numeric calculations, the 20th century saw the rise of the
electronic computer. For the �rst time there was a tool to mechanise any processingof
any data, and it quickly becamenot only an important helper in everyday life, but also an
inabdicable tool for mathematicians. The computer made it possibleto perform voluminous
computations within seconds,to handle large amounts of data and also to reducethe rate of
human errors by a reasonabledegree.Nowadays the electronic computer is a standard tool for
applied mathematics, and the software used for applied mathematics purposesis descended
from a comparatively long tradition.

Beneath its bene�ts for applied mathematics however, the electroniccomputer alsoo�ered
a basisto mechanisethe pure and abstract approach to mathematics propagated by Hilb ert.
Now it was possible to automatically handle data that explicitely represents mathematical
knowledgeand it was possibleto implement logic calculi and apply them to this data. One
of the �rst programming languageswas LISP, developed by McCarthy [51], is inspired by the
� -calculus described by Church [20]. In fact the computer turned out to be such a promising
tool to implement the so far theoretical ideas of various logicians that it not only lead to
the birth of the scienceof Arti�cial Intelligence, but even led to a literal euphoria about
the idea of constructing a thinking machine. Although this dream of a machine challenging
human intelligence is still way ahead of the state of the art today, the scienceof arti�cial
intelligence quickly took an important place among the various �elds of computer science.
Nowadays arti�cial intelligence is an accreditedsciencethat developed its own traditions and
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techniques, and although the dream of modelling human thought still seemsto be far away,
arti�cial intelligence neverthelesssucceededin various parts of the challenge and brought
about systemsfor various purposes.

Apart from software that is designedfor special purposes,the art of doing generalmathe-
matics supported by an electronic computer brought about mainly two schools: the school of
computer algebra, whoseaim is to e�cien tly perform symbolic computations on a computer,
and the school of deduction systems,whoseaim is to derive mathematical proofs from avail-
able knowledge. Both of them have their speci�c targets, so the results obtained by these
both �elds di�er heavily concerningthe techniques they useas well as in the objectives they
succeedto conquer. In the following I will give a quick overview over both schools.

1.1 Computer Algebra Systems

In the beginning of the history of the electronic computer, the focus of its application was
on the performanceof voluminous numerical computations. With the development of pro-
gramming languages,it becamefurthermore possible to processsymbolic expressions. The
development of data structures and algorithms to do so laid the foundation of what became
known as computer algebra. First Computer Algebra Systems(CAS for short) originated
from collections of such algorithms.

Computer Algebra Systemswere developed for a variety of purposes. There are general
purposesystemsthat can be usedin various applications [36, 80, 18], but alsospecialisedsys-
tems whoseapplication is restricted to special purposeslike di�eren tial equationsor number
theory [10, 12, 35]. Modern systemslike Maple [18] provide furthermore elaborated facilities
for manipulation and inspections of expressions,e.g. formatted formulae and graphical out-
put of function graphs. The focus of Computer Algebra Systemsis in general on providing
e�cien t data structures and algorithms for symbolic computation.

In spite of elaborated facilities, however, Computer Algebra Systemsare still limited to an
algorithmic processingof a formatted input to produce a formatted output in a straightfor-
ward manner. Unlike deduction systemsthey are not able to show a 'creative' behaviour, i.e.
they are unable to master any problem other than those that can be solved by the algorithms
of their library.

A further drawback of Computer Algebra Systemsis that a formal justi�cation of their
computations is in general not provided. Thus the correctnessof their computations is de-
pending on the correctnessof the system's implementation, and the formal theoretical foun-
dation of their algorithms has certainly beenconsideredin their implementation, but is not
explicitly available. This threatens the reliabilit y of Computer Algebra Systemsseverely, not
only becausebugs in the implementation are hard to detect, but furthermore becausespeci�c
properties of mathematical objects and their axiomatisation may in
uence the outcome of
algebraiccomputation and may not be respected in an appropriate manner. This is of special
importance when it comesto mathematical objects that are hard to de�ne in an unambiguous
way and the outcomeof a computation is heavily depending on the axiomatisation it is based
upon, e.g. as it is pointed out for the meaning of in�nit y by Beesonand Wiedijk [7].

Recent systemsattempt to cure this drawback by introducing elaborated type systems[23,
29], such that special properties of mathematical objects are respected,or adding facilities to
producea protocol of the executedcomputation [29], but there are still gapsto �ll to achieve
a formal justi�cation of such computations and their results.
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1.2 Deduction Systems

Unlike Computer Algebra Systems,Deduction Systemsoperate on an explicit representation
of their formal mathematical foundation in terms of a logic calculus. Thus any inference
performed by these systemsprovides not only its result, but also a proof of its correctness
basedupon a formal foundation in terms of axioms and inference steps that have come to
application to establish this result. This approach is closeto Hilb ert's idea of well founded
mathematics, and it cures the drawbacks of computer algebra, as the correctnessof a proof
formalised within a calculus is easyto check. Furthermore any computation is theoretically
reducible to theorem proving, thus the applicabilit y of a Deduction System is not limited by
a library of algorithms, but any statement that can be expressedin the system'scalculus can
be formalised and processed.

In practice, however, the limits areof coursethoseof computational power that is available,
which is usually much lessthan required to solve most problems by uninformed search. The
main challengeof automated deduction from the very �rst beginning was to master a search
space that grows in general exponentially to the length of the resulting proof. The very
�rst program to implement mechanised reasoning,an algorithm programmed by M. Davis,
implementing a procedurefor the �rst order theory of addition in the arithmetic of integers,
was performing poorly, as Davis stated, due to fact, that the underlying procedure had a
worsethan exponential complexity [24]. Neverthelessit could prove that the sum of two even
numbers is even. In the following, two schools emergedthat tried to master this problems
by di�eren t means. The �rst tried to simulate the processby which a person might seek
proofs (\sim ulate people"), employing heuristic proceduresto guide the proof search. The
�rst system of this school was the 'Logic Theory Machine' by Newell, Shaw and Simon [61].
The secondschool tried to �nd machine oriented proof techniques to master the complexity
of the task. Representativ es of this school are H. Wang [77] and A. Robinson [67]. There
are arguments for both points of view, and in 1961M. Minsky had the early insight that \it
seemsclear that a program to solve real mathematical problems will have to combine the
mathematical sophistication of Wang with the heuristic sophistication of Newell, Shaw and
Simon" [58].

Today there is a wide variety of systems for automated theorem proving in �rst order
logic [52, 78, 37], for higher order logic [3, 8] and logical frameworks and general purpose
theorem proving environments [70, 64, 75] combining di�eren t proof techniques within a
single environment. There are systemsthat employ strongly machine-oriented techniques for
automated theorem proving [68], and systemsthat usedomain speci�c knowledgeon a high
level of abstraction or provide facilities for interactive proof development [70, 64]. Within
the mixed-initiativ e systems,computer algebra rangesamong the techniques that are to be
integrated for proof development in various systems[4, 2, 43].

As for Computer Algebra Systems,modern deduction systemsprovide sophisticated fa-
cilities for proof manipulation and inspection within a graphical user interface [69].

1.3 In tegration of Both Systems

The integration of a Computer Algebra System and a Deduction System could o�er a way
to handle the obvious disadvantagesof both systems: to make the computational speedand
precision of a Computer Algebra System available to a Deduction System would bring the
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latter much closer to practical use, and to catch the bugs that are likely to threaten the
reliabilit y of Computer Algebra System by using a Deduction System to check its results
would increaseits �tness for safety critical purposes.An integration of both however has to
ful�l somerequirements, neither should the guaranteed correctnessof the Deduction System
be threatened, nor should weaknessesof the Deduction System a�ect the operabilit y too
much.

The �rst choice to be made is the kind of architecture that integrates both systems.
Homann and Calmet proposeseveral di�eren t kinds of architectures to do so [38], in which
either the algorithms of the symbolic calculator are available to the theorem prover, the
knowledge and deductional capabilities of the theorem prover are available to the symbolic
calculator, e.g. to verify properties of objects, or a combination of both comesto application.
In this work the CAS is intended to be a support system for the Deduction System, i.e. the
algorithms of the CAS can be called by the Deduction System.

Still an integration of both systemsis possiblein several ways, as pointed out by Baren-
dregt and Cohen [5]. First the Computer Algebra System can be used as a trusted system,
i.e. the Computer Algebra System executesparts of the computation that are incorporated
into the Deduction System's proof without being previously checked, corresponding to the
believing approach. This is of courseno approach to cure the natively lacking reliabilit y of
a Computer Algebra System, and it also threatens the correctnessof the Deduction Sys-
tem. Neverthelessthis is a very simple way to integrate both systems and will, supposed
the Computer Algebra System is thoroughly implemented and well tested, lead to a useful
result. There are implementations of this kind for several theorem provers, e.g. Isabelle and
PVS [39, 2]. The CAS is Maple in both cases.For PVS [2] the occurring problem of possible
unreliable results is explicitly pointed out, but a certain level of de�ciency is acceptedas a
tradeo� for the utilit y of the system.

A secondpossibility is to usea Computer Algebra Systemas an oracle, corresponding to
the skeptical approach according to Barendregt and Cohen [5]. This meansthat the result of
a computation is provided to the Deduction System, so that this results marks a goal point
for the Deduction System'ssearch and therefore considerably restricts its search space. The
successof such an approach is mainly determined by the Deduction System'sabilit y to close
the gapsand to actually justify the Computer Algebra System'sresults. This may reducethe
applicabilit y of the concept, but it never threatens the correctnessof the resulting proof. In
practice however, this possibility is not feasible, becauseeven very simple calculations may
require a proof of a length that makes them range among the hardest proofs ever found by
totally automated theorem provers without domain-speci�c knowledge[43].

Finally there is the possibility to implement a Computer Algebra Systemthat produce a
trace of its computation that can be interpreted by the Deduction System. This meansthat,
supposedthe Computation's trace can be remodelled by the Deduction System in terms of
inference steps of its underlying logic, the full algorithmic power of the Computer Algebra
System is available to the Deduction System's proof search. Furthermore this approach
does not threaten the correctness,as not the possibly buggy Computer Algebra System's
computation is incorporated into the proof, but only its logical reconstruction, which is easy
to check for correctness.The disadvantageof this approach is that available Computer Algebra
Systemsusually do not produce a task that is understood by a Deduction System, in fact
there has to be a closecorrespondencebetween the computational steps that make up the
atoms of the trace and the inferencerules that can be applied by the Deduction System to
reconstruct the computation. This means that this approach requires to implement a new
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Computer Algebra System, and when doing so it is di�cult to reach the high standard of
systemslike Maple that are developed by well establishedand well experiencedteams. As
this solution requiresa very closeintegration of deduction and computer algebra in which the
CAS can be seenas a subsystemof the theorem prover, it is closeto the autarkic approach
in Barendregt and Cohen's classi�cation [5].

Fortunately there is a further possibility to pursuethe task of making a Computer Algebra
System'spower available to a Deduction System, which actual is to combine the integration
of a commercially available Computer Algebra System as an oracle and to attempt to close
the gap between preconditions and the oracle's result by means of a traceable Computer
Algebra System. In practical use this requires the traceable Computer Algebra System not
to be as powerful as the commercial one, as there are many mathematical problems that
are complicated to solve, but the result is easy to test for correctnessby lesssophisticated
algorithms. An example for this is the division of polynomials, which is complicated in
comparisonto checking the result for correctness.This check requiresthe Computer Algebra
Systemonly to be able to multiply polynomials, which is easier.

The choice to use an establishedComputer Algebra System that is able to solve a wide
variety of problems as an oracle to �nd the solutions of these problems and to justify these
results by a lesspowerful but therefore formalised and traceable Computer Algebra System
o�ers both advantages: this way it is possible to incorporate many results of an untrusted
Computer Algebra System and doing so neither to threat the resulting proof's correctness
nor having to spend the e�ort to completely reimplement such a full range system. As this
combination of both approaches promisesto considerably widen the range of problems that
can be solved at a sensiblee�ort to be spent, this approach is pursued in the 
 mega system.
The systemsin usein the 
 mega prover are Maple in the role of the untrusted system,while
the results are establishedby the prototypical traceable Computer Algebra Systems� CAS
by Sorge[71] and Mass . The Mass system and its integration within 
 mega is subject of
this work.

1.4 Con tribution of this Work

The �rst part of this work is dedicated to the implementation of Mass and its integration in

 mega, described in chapter 3. Mass is technically similar to Sorge's� CAS . An increased
robustnessand applicabilit y of the system has beenachieved by redesigningthe algorithmic
library. Furthermore the application of the simple but veri�ed Mass system in cooperation
with the powerful commercialCAS Maple have beenevaluated. A feasibility study of such a
combination of Maple and � CAS has beendescribed by Sorge[72]. The approach was now
pursued using the much more elaborated Mass systemand turned out to be a usabletool in
a considerablynumber of experiments.

Second, Taco , a mathematical authoring tool, is described in chapter 4. As pointed
out by Homann and Calmet [38], a common mathematical databaseis required for a proper
cooperation of a deduction system and a CAS. Taco is a tool to comfortably maintain such
a databasefor an integration of Mass and 
 mega.

During the development of Mass and its integration in 
 mega some`wouldn't it be be
easier if ...'-moments resulted in seriousthinking about the interface to integrate computer
algebraand deduction systemsand related technical problems. The result wasa data structure
that could help solving someof the technical di�culties of such an integration. This data
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structure is proposedin chapter 5.



Chapter 2

In tro duction to 
 mega

The 
 mega system[70] is the deduction system in the scenario. The 
 mega proof develop-
ment system is a mixed initiativ e environment for interactive and automatic proof develop-
ment and is the core of several related research projects of the 
 mega research group. Its
modular architecture providesa variety of facilities for proof development, proof checking and
proof presentation. Its ultimate purposeis to support mathematicians in theorem proving in
mainstream mathematics and mathematical education.

The 
 mega system supports the development of proofs in mathematical domains at a
user-friendly level of abstraction, employing a central data structure and several complemen-
tary subsystems.While it has many characteristics in common with systemslike NuPrl [22],
CoQ [75], HOL [33] and PVS [63], it di�ers from these systemswith respect to its focus on
proof planning as introduced by Alan Bundy for induction theorem proving [14]. In that
respect it is similar to the Clam and � -Clam at Edinburgh [15]. Further features of the

 mega system include facilities to accessa number of di�eren t reasoning systems and to
integrate their results into a single proof data structure, support for interactive proof devel-
opment with facilities for proof inspection and guidancein proof development, and methods
to develop proofs at a knowledge-basedlevel.

2.1 Pro of Data Structure

Proof construction in 
 mega is basedon a higher order natural deduction (ND) variant of a
sorted versionof Church's simply typed � -calculus[21], which is implemented in the proof plan
data structure PDS [19]. The objects represented in the PDS are proof lines, also referred
to as proof nodes. A proof line is of the form L: � ` F (J ), where L is a unique label, � ` F a
sequent denoting that the formula F can be derived from the set of hypotheses�, and (J )
is a justi�c ation expressinghow the line was derived. In casethe line has beenintro duced to
the PDS but is not derived yet, i.e. it is a goal node, the value of this justi�cation is open,
those lines are in the following referred to as open nodes or open lines.

Starting from an open goal node and a set of closedsupport nodes,a proof or proof plan
is developed step by step. In a proof step a proof node is derived from a (possibly empty)
set of support nodes, and the derived node is attributed by a justi�cation describing the
proof step that was applied and the support nodesand possibly further parameters used in
this step. The PDS allows to represent and develop proofs at various levels of granularit y
and abstraction, and accordingly there are di�eren t typesof proof steps that can be applied
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modify the PDS:

� inference rules are part of the underlying ND calculus, and as such they are used for
modi�cation of the PDS at the lowest level of abstraction available in the 
 mega
system, the calculus level. Proofs at calculus level can be checked for correctnessby

 mega's ND proof checker.

� tactics apply a sequenceof proof stepswithin a singlestep. They allow the development
and representation of proofsat a higher level of abstraction and support the user-friendly
development of readableproofs. A tactic's applicabilit y is de�ned by a set of application
patterns or outline patterns

� methods are, like tactics, proof stepsat a higher level of abstraction. Methods are repre-
sented in a declarative way and encode additional control information for an automated
proof planner.

Tactics and methods can be used to integrate complex proof techniques into the PDS,
including e.g. calls to external systems. Proof steps at a higher level of abstraction, i.e.
tactics and methods, canbeexpanded. Expansionis the mechanismto re�ne the granularit y of
representation of a proof step,any complexproof stepcanbere�ned down to its representation
at calculus level, i.e. it can be transformed into a sequenceof inferencerules.

Tactics and methods are similar to LCF-style tactics [32] with respect to integrating se-
quencesof proof stepswithin a single steps,however technique and philosophy are di�eren t.
While at application time of a LCF-style tactic the actual sequenceof inferencesteps is ex-
ecuted, application and expansionof tactics and methods are technically independent: The
result of the application of a tactic or method is remodelled in terms of inference rules by
the expansionmechanism, i.e. the correctnessof such a proof step can be checked using the
expansionmechanism. Unlike in the constructive approach of the LCF system, the applica-
tion of a tactic or method doesnot guarantee the correctnessof its results. This is important
especially when integrating results of external systemsinto a proof: The possibleincorrect-
nessof external systemsis prevented from threatening the proof's correctnessby using the
expansionmechanism to remodel its computation as a sequenceof proof steps. An example
is the integration of an external CAS described in chapter 3, where the CAS protocol is used
to generatea checkable partial proof.

2.2 
 mega's Arc hitecture


 mega is a modular system for automated and interactive proof development and provides
a number of independent modules to modify, inspect and check the proof being developed.

The PDS is modi�ed interactively by the user, who is supported by the proof planner
Mul ti [55] and the suggestionmechanism 
 ants [9]. Mul ti is an automated proof planner
using explicitly represented control knowledgeto �nd high level proof plans, wheretraditional
proof planning is enhancedby using mathematical knowledge and multiple proof strategies
are applied to �nd proofs. 
 ants is a suggestionmechanism to �nd a set of possibleactions
in a speci�c proof state. By ranking theseactions heuristically and executing the best rated
action, the 
 ants mechanism can also be usedin an automated mode.
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For proof inspection and representation, 
 mega features some non-standard facilities.
The PDS can be displayed in 
 mega's graphical user interface L 
 UI [69] in multiple cross-
linked modalities: a graphical map of the proof tree, a linearised presentation of the proof
nodesand a term browser. Moreover, natural languageexplanation of the proof is provided
by the P.rex [26] system, which is interactive and adaptive.

As 
 mega's main focus is on knowledge-basedproof planning, proof development is fur-
thermore supported by a mathematical database.Currently a setof mathematical theoriesare
available in 
 mega, further support is provided by the mathematical databaseMBase [27].

After a proof has been developed, it can be checked by 
 mega's proof checker after
expanding high level proofs to the underlying ND calculus.

2.3 External Systems

One of 
 mega's strengths is its abilit y to accessexternal systems and to integrate their
results. 
 mega provides interfaces to heterogeneousexternal systems such as computer
algebrasystems(CAS), higher- and �rst-order automated theorem provers (ATP), constraint
solvers (CS) and model generators(MG). Their results are transformed and inserted as sub-
proofs into the PDS, thus they can be accessedseamlesslyby 
 mega's inspection and proof
checking facilities. Furthermore they can provide control knowledge for automated proof
search.

Currently the 
 mega systememploys the following subsystems:

� CASs perform symbolic computation. 
 mega usestwo types of systems: commercial
CASs provide complex algebraic computations to compute hints to guide proof search
and to normaliseand simplify terms. Currently the systemsMaple and GAP are used.
Unfortunately thesesystemsact like black boxes so that their result may threaten the
correctnessof the resulting proof. The secondtype of CASs are white box systems,i.e.
systemsthat provide a trace of their computation that canbeevaluated and transformed
into a sub-proof in the PDS. Both types of systems are accessedvia the Sapper
interface [72]. The white box integration of computer algebra algorithms is addressed
in this work.

� ATPs are employed to solve subgoals. 
 mega usesthe �rst order systemsBliksem ,
EQP , Otter , Pr oTeIn , Spass and WaldMeister and the higher-ordersystemsTPS
and LEO.

� MGs are used to provide witnessesfor existentially quanti�ed variables or counter-
models that show that somesubgoal is not a theorem. Among others, Satchmo and
SEM are currently used.

� CSs are employed to construct mathematical objects with theory-speci�c properties.

 mega employs CoSI E [56], a constraint solver for inequalities and equationsover the
�eld of real numbers.

Obviously the integration of CAS results into 
 mega's proof development is of special
interest to this work. As with other external systemsthe only requirement to integrate a CAS
is the availabilit y of a protocol of its computations that can be evaluated and transformed
into a sub-proof to be integrated in the PDS. However the more knowledgeabout a system
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is available to 
 mega, the better it can be integrated into the processof proof development,
especially with respect to automated proof search and suggestionmechanisms. As CASs
are complex systemsthat are applicable for various purposes,providing detailed information
on their capabilities for proof search guidance and suggestionmechanisms is crucial to the
exploration of the power of thesesystemsin proof development.

The implementation of 
 mega is basedupon the Keim [40, 60] library of algorithms and
data structures for automated theorem proving. It is implemented in Clos [42], which is an
object oriented extensionof the Common Lisp [73] programming language.



Chapter 3

Traceable Polynomial
Normalisation in Mass

3.1 Motiv ation

In this chapter I will introduce the Mass system, which is a prototype computer algebra
system. The reason to implement the Mass system was the development of a simple but
universally applicable algebra system that is fully traceable. Its functionalit y extends that
of the � CAS system described by Sorge[71], and its integration into the 
 mega system is
likewisebasedon the sameinterface, Sapper .

The � CAS system was the �rst Computer Algebra System in the environment of the

 mega system that was fully integrated and provided a trace of its computations along
with the possibility to remodel thesecomputations in 
 mega's proof data structure. As its
purposehowever was to evaluate the operabilit y of a closer integration of Computer Algebra
and deduction through the Sapper interface, its abilities are restricted mainly to what is
neededto solve the examplesdescribed by Sorge [71], i.e. to addition, multiplication and
di�eren tiation.

Thus the reasonfor the implementation of the Mass systemwas to overcomethe obvious
weaknessesof the � CAS systemin order to obtain a more robust and generallyapplicable tool
for automated theorem proving. To do so, the focus of the system is not, like in the � CAS
system, the execution of speci�ed computations over polynomials in normal form, but in �rst
line the normalisation of polynomials in any representation, i.e. every computation by the
Mass system starts by normalising its arguments. This improvement turned out to remove
the biggestobstaclefor a usein practical theorem proving, as in everyday mathematics poly-
nomial expressionsusually do not occur in a normalisedform and thus the � CAS systemwas
applicable to standardised problems only. Mass however is able to handle nonstandardised
polynomials, too, and furthermore the normalisation of polynomials is already a useful tool
in many situations, e.g. equality of two polynomials can be establishedby syntactic equality
of their normal forms.

A further improvement is to allow occurrencesof non-interpreted function symbols, i.e.
function symbols that cannot be semantically evaluated by the Computer Algebra System.
By allowing thesenon-interpreted functions, it is still not possibleto solve problems if special
semantic knowledge about these functions would be needed for a solution, but there are
many caseswhere it is su�cien t or at least helpful to rewrite the argument expressionsof
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such functions. For an example,Mass doesnot useyet any special knowledgeof the function
log, so the CAS is not able to verify the equation

log(1) = 0;

but by manipulating polynomials it is possibleto verify the equation

log(x2 � y2) = log((x + y)(x � y))

Finally the applicabilit y of the Mass system was enhancedemploying a further mode
of use. Its predecessor,the � CAS system was in general used as the sole CAS to solve
algebraic parts of the problems, and as such it was responsible for both �nding the result
of a computation and verifying it by providing the computation's trace that was translated
into 
 mega's proof representation PDS. A further approach is to use the traceable CAS in
combination with the commercially available Maple system. A feasibility study using � CAS
is described by Sorge[72]. As both the robustnessand the applicabilit y of � CAS are very
limited, the feasibility has been shown, but only few theorems could be proved in practical
use. This approach wasnow pursuedusing the new Mass system,and a considerableincrease
of the number of theoremsthat can be proved has beenachieved.

The capabilities of Maple , of course,go far beyond the capabilities of the experimental
Mass system, but Maple does not provide a formal justi�cation of its computations. The
solution here was to share the task between both systems: First the Maple system is em-
ployed to �nd the solution of a given problem, then this result is veri�ed by making use of
Mass ' white box behaviour. As it is in many casesmuch more di�cult to �nd the solution
to a problem than checking this solution, this allows to use the power of the much more
e�cien t Maple systemwithout threatening the correctnessof the resulting proof nor having
to reimplement the respective algorithms in a white box CAS. An exampleis the factorisation
of polynomials, which is a standard task for Maple and can be justi�ed by the much simpler
multiplication of the resulting factors by Mass .

The result of these improvements was a robust system with a considerably widened ap-
plicabilit y whosecomputations can be translated into partial proofs in 
 mega's proof data
structure and thus are fully automatically checkable. Mass is now available in the 
 mega
environment and is used for various purposesthat require veri�able algebraic support and
was usede.g. in the experiments described in [53] and [57].

Unlike its predecessor� CAS , the development of Mass was backed by an authoring tool
to maintain the common mathematical knowledge baseof CAS and deduction system. The
importance of this common knowledge base is pointed out by Homann and Calmet [38].
During the development of Mass , the authoring tool Taco , described in chapter 4, was
employed.

Mass is a collection of algorithms for manipulation of polynomials. Mass o�ers a set of
simple algorithms for polynomial manipulation such aspolynomial normalisation, polynomial
addition and subtraction, polynomial multiplication and to a limited extent equality testing.
It can be accessedby the 
 mega system via the Sapper interface [71]. Beneath the appli-
cation of algorithms Mass 's secondmain goal is to make thesecomputations fully available
to a deduction system, so Mass o�ers not only the result of a computation, but is also able
to produce a trace of computational steps that were performed. This can be used for proof
extraction, soany application of a Mass algorithm can be reconstructed in terms of inference
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rules within a deduction systemand its results can be fully incorporated within a proof plan
without threatening the correctnessof the proof.

Mass is actually implemented as a standalone system. Its computations use a propri-
etary data structure which is adapted to the needsof e�cien t polynomial manipulation, and
its functionalit y does not rely on any external resources. However, as Mass 's main bene�t
is the capability to make algorithmic computations reconstructible while its e�ciency and
computational power is weak comparedto commercially available computer algebra systems
as Maple , Mass 's practical usehas to be seenmainly as a supporting system for a deduc-
tion system. Furthermore proof extraction from a Mass trace requires a close interaction
between both the computer algebra system and the deduction system, especially a common
mathematical knowledge baseavailable to both systemsis necessary. Therefore the current
implementation of Mass is accessibleonly through an interface to the 
 mega system: Mass
can be accessedvia the Sapper interface, and all input and output is translated from respec-
tiv ely to Post syntax. The implementation of a dedicated front-end for the Mass system
was omitted.

The Mass system was implemented in Clos [42], which is an object oriented extension
of the Common Lisp [73] programming language. Furthermore the adaption of the Sapper
interface and the implementation of the translator to Post syntax makes use of the Keim
[40, 60] library of algorithms and data structures for automated theorem proving, and some
of the functionalities of the 
 mega system.

3.2 Data Structure

All computations performedby Mass are basedon a proprietary data structure. As the main
purposeof the Mass system is the manipulation of polynomials and as it is intended to be
usedin closeinteraction with the 
 mega system,the focusof the designof this data structure
was laid upon two main aims:

First the data structure should adequatelyrepresent speci�c structural featuresof polyno-
mial terms, and the implementation of data accessand data manipulation should be adjusted
to the requirements of algorithms for polynomial manipulation, i.e. it should e.g. support an
e�cien t sorting of sums.

Seconda crucial point of the interaction between Mass and 
 mega is the translation
of terms. The underlying data structure of 
 mega are terms in Keim that are represented
in Post syntax, so a translation of Mass terms into Post syntax and vice versa has to be
provided. Mass terms represent polynomials in normal form, thus, while a translation of
Mass objects to Post syntax is quite straight forward, a translation of Post terms to Mass
objects is much more di�cult and requires the useof Mass 's algorithm library (seelater for
further explanation).

The result to ful�l these two aims is a data structure that models structural features of
polynomial normal forms, but is also basedon the useof Post primitiv es.

3.2.1 Structure

The focusof the Mass systemis on simple manipulations of polynomials. Generally a polyno-
mial is a sum of a product of powersof variablesmultiplied by a coe�cien t, i.e. a polynomial
P can be represented as:
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class attributes semantics

mass+term a list of mass+termatoms the sum of the elements of the list
mass+termatom a mass+monomm and m multiplied by c

a numerical coe�cien t c
mass+monom a list of mass+monatoms the product of the elements of the list
mass+monatom a function f unc and depending on f unc

a list of arguments args

Figure 3.1: The Mass Data Structure's Object Classes

P =
nX

i =1

ci �
mY

j =1

bei;j
i;j (3.1)

whereci arecoe�cien ts of the monomials,which consistof the primitiv esbi;j , i.e. constants
or variables, and ei;j their appendant exponents.

The Mass data structure is an object oriented implementation of this representation of
polynomials. The components of this notation are mirrored quite straight forward by object
classesof Mass 's data structure. A Mass term is composedfrom the following classeswith
their respective semantics:

Generally the classesmass+term, mass+termatomand mass+monomare used to denote
a polynomial's structure, while the class mass+monatomis the equivalent of the powers of
primitiv es in formula 3.1.

Sothe classesmass+term, mass+termatomand mass+monomare mainly employed to model
computations involving commutativit y, associativit y and distributivit y over addition and mul-
tiplication, which can be implemented e.g. by sorting of lists, while the classmass+monatom
ful�ls several purposes.The function of a mass+monatomis determined by its attribute f unc,
which may have one the following values:

� expt denotes the simplest form of a power, where the base is a Post primitiv e. To
avoid collisions in variable and constant naming, Post primitiv esare employed at this
position without further modi�cation. The applicabilit y of commutativit y, associativit y
and distributivit y under addition and multiplication to these primitiv es is assumedas
a precondition.

The exponent may be any term in Mass syntax.

� power alsodenotesa power, but in this casethe basemay also be any Mass term. The
distinction betweenexpt and power is necessary, becauseterm simpli�cation is Mass 's
principal purpose,and the useof power instead of expt signalsa potentially simpli�able
object when involved in further computation.

� unknowndenotesthe application of a function on which no further knowledge is avail-
able to Mass, e.g. the application of a logarithm. If encountering any such function,
Mass will encapsulethe function in a mass+monatom, but will, if possible,simplify its
arguments.
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argumen t result

mass+term(term:[]) 0
mass+term(term:[t]) rebuild(t)
mass+term(term:[t1 ... tn]) rebuild(t1) + ::: + rebuild(tn)

mass+termatom(coeff:1 monom:m) rebuild(m)
mass+termatom(coeff:c monom:m) if rebuild(m) = 1:

c
otherwise:
c � rebuild(m)

mass+monom(monom:[]) 1
mass+monom(monom:[t]) rebuild(t)
mass+monom(monom:[t1... tn]) rebuild(t1) � ::: � rebuild(tn)

mass+monatom(func:expt args:[a1 a2]) aar 2
1 , where

ar 2 = rebuild(a2)
mass+monatom(func:power args:[a1 a2]) aar 2

r 1 , where
ar 1 = rebuild(a1) and
ar 2 = rebuild(a2)

mass+monatom(func:unknown args:[f a1 ... an]) (f r ar 1:::ar n ), where
f r = rebuild(f) ,
ar 1 = rebuild(a1) ,
...
ar n = rebuild(an)

Figure 3.2: Rebuilding a Post Term from a Mass Object.

It is to be noticed, that the representation of powersbei;j
i;j is somewhatmore complex than

denoted in equation 3.1, namely the bi;j is not necessarilya primitiv e but can be any term.
This meansthat, actually through the implementation of the term+monatomclass,the Mass
data structure can be recursively nested,sothat Mass hasto be able to cope with polynomial
structures at any position of a term.

Furthermore Mass terms can represent any Post term in a manner that will adequately
handle polynomial structures occurring in the respective term, but will leave anything else
untouched. In general the data structure will follow the paradigm of being useful without
being a nuissance,which meansthat the data structure should support an e�cien t handling
of polynomials whenever possible,but will not lead to critical behaviour of the Mass system,
when trying to translate anything non-polynomial to Mass representation.

3.2.2 Translation

The translation of Mass objects to Post syntax is quite straight forward; it is implemented
in the rebuild function. An application of rebuild to a Mass object will have the results
given in �gure 3.2.

To translate a Post term to a Mass object, however, requires considerably more e�ort.
This is due to the fact, that the Mass system keepsthe normal form described above as
an invariant while operating on terms. So generating a Mass object, which is in normal
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form, from a Post term, which is in general not, makes already up a considerablepart of
the simpli�cation performed by the Mass system, and thus the translation of a Post term
to a Mass object has to make extensive useof the Mass algorithm library. The translation
is computed by the read function.

Technically the application of the read function is basedon structural recursion: When-
ever read encounters a Post primitiv e, i.e. a constant, a variable or a number, in which case
we can assumethat it is in normal form, read generatesthe equivalent Mass object.

Whenever encountering an application of a function to its arguments, read will make a
distinction on whether or not there is mathematical knowledgeavailable to the Mass system
on how to handle this function.

If the function is known to the system, read will be recursively applied to the function's
arguments, i.e. the result will bea Mass polynomial in normal form. Then read will interpret
the function as a CAS command, e.g. if read is given the term p1 + p2 it will �rst process
the arguments p1 and p2 and will then apply the appropriate algorithm, in this case the
algorithm for polynomial addition, from the Mass algorithm library to the results of this
argument preprocessing.

If the function is unknown to the Mass system, read will also processits arguments
�rst, but then it will encapsulatethe whole term in a mass+monatom, so that the term will
be normalised as far as possible and correctly represented in spite of the use of unknown
functions.

Considering the example translation of the term

(x + 1) � (x + 1 + log(2 � (x + 1)))

to a Mass object, read will show the behaviour depicted in �gure 3.3.
The result of this application of read is in normal form according to formula 3.1, and the

Mass algorithm library was employed several times to perform operations on normal forms,
like addition or multiplication of polynomials.

3.3 Algorithms

The power and e�ciency of any Computer Algebra System,be it experimental or commercial,
depends to a great portion on the algorithms that are implemented at its core; the greater
the library of available algorithms is, the wider is the variety of problems that can be solved,
and the more careful their implementation is, the lessis the rate of errors and bugs the CAS
will produce. Thus an implementation of a Computer Algebra Systemshould be precededby
a careful consideration on what algorithms should be provided, how thesealgorithms should
be realized and how they will �t in the overall system.

Unlikecommerciallyavailable CAS, e.g. Maple, which aremostly very powerful all purpose
enginesand seta focuson broad applicabilit y and high e�ciency , the purposethe Mass system
is designedfor comprisesa rather small area of operation and has very speci�c requirements.
Mass is designedfor an application in interaction with the 
 mega system, and its duty
are typically simple manipulations of polynomials. The requirements set by this focus are
correctnessand reconstructible justi�cations of the performedcomputations rather than high
e�cency or a widespreadapplicabilit y. Thus we can a�ord and have to restrict the algorithms
provided by the Mass algorithm library to a small and well speci�ed classof algorithms.
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read((x + 1) � (x + 1 + log(2 � (x + 1))))
read(x + 1)

read(x)
) x

read(1)
) 1

apply addition
) x + 1

read(x + 1 + log(2 � (x + 1)))
read(x)

) x
read(1 + log(2 � (x + 1)))

read(1)
) 1

read(log(2 � (x + 1)))
read(2 � (x + 1))

read(2)
) 2

read(x + 1)
read(x)

) x
read(1)

) 1
apply addition

) x + 1
apply mutliplication

) 2 � x + 2
encapsulate

) log(2 � x + 2)
apply addition

) 1 + log(2 � x + 2)
apply addition

) x + 1 + log(2 � x + 2)
apply mutliplication

) x2 + 2 � x + x � log(2 � x + 2) + log(2 � x + 2) + 1

Figure 3.3: Building a Mass Object from a Post Term.
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To provide a frictionless interaction with the deduction system, the interface Sapper
and its functionalit y has to be considered,too. A typical Sapper call of the Mass system
consistsof a CAS command along with its arguments. The CAS command will be executed
by the Mass systemand the result will be returned to the interface. Additionally the Sapper
interface may set the integrated CAS into a so called verbosemode, which meansthat the
CAS is forced to return not only a computation's result, but also a trace that can be usedto
reconstruct a logical justi�cation of the outcome. The conceptpursuedby the Mass systemis
that of an abstract trace of the computation performedby the CAS. If set to verbosemode, the
CAS will log each computational step it performs, actually the CAS will in each step output
an abstract representation of what wascomputed in this step. This representation consistsof
an identi�er of the computational step that wasperformedalong with its parameters,if there
are any. For an example think of the CAS sorting a sum, which usually can be justi�ed by
repeated application of the rules of associativit y and commutativit y. If sorting e.g. the term
((z + x) + y) to obtain (x + (y + z)), the CAS will continuously output the abstract identi�ers
of the step it is actually performing. In the simple example shown in �gure 3.3 we seethe
abstract identi�er of each step next to the term that is obtained by applying the respective
computational step to its predecessor.

term CAS step

((z + x) + y)
((x + z) + y) comm+[1]
(x + (z + y)) assoc+ []
(x + (y + z)) comm+[2]

Figure 3.4: A Term Manipulation and its Trace.

In this casethe CAS trace is the list [comm+[1] ,assoc+ [] ,comm+[2] ], i.e. it is a list
containing the abstract identi�ers comm+and assoc+ and their respective arguments denoting
an application of the rules of associativit y respectively commutativit y under addition. Along
with this identi�er a single parameter is returned, actually the position within the term at
which the rule wasapplied. The objects of the trace arecollectedby the Sapper interfaceand,
again step by step inserted into the deduction system's proof plan to �ll the computational
gap left by the CAS application. To do so the objects contained in the trace are successively
translated into proof stepsof the deduction system'scalculus,in the current implementation of
Mass into an applicable sequenceof 
 mega tactics; actually each identi�er represents a �xed
computational step that can be modelled by the application of an tactic or a �xed sequence
of tactics within the deduction system'sproof plan. This mapping of identi�ers to tactics is
computed by the Sapper interface, which thus is able to mirror the computation performed
by the CAS in terms of proof stepsof the Deduction System. For further explanation seealso
section 3.5.

Concerning the deduction system's proof plan we will encounter the following situation
(without restriction of generality I will only considera forward application of the CAS, back-
ward application of the CAS is analogous). Say the proof plan contains a line L pr ep that
should be simpli�ed using the Mass system, the formula in L pr ep is �( a) where a is the
subterm we want to be simpli�ed by the CAS, and b is the result of this simpli�cation. So a
new proof line L conc will be inserted into the proof plan:
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L pr ep �( a)
L conc �( b) CAS L pr ep

The justi�cation of line L conc is the application of the CAS on line L pr ep with additional
parametersargs� , i.e. whether L conc is a correct consequencein terms of the logical calculus
underlying the deduction system depends of the CAS' implementation. However, from the
abstract trace the Mass system supplieswhen in verbosemode, it is possibleto reconstruct
the computation at calculus level. To do so is the task of the Sapper interface. The Sapper
interface translates each computational step in the trace together with its arguments, if there
are any, into onetactic or a sequenceof tactics of the deduction system. A sequential applica-
tion of thesetactics will now replacethe abstract justi�cation of line L conc in the proof plan.
This re�nement of the proof's justi�cations is performed by the 
 mega proof line expansion,
which is also used to justify the result of a complex tactic by a sequential application of
simpler inferencesteps. Supposedthe subterm a in our example was ((z + x) + y) and this
term was transformed to (x + (y + z)) by the CAS, which also returned the above abstract
trace, our examplecould be expandedto:

L pr ep �(( z + x) + y)
L 1 �(( x + z) + y) COMM+ L pr ep posj1
L 2 �( x + (z + y)) ASSOC+ L 1 pos
L conc �( x + (y + z)) COMM+ L 2 posj2

where COMM+ and ASSOC+ are tactics of the deduction system that justify a term
rewrite according to the rules of commutativit y and associativit y. Besidesrelating the ab-
stract identi�ers of the Mass trace to actual tactics, the Sapper interface also adjusts the
parameters of each computational step to the environment of the deduction system, in this
examplewe can seethat the relative position of the application of a computational step was
transformed into an absolute one, in this casethe position of the subterm that is passedto
the CAS, here pos, has to be concatenatedwith the relative positions the CAS returns in its
trace.

Our approach to integrate algorithms within a logical environment is to return a result
that can be justi�ed employing a step by step justi�cation of the computation. Integrating
an algorithm this way includes that the implementation in the Mass system requires to
keep track of the logical foundations of the algorithm during the computation, and at each
computational step we have to keeptrack of when and how they have to be applied. The need
to involve the foundations of an algorithm into its implementation can lead to a much more
complex and costly implementation than the coding of the bare algorithm. This typically
applies for e�cien t algorithms that make use of implicit mathematical principles or whose
correctnessis basedon considerationon their runtime behaviour (e.g. if an algorithm is proved
to be correct using arguments like 'this is the greatestnumber to ful�l this predicate, because
if there was a greater one, the algorithm would have returned it in a previous iteration', see
section 3.7 for further discussion). In other words there are algorithms that are suiting our
approach better than others.

Second,due to the interface we useand in favour of the standaloneidea, the trace output
is restricted to linearised term manipulation, i.e. the computation is expressedby a sequence
of rewrite steps,each of which is applied to the result of its predecessor,and all proof line man-
agement is left to the interface respectively the deduction system. So we can keepthe Mass
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system'strace output independent from the data structure that is usedfor proof presentation
and thus obtain a high portabilit y when planning to usethe Mass systemin interaction with
deduction systemsother than 
 mega; the simplicit y of the output trace makesan adaption
to di�eren t systemsor logical calculi easy(seealso section 3.5).

Thus we can settle a standard on how to implement algorithms for the Mass algorithm
library. The algorithms provided by this library are independent from the deduction system's
logical calculus and the deduction system's mathematical knowledge base, but rely on set
of computational steps that are known to the Sapper interface and that can be modelled
and justi�ed in the deduction system'scalculus (of coursethis set of computational step may
have to be expandedwhen expanding the algorithm library, seealso section 3.5). From the
logical point of view the role of the algorithm is to provide the control of a computation, but
no property of the algorithm will contribute to the justi�cation of the result. Furthermore
every algorithm returns its result along with a sequenceof abstract computational stepsthat
can be translated into a sequenceof inferencerules respectively tactics that reconstruct the
computation in the context of the deduction system'scalculus.

In generalan algorithm can be denoted as a function f so that an application to a term
x and possibly additional parametersarg� will have the following result:

f (x; arg� ) = y� [R 1 : : : R n ]

where the translation of the trace can be integrated into a proof plan

L pr ep �( x)
L conc �( y) CAS L pr ep arg�

such that

L pr ep �( x)
L 1 �( x1) R 0

1
L 2 �( x2) R 0

2
...

L conc �( y) R 0
n

where R 0
i are inferencerules that result from Sapper translating the abstract steps R i

and proof lines L 1 : : : L conc are justi�ed by the application of the respective inferencerule to
its predecessor.

The core of Mass ' library of algorithms is a simple mechanism for normalisation of poly-
nomials which implemented this way. It is basedupon a set of algorithms which implement
basic arithmetic operations on polynomials, e.g. addition or multiplication of two polynomi-
als, and return the result along with the according trace. Apart from thesebasic operations,
Mass provides a mechanism to lexicographically reorder expressions,e.g. to rewrite the ex-
pressionc + a + b by a + b+ c, which again suppliesa trace of the necessarycomputational
steps. The normal form of a polynomial is computed recursively: If e.g. the head symbol of
the Post expressionto be normalised is plus , its two arguments are recursively normalised,
then Mass ' algorithm for polynomial addition is invoked. The recursion is repeated until
the arguments of the head symbol are primitiv e terms, i.e. variables, constants or numbers,
which are by de�nition in normal form. The result of Mass ' basicarithmetic operations is in
normal form again. The mechanism for lexicographic reordering is usedto establish equality
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of subterms of the expressionif required, e.g. to normalise 2�a�b + 3�b�a, the subterm b�a
is reordered, then the result 5�a�b can be computed by applying distributivit y and adding
the coe�cien ts 2 and 3. Lexicographical reordering may furthermore be applied to establish
syntactic equality to solve equationsby re
exivit y of the equality relation.

3.4 Arc hitecture

This section describes the Mass system's components and their functionalit y as well as its
interaction with the interfaceSapper . Note that although their is no proprietary front end to
accessMass , the idea was to implement a quasi standalonesystemthat can also be adapted
to interact with deduction systemsother than 
 mega. However 
 mega is the only system
Mass is interacting with at the moment, soit will serve to demonstratethe deduction system's
part of the architecture in the following.

The Mass systemis integrated into the 
 mega systemvia the Sapper interface,which is
a genericinterface and can serve asan interface to oneor several CAS that are to be accessed
by 
 mega. The purposeof the Sapper interface is to provide the communication between
both systems;the Sapper interface allows this without requiring modi�cation of neither the
logic usedin the 
 mega systemnor the schemata of the algorithms implemented in the CAS.
To achieve this the interface has to play the role of a translator for terms and commands
that are passedfrom one system to another, and it also has to ful�l the task of proof plan
manipulation that is neededto generatepartial proof plans from the abstract traces the CAS
outputs and to insert them into 
 mega's proof in the right place.

From the deduction system's point of view Sapper provides an abstract representation
of the CAS that are connectedto it, and there are two ways to usetheseCAS: First they can
be used as a black box, which meansthat Sapper will call the CAS to typically simplify a
term, and the CAS will return only the result of its computation, which is then passedto the

 mega system. The secondway is called verbose mode and causesthe CAS to return also
a trace of its computation, which will be translated by the interface into 
 mega proof plans
and inserted to expand these steps in the proof whosejusti�cation is the application of the
CAS. Here the duty of the Sapper interface consistsof the following tasks:

� passingPost objects to the CAS

� passingCAS objects back to 
 mega

� mapping of 
 mega function symbols to CAS commands

� proof plan generation from abstract computation traces

The two main components of the Sapper interface to carry out thesetasks are the trans-
lator and the tactic generator (see�gure 3.5).

The translator ensuresthe translation of Post arguments that are passedto the CAS, and
it invokes the appropriate CAS algorithm. The Mass system'spurposeis the normalisation
or simpli�cation of a given term, thus to �nd the appropriate CAS algorithm to do so a
mapping of possiblehead function symbols to CAS algorithms is employed.

The CAS, when called by the Sapper interface, will executethe commandit is given and,
depending on whether it is called in verbosemode or not, will either only return the result
of its computation or also output an abstract trace of the computational steps it performs
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 mega

Sapper

translator

tactic generator

Mass

call CAS

return result

do expansion

call CAS

return result

return trace

Figure 3.5: Functionalit y of the Sapper Interface.

doing so, which are then collected by the Sapper interface. Here the translator's duty is
the retranslation of the result to Post syntax and the appropriate manipulation of 
 mega's
proof plan. The tactic generator, if the CAS is called in verbosemode, collects the abstract
computation trace steps returned by the CAS and eventually usesthis trace to expand and
justify the result of the CAS's computation within 
 mega's proof plan.

In the caseof the Mass systemthis is realizedby providing the module reader to translate
Post terms to Mass objects and the module rebuilder to translate Mass objects to Post
syntax, furthermore the Sapper interface is able to accessthe Mass algorithm library. To
simplify an Post function using Mass , the interface will map the function to the according
algorithm from the Mass library, which is then applied to the translated arguments.

As already the creation of a Mass object from a Post term implies a simpli�cation of
this term where the Mass algorithm library is involved, the Mass systemdoesnot only have
to provide a trace of the computation that is initiated by the command which is passedby
the Sapper interface, but it has to provide the trace of the argument's translation as well.
Thus a computation performed by the Mass system consistsof two cycles: in the �rst cycle
(see�gure 3.6) Mass will translate the arguments of a function. This is done by the reader
module, which usesthe Mass algorithm library to normalise its input terms. While doing
so the algorithm library outputs a trace of its computation whenever needed. This trace is
passedto the Sapper interface where it is eventually used to expand and justify the term
simpli�cation performed so far.

The secondcycle is the execution of the commandthat is passedby the Sapper interface
(see �gure 3.7). Now the appropriate algorithm from the Mass library is invoked by the
Sapper interfaceand is applied to its already preprocessedarguments, which now are present
as Mass objects in normal form. During this computation cycle the operation of the Mass
algorithm library is analogousto the cycle of argument preprocessing,whenever an algorithm
is applied it will output an abstract trace of the computation it performs.

Furthermore the result of the algorithm invoked by the Sapper interface is passedto the
Mass rebuilder and is retranslated to Post syntax.

Note that every computational step that is performed by an algorithm from the library
is logged in the abstract trace, be it during the translation of the arguments or be it while
executinga command,and that the whole trace is neededto reconstruct Mass 's computation
at calculus level
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Sapper

translation

translator

function mapper

tactic generator

Mass

reader

rebuilder

algorithm
library

trace collector

pass arguments

return trace

output trace steps

callresults

Figure 3.6: Translation of the Arguments of a Mass Command.

3.5 In tegrating Mass in the Sapper In terface

The Sapper module is the interface that connectsexternal Computer Algebra Systemsto
the 
 mega prover. To provide a frictionless interaction between CAS and theorem prover,
the interaction has to follow clearly de�ned standards. While the concept of the interaction
has already beendescribed in section3.4, this section will give a more detailed description of
the actual functionalit y of the Sapper interface.

The purposeof the Sapper interfaceis �rst to translate requestsfrom the 
 mega theorem
prover and to passthem to the CAS. In general this requires to

� map the head function symbol of the term to be simpli�ed to the appropriate CAS
command, and to

� translate the argument terms of this function from the theorem prover's representation
to a representation that is understood by the CAS.

Note that from the theoremproverspoint of view, a call to a CAS via the Sapper interface
has always the purposeto simplify respectively normalise a term, the kind of computation to
beexecutedto do sodependson the structure of the term that is passedby the theoremprover.
In the further proceedingit is assumedthat the term can be simpli�ed by the chosenCAS
whenever the Sapper interface can map the term's head function symbol to a corresponding
CAS command, e.g. if the theorem prover passesthe term (plus t1 t2) to the Sapper
interface, this is interpreted asa call to the CAS's implementation of addition, if there is one,
applied to the arguments t1 and t2 , where thesearguments have to be translated �rst.
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Figure 3.7: Execution of a Mass Command.

This should in generalcausethe CAS to start its computation and to return the resulting
term and a trace of its computation. Now the Sapper interface's duty is to retranslate the
CAS's output to make it available to the theorem prover. Again we have two tasks to ful�l:

� to retranslate the CAS's result term to a representation that is understood by the
theorem prover

� to translate the trace of the CAS to a sequenceof inferencerules that are represented
in the theorem prover's knowledge base,and to apply these inferencesin the theorem
prover's proof plan. This is only required when a full expansionof the CAS's computa-
tion to an explicit sequenceof inferencerules is intended.

Apart from translation, the Sapper interface takes care of the proper integration of the
CAS's computation into the proof plan, i.e. the CAS's result is not only translated to the
theorem prover's representation, but the Sapper interface furthermore addsa new proof line
to represent this result within the proof. When expanding a CAS computation, the Sapper
interfacesagain takes care of the administration of proof lines, e.g. to apply inferencerules
in the right order and to establish the correct dependenciesbetweenproof lines.

To make a CAS available via the Sapper interfacerequiresan abstract speci�cation of the
CAS along with the algorithms it provides and the functions that translate Post syntax into
the CAS's proprietary data structure and vice versa. This speci�cation provides the name of
the CAS and a mapping of Post functions to function namesused for the CAS algorithm
and the translation functions that have to be applied in the respective case. For Mass , this
speci�cation looks like this:
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(ca~defsystem :MASS
(help "The MASSsystem")
(translations
(plus (mass~plus (:mass-term :mass-term2 :mass-term1)))
(times (mass~times (:mass-term :mass-term2 :mass-term1)))
(minus (mass~minus (:mass-term :mass-term2 :mass-term1)))
(power (mass~power (:mass-term :mass-term2 :mass-term1)))
(div (mass~div (:mass-term :mass-term2 :mass-term1)))
(sqrt (mass~sqrt (:mass-term :mass-term1)))
(mod (mass~mod (:mass-term :mass-term2 :mass-term1)))
(= (mass~equal (:mass-term :mass-term2 :mass-term1))))

(call eval))

If a Post expressionas e.g. the head function symbol plus , the corresponding Mass
algorithm is lookedup from the table. The Mass function which implements the normalisation
of an expressionwith head function plus is mass~plus. This function is called after its
arguments have been translated. The indicators mass-term, mass-term1 and mass-term2
are used to select the proper method of the translation functions. For Mass , the following
translation function methods are de�ned:

(defmethod ca~build-object
(term (object (eql :mass-term1)) (system (eql :mass)))

(ca~output-method '((:forward . init-mass-f)
(:backward . init-mass-b)))

(mass~read term (pos~list-position '(1))))

(defmethod ca~build-object
(term (object (eql :mass-term2)) (system (eql :mass)))

(mass~read term (pos~list-position '(2))))

(defmethod ca~build-object
(term (object (eql :mass-term3)) (system (eql :mass)))

(mass~read term (pos~list-position '(3))))

Note that these function ful�l, apart from translation, two further purposes: First an
initial method is required for correct integration of Mass 's result into the proof plan. This
method is inserted into the trace of the computation by

(ca~output-method '((:forward . init-mass-f)
(:backward . init-mass-b)))

Second,further information that is required for remodelling the computation, in this case
the position of the subterm to be translated, are passedto the translation function. As the
normalisation algorithm of Mass is already usedin translation of the arguments, the relative
position of the argument has to be passedto Mass . Here the indicators mass-term1 and
mass-term2 are used for subterms at the position of the �rst respectively secondargument
of an application.

The �nal function to be de�ned is the retranslation function:
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(defmethod ca~rebuild-object
(term (object (eql :mass-term)) (system (eql :mass)))

(mass~rebuild term))

which completesthe abstract speci�cation of Mass as it is seenfrom 
 mega.

3.6 Application Examples

The Mass system can be applied in several modes in interactive proof development and
automated proof planning. In all modes Mass is accessedvia the Sapper interface that
provides di�eren t functionalities to make calls to a CAS from 
 mega.

3.6.1 As a Standalone System

In interactive mode, Mass can be called by the user to simplify an expressionin a speci�ed
proof line at a speci�ed term position. In this case,Mass operates as a standalone system
and is called once to provide the result of the required computation, and a secondtime in
verbosemode to provide the computation's trace that is usedto generatea sub-proof during
the expansion. The command in 
 mega to call an external CAS in this way is

CALL-CASline pos system

where line is the proof node that is to be simpli�ed, pos is the relative term position of
the expressionto be simpli�ed within the formula of line , and system is the symbol of the
CAS that is intended to be applied, in the following it will be mass.

An example is the interactive proof of the binomial formula (a + b)(a � b) = a2 � b2 in

 mega. The problem can be stated in a single proof line:

Binom . ` ((A+ B )�(A� B )) = ((A^2)� (B^2)) (Open)

Now Mass can be called to verify this line

CALL-CASbinom () mass

and yields the new proof plan

L1. ` ((A^2)+( � 1�(B^2))) = ((A^2)+( � 1�(B^2))) (=Ref)

Binom . ` ((A+ B )�(A� B )) = ((A^2)� (B^2)) (Cas L1)

In this case, the equation could be solved by Mass building the normal forms of the
expressionsat both sidesof the equation. In casea lexicographical reordering of the resulting
polynomials is required to establish syntactical equality, this is done by Mass , too. If Mass
succeedsto establish syntactical equality, the proof line can be closedby applying =Ref, i.e.
the re
exivit y of the =-op erator. The actual computation performedby Mass in this example
is revealedwhen expanding the proof plan.
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L1. ` ((A^2)+( � 1�(B^2))) = ((A^2)+( � 1�(B^2))) (=Ref)

L21. ` ((A^2)+( � 1�(B^2))) = ((A^2)� (B^2)) (Plus2min us L1)

L20. ` ((A^2)+(0+( � 1�(B^2)))) = ((A^2)� (B^2)) (0+In tro L21)

L19. ` ((A^2)+((0 �(A�B ))+ (� 1�(B^2)))) = ((A^2)� (B^2)) (0*In tro L20)

L18. ` ((A^2)+((( � 1�(A�B ))+ (A�B ))+ (� 1�(B^2)))) =
((A^2)� (B^2))

(Split-Monomials-Plus
L19)

L17. ` ((A^2)+((( � 1�(A�B ))+ (B �A))+ (� 1�(B^2)))) =
((A^2)� (B^2))

(C-Times L18)

L16. ` ((A^2)+(( � 1�(A�B ))+ ((B �A)+ (� 1�(B^2))))) =
((A^2)� (B^2))

(A-Plus-Righ t L17)

L15. ` ((( A^2)+( � 1�(A�B )))+ ((B �A)+ (� 1�(B^2)))) =
((A^2)� (B^2))

(A-Plus-Left L16)

L14. ` ((( A^2)+( � 1�(A�B )))+ ((B �A)+ (� 1�(B^(1+1))))) =
((A^2)� (B^2))

(Split-Monomials-Plus
L15)

L13. ` ((( A^2)+( � 1�(A�B )))+ ((B �A)+ (� 1�((B^1)�(B^1))))) =
((A^2)� (B^2))

(Split-P ower L14)

L12. ` ((( A^2)+( � 1�(A�B )))+ ((B �A)+ (� 1�((B^1)�B )))) =
((A^2)� (B^2))

(Power-1-Elim L13)

L11. ` ((( A^2)+( � 1�(A�B )))+ ((B �A)+ (� 1�(B �B )))) =
((A^2)� (B^2))

(Power-1-Elim L12)

L10. ` ((( A^2)+( � 1�(A�B )))+ ((B �A)+ (B �(� 1�B )))) =
((A^2)� (B^2))

(Split-Monomials-Times
L11)

L9. ` ((( A^2)+( � 1�(A�B )))+ (B �(A+ (� 1�B )))) =
((A^2)� (B^2))

(Cumm ulate-Left L10)

L8. ` ((( A^2)+( A�(� 1�B )))+ (B �(A+ (� 1�B )))) =
((A^2)� (B^2))

(Split-Monomials-Times
L9)

L7. ` ((( A (̂1+1))+ (A�(� 1�B )))+ (B �(A+ (� 1�B )))) =
((A^2)� (B^2))

(Split-Monomials-Plus
L8)

L6. ` (((( A^1)�(A^1))+( A�(� 1�B )))+ (B �(A+ (� 1�B )))) =
((A^2)� (B^2))

(Split-P ower L7)

L5. ` (((( A^1)�A)+ (A�(� 1�B )))+ (B �(A+ (� 1�B )))) =
((A^2)� (B^2))

(Power-1-Elim L6)

L4. ` ((( A�A)+( A�(� 1�B )))+ (B �(A+ (� 1�B )))) =
((A^2)� (B^2))

(Power-1-Elim L5)

L3. ` ((A�(A+( � 1�B )))+ (B �(A+ (� 1�B )))) = ((A^2)� (B^2)) (Cumm ulate-Left L4)

L2. ` ((A+ B )�(A+ (� 1�B ))) = ((A^2)� (B^2)) (Cumm ulate-Righ t L3)

Binom . ` ((A+ B )�(A� B )) = ((A^2)� (B^2)) (Plus2min us L2)

In this proof plan, every proof step corresponds to a computational step performed by
Mass . The elementary proof steps are tactics that do a term rewrite step according to the
laws of commutativit y (e.g. C-Times), associativit y (e.g. A-Times ) and distributivit y (e.g.
Cummulate-Left) or make useof the special role of the numbers 0 and 1, (e.g. 0+Intr o) and
the tactics Simplify-Num and Expand-Num to rewrite simple numerical expressions.Besides
tactics that implement thesebasic laws of algebra, there are tactics that combine a sequence
of such tactics within a single proof step. An example is the tactic Split-Monomials-Plus,
used here to derive L18 from L19. In this example, the expression0�A�B is rewritten as
� 1�A�B + A�B in a single proof step in the following lines:
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L19. ` ((A^2)+((0 �(A�B ))+ (� 1�(B^2)))) = ((A^2)� (B^2)) (0*In tro L20)

L18. ` ((A^2)+((( � 1�(A�B ))+ (A�B ))+ (� 1�(B^2)))) =
((A^2)� (B^2))

(Split-Monomials-Plus
L19)

This is expandedto:

L19. ` ((A^2)+((0 �(A�B ))+ (� 1�(B^2)))) = ((A^2)� (B^2)) (0*In tro L20)

L24. ` ((A^2)+((( � 1+ 1)�(A�B ))+ (� 1�(B^2)))) =
((A^2)� (B^2))

(Expand-Num L19)

L23. ` ((A^2)+((( � 1�(A�B ))+ (1�(A�B )))+ (� 1�(B^2)))) =
((A^2)� (B^2))

(Distribute-Righ t L24)

L18. ` ((A^2)+((( � 1�(A�B ))+ (A�B ))+ (� 1�(B^2)))) =
((A^2)� (B^2))

(1*E L23)

Two new proof lines have been inserted here, and the computations of Split-Monomials-
Plus have been reduced to a simple numerical rewrite, an application of distributivit y and
the elimination of the neutral element of multiplication. Note that someof the syntactical
peculiarities are encoded within the tactics and not within the CAS. While the expressions
A�B and 1�A�B have the samerepresentation in Mass 's proprietary data structure, the re-
translation into the PDS will drop the leading 1. Possibleeliminations or introductions of
the neutral element in this position are included in the implementation of the tactic. In this
casethe tactic Split-Monomials-Plus explicitly eliminates the neutral element if required.

After expanding these few special tactics, Mass ' computation is completely remodelled
within 
 mega's PDS in terms of simple algebraic laws. The resulting proofs can be further
processedby 
 mega's facilities for proof representation and explanation or, after expansion
to calculus level, proof checking.

3.6.2 In Com bination with Maple

The standaloneapproach o�ers a helpful tool in interactive proof development for automated
normalisation of algebraicexpressions.In this casee�ciency is not ascritical as in automated
proof search, and within its limitations, Mass is an easy-to-usemodule whosecomputations
are seamlesslyintegrated into the 
 mega environment.

Mass however has its limits when it comes to nontrivial computations and issuesof
e�ciency . This is a major drawback in automated proof search. Maple , on the contrary, is a
versatile CAS that o�ers su�cien t support to solve most algebraicproblemsoccurring in real
world proof challenges,and operateson e�cien t data structures and algorithms sothat it can
be reasonablyused in automated proof planning. Like di�eren t further deduction systems,

 mega provides facilities for interfacing to Maple and the system is successfullyinvolved
in automated proof planning for di�eren t domains. As Maple however acts as a black
box system, integrating its computations into 
 mega's PDS without further veri�cation
threatens the correctnessof the resulting proofs and makesit impossibleto verify them using
a proof checker.

The solution proposedin this work is a combined application of Maple and Mass . This
allows to employ the power and e�ciency of a full-grown CAS like Maple during proof
planning, and to usethe veri�cation capabilities of Mass in 
 mega's expansionmechanism.
This approach allowed to �ll the gaps left by Maple in some experiments in the 
 mega
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Metho d:Solve-Equation
Premises L 2

Application Conditions
EqualWithMaple(� ; 	)
� �  Normalize(�)

Conclusions 	 L 1

Declarativ e Con ten t
L 2: � ` � � = � � (=Ref )
L 1: � ` � = 	 (Cas L 2)

Figure 3.8: The Solve-EquationMethod.

group, e.g. on the exploration of the domain of residueclasses[53] and in the domain of limit
theorems[54]. A feasability study of such an approach is described by Sorge[72].

On 
 mega's side, the knowledge required to control and coordinate the two CASs in
proof planning is provided by methods. A simple exampleof such a method is Solve-Equation
(see�gure 3.8). An application of this method is very similar to the example described in
section 3.6.1. The di�erences is �rst that the method provides the control for an application
in automated proof planning, and secondthat in proof planning not Mass , but Maple is
employed. In this method Maple is used to test whether two expressions� and 	 are
equal, and if so, the previously open proof line L 1 is closedand the justi�cation delegatesthe
expansionto Mass. This approach makesuseof the greater e�ciency of Maple during proof
planning and usesMass for veri�cation only. If the method has come to application, e.g.
to solve the example from 3.6.1, the expansionof the conclusion line has the sameresult as
in a standaloneapplication of Mass. Only di�eren t lexicographical orderings of the normal
form produced by Maple may make a di�erence, but theseare within a range that is easily
handled by Mass 's capabilities to reorder expressions.The Solve-Equationmethod is applied
in examplesfrom the domain of residueclasses[53].

A more interesting exampleis the Complex-Estimatemethod (depicted in simpli�ed form
in �gure 3.9), that comesto application in examplesfrom the limit domain [54]. The purpose
of this method is to estimate the magnitude of the absolute value of a complex term by
estimating its simpler factors. The factorisation is done using Maple and its two functions
quo and rem when the application condition k; l  CasSplit(a� ; b) is evaluated. Here the
polynomial division b=a� is computed, the resulting quotient (computed by the function quo)
is bound to k and the remainder (computed by rem) is bound to l . Both of the Maple
function employ the Euclidian algorithm to compute this polynomial division. If both of the
computations yield the correct result, then the equation b = k�a� + l holds. As the veri�cation
of this equation can easily be done by normalisation and possibly lexicographical reordering
of polynomials, Mass can employed here to verify the results of the Maple computations.
This combination of Mass and Maple makesuseof the fact, that somecomputations, while
di�cult to perform, are easy to verify given the result. In this casea polynomial division
(which is beyond the capabilities of Mass, but is easy in Maple ) can be veri�ed using
multiplication of polynomials (this veri�cation cannot be supplied by Maple , but is easily
computed by Mass). Maple is usedhere as an useful oracle, but it is not necessaryto treat
Maple as a trusted system.

An example where the Complex-Estimate method comesto application is the proof of
LIM+, where it is proved that the limit of the sum of two functions is the sum of their limits.
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Metho d:Complex-Estimate
Premises L 1; � L 2; � L 3; � L 4

Application Conditions
�  GetSubst(a;b)
k; l  CasSplit(a� ; b)
b�  Normalize(�)

Conclusions 	 L 7

Declarativ e Con ten t

L 1: � ` jaj < e1

L 2: � ` jkj < M (Open)
L 3: � ` ja� j� �=2�M (Open)
L 4: � ` jl j� �=2 (Open)
L 5: ` b� = b� (=Ref )
L 6: ` b = k�a� + l (Cas L 5)
L 7: � ` jbj < � (�x L 6; L 1; L 2; L 3; L 4)

Figure 3.9: The Complex-Estimate Method.

The problem is formalised in the following way:

Limit-F . Limit-F ` 8E1 9D 1 8X 1 [(0 < E1) ) [(0 < D 1) ^ [[(j(X 1 � A)j <
D 1) ^ (j(X 1 � A)j > 0)] ) (j(F (X 1)� Limit 1)j < E1)]]]

(Hyp )

Limit-G . Limit-G ` 8E2 9D 2 8X 2 [(0 < E2) ) [(0 < D 2) ^ [[(j(X 2 � A)j <
D 2) ^ (j(X 2 � A)j > 0)] ) (j(G(X 2)� Limit 2)j < E2)]]]

(Hyp )

Thm . Limit-F, Limit-G ` 8E 9D 8X [(0 < E ) ) [(0 < D ) ^
[[(j(X � A)j < D ) ^ (j(X � A)j > 0)] )
(j((F (X )+ G(X )) � (Limit 1+ Limit 2)) j < E )]]]

(Open)

As the resulting proof in 
 mega is quite lengthy, the full proof is omitted here. It can be
found in appendix A. At sometime during proof planning, the Complex-Estimate method
comesto application.

L32. H 1 ` (j(F (X )� Limit 1)j < (E =2)) (Open)
L31. H 1 ` (M E2 � (E =(2�M M ))) (Open)
L30. H 1 ` (j1j � M M ) (Open)
L29. H 1 ` (j(G(M X 2)� Limit 2)j < M E2) () E L27,L26)
L28. H 1 ` (j((( F (X )+ G(X )) � Limit 1)� Limit 2)j < E ) (Complex-Estimate

L29,L30,L31,L32)

H 1 = Limit-F, Limit-G, L4, L8, L19

In this situation proof line L 29 has already been derived, and L 28 has been closed by
the method Complex-Estimate. From L 29 and L 28 a and b can be instantiated as a =
(G(M X 2) � Limit 2 ) and b = ((( F (X ) + G(X )) � Limit 1 ) � Limit 2 ). With these instan-
tiations, GetSubst(a;b) evaluates to � = f M X 2! X g, such that a� = (G(X ) � Limit 2 ).
Furthermore Maple is called to compute the polynomial division, and CasSplit(a� ; b) yields
k = 1 and l = F (X ) � Limit 1 . Finally the three new open goalsL 30, L 31 and L 32 are inserted
into the PDS, and the processof proof planning is continued.

While the processof proof planning integrates Maple 's results without further examina-
tion, the correctnessof thesecomputations are checked by Mass when the proof is expanded.
In the actual example of LIM+, an expansion of L 28 inserts a proof line to formally verify
the result of the Maple computation.
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L67. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
(( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X ))))

(=Ref)

L68. ` ((( F (X )+ G(X )) � Limit 1)� Limit 2) =
((1�(G(X )� Limit 2))+ (F (X )� Limit 1))

(Cas L67)

An expansionof L 68 is analogousto the example in section 3.6.1 and results in a re�ned
subproof:

L67. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
(( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X ))))

(=Ref)

L91. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
(( � 1�Limit 2)+ (( � 1�Limit 1)+( G(X )+ F (X ))))

(C-Plus L67)

L90. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
(( � 1�Limit 2)+ (G(X )+(( � 1�Limit 1)+ F (X ))))

(Pop-Plus L91)

L89. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
(( � 1�Limit 2)+ (G(X )+( F (X )+ (� 1�Limit 1))))

(C-Plus L90)

L88. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
(G(X )+(( � 1�Limit 2)+ (F (X )+ (� 1�Limit 1))))

(Pop-Plus L89)

L87. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
((G(X )+ (� 1�Limit 2))+ (F (X )+ (� 1�Limit 1)))

(A-Plus-Left L88)

L86. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
((G(X )+ (� 1�Limit 2))+ (F (X )� Limit 1))

(Plus2min us L87)

L85. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
((1�(G(X )+( � 1�Limit 2)))+ (F (X )� Limit 1))

(1*I L86)

L84. ` (( � 1�Limit 2)+ (( � 1�Limit 1)+( F (X )+ G(X )))) =
((1�(G(X )� Limit 2))+ (F (X )� Limit 1))

(Plus2min us L85)

L83. ` ((( � 1�Limit 1)+ (F (X )+ G(X )))+ (� 1�Limit 2)) =
((1�(G(X )� Limit 2))+ (F (X )� Limit 1))

(C-Plus L84)

L82. ` ((( � 1�Limit 1)+ (F (X )+ G(X ))) � Limit 2) =
((1�(G(X )� Limit 2))+ (F (X )� Limit 1))

(Plus2min us L83)

L81. ` ((( F (X )+ G(X ))+( � 1�Limit 1)) � Limit 2) =
((1�(G(X )� Limit 2))+ (F (X )� Limit 1))

(C-Plus L82)

L68. ` ((( F (X )+ G(X )) � Limit 1)� Limit 2) =
((1�(G(X )� Limit 2))+ (F (X )� Limit 1))

(Plus2min us L81)

As for the previousexamples,Mass 's computation is now modelledwithin 
 mega's PDS,
and a expansiondown to calculus level is possiblewithout further participation of the CAS.
Therewith the correctnessof the computation can be veri�ed by 
 mega's proof checker.

The approach of a combined application of Maple and Mass described here allowed
(within its limits) to make useof the algebraicpower of the commercialCAS Maple without
having the proof's correctnessthreatenedby possiblyerroneouscomputations of the CAS and
without the necessity to perform or remodel all computations that are involved within the
Deduction System's formalism. Although this approach is limited to computations that are
possibly di�cult to perform, but easyto verify (lik e the veri�cation of a polynomial division
by means of a polynomial normalisation), it helped to �ll the gaps left by Maple in the
experiments in the domains of residueclassesand limit proofs [53, 54].

3.7 Conclusion

The implementation of the Mass system had mainly two goals. The �rst intention was to
develop a system that works in a similar style as Sorge's� CAS [43], but with an increased
utilit y and a wider range of application. � CAS is able to add and multiply polynomials and
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to compute their derivative, but has the major drawback that it can only handle polynomials
in normal form. As polynomials hardly occur in normalised form in real world problems,
the system's applicabilit y was limited to a few example cases. In contrast to � CAS , the
functionalit y of the Mass system is based on a simple recursive algorithm for polynomial
normalisation. Further robustnesswasachieved by the allowanceof non-interpreted functions,
such that Mass is able to handle, if not to simplify, arbitrary expressions.

Equipped with this increasedrobustnessand utilit y, the secondgoal could be attacked,
the combination of the computational power of a commercial CAS like Maple to perform
nontrivial computations with the veri�cation strength of Mass in simple arithmetics. This
approach was successfullyevaluated in the context of exploration of the domain of residue
classesand the limit domain [53, 54]. The employment of Mass in this context allowed a
expansion of the resulting proofs down to the level of 
 mega's ND-calculus and therewith
to verify the proof using 
 mega's proof checker. This was previously not possibledue to
Maple behaving as a black box system from 
 mega's point of view and due to the lack of
suitable meansto verify Maple 's computations within 
 mega's formal environment.

While this combination of white box and black box was successfullyintegrated into the

 mega system, the experiments described above revealed the di�culties of the approach
pursued here, too. As Homann and Calmet pointed out [38], a true integration of CAS
and Deduction System requires a common mathematical knowledge base. In the caseof
the integration of Mass in the 
 mega environment, this mathematical knowledge base is
usedto remodel Mass 's computational stepsas 
 mega tactics. It turned out that even the
formalisation of the computations performed by a very simple system like the prototypical
Mass required a considerablenumber of tactics. Furthermore the exact synchronisation of
CAS steps and tactics is critical to the successof the integration of both systems,the more
as some of tactics keep track of syntactical subtleties that are not necessarilyobvious in
Mass 's proprietary data structure (e.g. 1�a and a have the samerepresentation in Mass ,
but are syntactically di�eren t in 
 mega). Thus the implementation of suitable and correct
tactics in 
 mega was a nonneglegiblepart of the development. Furthermore an extension
of a CAS that is integrated this way within an Deduction system requires not not only to
extend the CAS' algorithmic libraries, but in parallel to maintain the common mathematical
database. To easethe impact of this aspect, an authoring tool for tactics in 
 mega was
developed, named Taco and described in chapter 4. Taco allows the generation of tactics
from abstract speci�cation, automatically producing code for term manipulation and headers
of declarationsin Keim . To provide a comfortable environment for the development of tactics,
Taco is equipped with a graphical user interface to provide a concisepresentation as well as
facilities for �le management.

In the current implementation of the systemthe simplicit y of the interface imposesfurther
limitations on the applicabilit y of the CAS. It maps the head function symbol of the term or
subterm to beprocessedto a CAS algorithm. This is appropriate asMass is currently applied
as an enginefor term simpli�cation by meansof polynomial normalisation. Furthermore the
computations of the CAS asthey are remodelled within the PDS are restricted to linear term
rewritings, which again is suitable for currently implemented applications, as the computa-
tions required for polynomial normalisation canbedescribedasa sequenceof equivalenceterm
rewritings. While suitable for the simple prototypical CAS Mass, more elaborate algorithms
and algorithmic techniques are hard to implement this way. E�cien t computational tech-
niques like divide-and-conquerstrategies,where results of auxiliary computations are reused
in several placesand therefore require cross-referencingwithin the CAS-generatedsubproof,
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are hard to expressin strictly linear term rewriting. Other algorithms, like the Gaussianalgo-
rithm to solve linear systemsof equations,would be forced into a quite unnatural appearance
when requiring all information available to the CAS to be encoded within a single proof line.
Finally due to its simplicit y, the interface can provide only little information to suggestion
mechanisms and method heuristics. A desirablesolution here would be an abstract descrip-
tion of algorithms in the style of method declarations in 
 mega. Unfortunately, an extension
of the interface to handle method-like abstract outlines is a non-trivial task, as the matching
of proof lines in possibly long proofs and abstract method declarations from a possibly large
databaseis a technically advanced challenge. The suggestionmechanism 
 ants [9] attacks
a comparable challenge for methods in 
 mega. In chapter 5 a data structure is proposed
which could o�er the technical basisfor this kind of enhancement of the interface. This data
structure furthermore provides a blackboard architecture that allows the interface to act as
a collector of constraints, comparable to CoSI E [56], i.e. a module to collect and evaluate
relevant information during proof development and to suggestand invoke possibly applicable
CAS algorithms for further algebraic processing.

A �nal fundamental limitation of the approach pursued in the integration of Mass and

 mega is imposedby the control of the executionof algorithms beingplacedoutside 
 mega's
formalism. Therefore the very natural approach of human mathematicians to verify the cor-
rectnessof an algorithm and properties of its results by an argumentation over the algorithm
itself is impossible. This makesit di�cult to verify algorithms like the following algorithm to
determine the Greatest Common Divisor of two natural numbers:

fun GCD(a,b)
m:=a mod b;
if m=0then return b else GCD(b,m);

In this casethe property of the algorithm's result to be the greatestcommondivisor of two
numbers is easyto verify by an argumentation over the algorithm, but an integration within
the current implementation of the Sapper interface would require to explicitly keeptrack of
a whole bunch of side-conditionsin each step of the computation every time the algorithm is
applied. A thinkable solution heremight be the implementation of a formalised machine that
can both be used to executealgorithms during proof development and provides a basis for
an argumentation over algorithms. While for a �rst evaluation a simple languageproviding
a small set of formalised control structures and algebraic operations would probably do �ne,
the research on software veri�cation, e.g. the formalisation of the Java Virtual Machine
respectively parts of it in Isabelle [66, 6, 62], could be a sourceof inspiration.



Chapter 4

Building a Mathematical
Kno wledge Base Using Taco

4.1 Motiv ation

As already discussedin the previous chapter, the applicabilit y of a traceable CAS intended
to interact with a deduction system dependsheavily on the available common mathematical
knowledgebase. As for the CAS itself, this knowledgebaseshould be easily extendable,and
the focus of this work is rather on �nding generic ways to do so than implementing a �xed
system.

The particles this common mathematical knowledge base, or rather the part of it that
is used for the interaction between Mass and the 
 mega system, is composed from are
tactics. Tactics are the counterparts of computational steps in terms of the Mass system,
and their purpose is to model the CAS's computation within the logical representation of
the deduction system. Due to their central role in the interaction between the CAS and
the deduction system the selectionof tactics to be used in this context is of great in
uence
on the overall outcome of the system, so the development of tactics to be used here should
be carried out with great care. A sloppy selection and implementation of tactics may lead
to a whole bunch of problems: The granularit y of the CAS's output trace depends on the
available set of computational steps and therewith on the available tactics, and the trace's
granularit y imposedby the tactics used here may lead to a reduced e�ciency of the CAS
and to an insu�cien t readability of the resulting proof plan, if it is too �ne, or, if it is too
coarse, to a disentanglement of the CAS's trace and its mirror in the deduction system's
logical environment and thus may even threaten the correctnessof the outcoming proof plan.

Moreover during the development of the Mass systemthe implementation of tactics turned
out to make up a non negligible part of the e�ort spent on coding, in most casesthe amount
of code produced to implement the tactics to model a certain algorithm exceededthe code
produced to implement the algorithm itself. This is due to the fact that �rst tactics are
complex and 
exible tools to manipulate a deduction system's proof plan, and in fact they
have to be that 
exible and complex to be able to model a CAS's trace without requiring a
too �ne granularit y of this trace. Secondthe computation of an algorithm is a sequenceof
computational stepseach of which hasto bemodelledby a tactic, sothat the number of tactics
that have to be implemented exceedsby far the number of algorithms. The sameapplies for
a future extensionof the algorithm library, as the implementation of a new algorithm usually
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requires the implementation of several new tactics.
Thus, asthe implementation of tactics turned out to bea major part of the development of

a traceableCAS, it becamenecessaryto �nd a comfortableway to implement and administrate
a library of tactics. As it furthermore appeared that major parts of the implementation of
a tactic, although the concept of tactics is very open, consistsof schematic code, a possible
solution is the useof an authoring tool for tactics in 
 mega.

The result of these deliberations was the realization of the mathematical authoring tool
Taco . Taco is intended to provide a very user friendly way to implement and administer
tactics under 
 mega without cutting the power of 
 mega's conceptof tactics. The idea was
to generateexecutablecode from high level speci�cations of tactics, to keepfurthermore the
possibility to embed customisedcode within these speci�cations, and �nally to provide the
technique to composehigh level tactics from simpler ones,which meansthat Taco allows the
user to implement algorithms directly within a logical environment. Moreover, as the focus
of the concept was strictly laid upon usability, Taco provides a graphical user interface and
facilities for �le handling and inspection.

The principle of Taco 's functionalit y is that of a visual editing environment as it is
common in many commercial systemslike visual HTML editors, e.g. Macromedia's Dream-
weaver [34], and visual programming environments, e.g. Borland's C++ Builder [41]. Similar
to these systemsTaco allows the user to work in a visual environment, which provides fa-
cilities for structured presentation of the subject of his development and reducesthe amount
of code that has to be handwritten by means of automatic code generation. Here Taco
is responsible for the automatic generation of the basic skeleton of a tactic as well as the
necessaryLisp functions, which considerably reducesthe rate of typing errors and increases
the productivit y during development by providing a conciserepresentation and by freeing the
user from that schematic part of coding that can easily be done mechanically but which can
also be very tedious to a human programmer.

Beyond this the Taco environment provides a functionalit y that is special to the devel-
opment of tactics in 
 mega. Tactics can be viewed as functions that produce new proof
lines from a set of given proof lines and possibly further parameters. Technically thesefunc-
tions are implemented in native Lisp code and referred to by the abstract speci�cation of
the tactic. Thus the functionalit y of a tactic is limited only by the capabilities of the Lisp
programming languageitself, which is the basis for the 
exibilit y of tactics in 
 mega. The
full power of a programming languagehowever is necessaryonly for comparatively small part
of the computations which are performedduring a tactic's application, while the rest of a tac-
tic's implementation is in generalconcernedwith the decomposition of terms to provide the
suitable parametersfor the computation and with composition of terms to encode the results
of the computation in new proof lines. From the developers point of view it is much more
comfortable to specify this task of term decomposition and term composition on an abstract
logical level, as it is the casefor 
 mega methods, and have thesespeci�cation processedby a
matching or uni�cation algorithm. This proceedingis of coursemuch lesse�cien t at runtime
than simply provide a native Lisp function that e.g. selectssubterms at a given position in
a given proof line that is required as a parameter for further computations. Possibilities to
apply a tactic as a proving step either in forward or in backward direction, each casemay
require additional functions.

In a development environment like Taco however it is therefore sensibleto provide this
facilit y of abstract logical speci�cations. Thus the core of the Taco system is a modi�ed
�rst order matching algorithm which is run only oncewhen generating the code for a tactic
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and which produces native Lisp code that ful�ls the purpose of term decomposition and
composition as far as it is neededat application time of a tactic. To be noted here is that
only oneof the two terms that are to be matched, namely the term in the tactic speci�cation,
is known to the matching algorithm at runtime, and that the code that is produced re
ects
the testing and branching that is dependent on the so far unknown term. This way the
execution of the matching algorithm is divided in two parts: First, one of the two terms to
be matched is analysed,and executableLisp code is generatedaccording to the result. This
step is executedonce when the code of a tactic is generated,as this happensonly during the
development of a new tactic, this step is not critical to the e�ciency of the deduction system
the resulting tactic is intended to be used with. In a secondstep, the code that has been
produced is usedto test and processterms in the context of actual proof development. This
code is executedevery time the tactic is applied in a deduction systemand therefore it is time
critical, but the computations performed by this code are much more e�cien t than running
a full matching algorithm at a tactic's runtime. This way Taco achieves both goals, �rst
allow the developer to specify tactic's on an abstract logical level, and secondto usee�cien t
straight forward Lisp code to implement tactics.

4.2 Speci�cation of Tactics

Tactics are tools to perform more or lesscomplex manipulations of proofs in a logical envi-
ronment. The concept of tactics was introduced in the Edinburgh LCF system by Gordon,
Milner and Wadsworth [32] and wasusedto implement complex inferencerules. The concept
of LCF tactics was to schematically apply a sequenceof inference rules and to provide the
control for doing so, i.e. the concept of LCF tactics provides the control mechanisms of a
programming languageto examinea proof situation, to choosethe appropriate inferencerules
and to apply them to the proof. The useof LCF tactics made it possibleto handle proof sit-
uations wheregoalsor subgoalscould be solved in a schematic way, but at a higher level than
that of inferencerules of the underlying calculus. As the programming languageelements of
this concept only provides the control, while the proof manipulation itself is further on per-
formed by calculus level inferencerules, these tactics can be usedas a tool to schematically
�nd the solution to certain proof situations by means of a programming languagewithout
endangeringthe correctnessof the proof.

The concept of tactics in the 
 mega systemis a descendant of this idea with similarities
and di�erences. The main goal of the concept of 
 mega tactics is still to make use of the
advantages of a programming language to solve these parts of a goal that can be solved
schematically, and to be able to justify the outcome of such a strategy by an application of
a sequenceof inferencerules. The main di�erence to LCF style tactics however is that, for
reasonsof e�ciency , the application of a tactic to a proof situation was separatedfrom its
justi�cation at calculus level, i.e. when applying a tactic to a set of proof lines the deduction
system will check whether its applicabilit y constraints are met and will generatenew proof
lines if necessary, but the justi�cation of the proof lines that are involved will remain abstract
until a more detailed justi�cation is needed.This meansthe application of inferencerules is
omitted during the application of a tactic and is postponed to the time when the expansion
mechanism is usedto generateare more detailed justi�cation.

Thus the implementation of a tactic consistsof two parts. The �rst part is the application
of a tactic. Tactics are inferencesteps,which can be represented by a schemeof proof lines.
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This schemeof proof lines includes at least one conclusionline, i.e. proof lines that are to be
justi�ed by an application of the tactic, and a number of premise lines (possibly zero), i.e.
proof lines that necessaryto derive the conclusion lines' justi�cation. Additionally a tactic
may have an arbitrary number of parameters, e.g. terms or positions of subterms. So in
generala tactic T is characterisedby an application schemewith conclusion lines C1 : : : Cm ,
premise lines P1 : : : Pn and parametersA1 : : : Ak :

T(A1 : : : Ak )
P1 : : : Pn

C1 : : : Cm

At the time a tactic is applied not all of its arguments, i.e. in �rst place premisesand
conclusions,have to be instantiated by existent proof lines in the current proof situation. It
is often su�cien t if someof these proof lines are instantiated, while non-instantiated proof
lines can be generatedduring the application of the tactic and are inserted into the proof
plan afterwards. This is called partial argument instantiation or PAI for short.

Due to the capability of handling a PAI situation, the application part of a tactic may
comprisenot only one,but several speci�cations to apply a tactic, which arecalled application
schemes. An application scheme de�nes, which of the lines of a tactic speci�cation have
to exist at application time and which not. Application schemes are de�ned by outline
patterns, which are lists of the indicators existent and nonexistent . Thesedeclarewhether
a conclusionor premisehasto exist already or whether it can be generatedby the application
scheme. For examplea possibleoutline pattern for a tactic with one conclusionline and two
premise lines is (existent nonexistent nonexistent) , which denotesthat in this scheme
is applicable if the conclusionline already exists in the proof plan, but the two premiselines do
not. In caseof an application of this tactic thesetwo premiselines are generatedand inserted
in the proof plan. In generaleach application schemeof a tactic is separately implemented,
where the implementation has to provide appropriate functionalit y to instantiate the speci�c
missing lines.

In Taco a full speci�cation of a tactic comprises,apart from proof line schemata, param-
eters and outline patterns, additional slots for further constraints, help facilities and theory
symbols. A complete speci�cation of the (simpli�ed) tactic Split-Monomials-Plus, which has
beendescribed in section 3.6.1, has the following slots:

� Variables: This is the slot for variable declarations.

phi z a

� Theory Constants: This slot is used to declaresymbols that are de�ned in the mathe-
matical theory. Thesesymbols can be looked up from the proof environment.

plus times div num

� Parameters: The tactic's parameters.

(pos position)
(x term)
(y term)
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� Patterns: Outline patterns of the situations the tactic is applicable in.

(nonexistent existent)
(existent nonexistent)
(existent existent)

� Theory: The mathematical theory the tactic belongsto.

real

� Premises: Proof line schemata for the tactic's premises.

(l1 (formula phi (times z a) pos))

� Conclusions: Proof line schemata for the tactic's conclusions.

(l2 (formula phi
(plus (times x a) (times y a))
pos))

� Constraints: Further side-conditionsof the tactic. Theseconstraints have two purposes:
they restrict the applicabilit y of a tactic, but can alsobe usedfor variable instantiation.
Brackets f and g are usedto mark Lisp code snippets, seesection 4.3 for details.

{and (data~primitive-p ?x)
(numberp (keim~name ?x))}

{and (data~primitive-p ?y)
(numberp (keim~name ?y))}

{and (data~primitive-p ?z)
(numberp (keim~name ?z))}

(z = {term~constant-create
(+ (keim~name ?x) (keim~name ?y))
?num})

� General Help: Describesthe purposeof a tactic.

Rewrite z*a=x*a+y*a where x,y,z are numbers and z=x+y.

� Argument Help: Help for proof lines and parameters. The help strings are displayed in
interactive proving, when the user is prompted to specify arguments for the application
of a tactic.

(l2 "A Line containg x*a+y*a")
(l1 "A Line containing z*a")
(pos "The position of the term")
(x "The first coefficient")
(y "The second coefficient")
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� Expansion: De�nes the expansionof the tactic. It is a sequenceof inferencestepseach of
which has an identi�er, an outline and possibly parameters. Seesection 4.4 for details.

(inference expand-num (l3 l1)({pos~add-end ?pos 1} x y))
(inference distribute-right (l2 l3) (pos))

4.3 Code Generation

Although the conceptof tactics in 
 mega is openconcerningthe useof programming language
elements, there is in most casesa part of straightforward schematic term composition, for
example the replacement of a subterm in a given position of a proof line's formula by the
result of somesort of calculation, required for the implementation of a tactic. This applies
for the implementation of functions to instantiate non-existing proof lines of the application
schemeas well as for the implementation of applicabilit y predicates,whosepurposeis among
others to test proof lines for speci�c structural properties.

The task to perform here is to match the proof lines in question against the patterns
of the tactic's speci�cation. Thus, given a speci�cation C1 : : : Cn ; Pn+1 : : : Pm of proof line
patterns, the candidates L 1 : : : L m for a suitable argument instantiation (which have, with
respect to the application schemesprovided for this tactic, not necessarilyto exist already in
the current proof plan) have to be matched against thesepatterns C1 : : : Cn ; Pn+1 : : : Pm . To
be noted is that in this context symbols occurring within the proof line candidates' formulae
are treated uniformly as constant, with no regard to them being constants or variables in the
proof's context. The notion of free variableswill be usedin the following to denote free meta
variables,that may occur only within the tactic's speci�cation patterns C1 : : : Cn ; Pn+1 : : : Pm .
The solution to the pattern matching is a substitution � such that for every i2f 1: : : mg the
following holds:

� L i = � Ci for i2f 1: : : ng respectively L i = � Pi for i2f n + 1: : : mg, if L i is an existing
proof line in the current proof plan, and

� � Ci for i2f 1: : : ng respectively � Pi for i2f n + 1: : : mg doesnot contain any free meta
variables, if L i is non-existing.

This meansthat the algorithm has to �nd an instantiation for the speci�cation scheme's
set of free meta variablessuch that neither con
icts arise from matching multiple occurrences
against their respective occurrencesin actual proof lines nor that this instantiation is incom-
plete, preventing oneor morenon-existing proof lineswith uninstantiated meta variablesfrom
being synthesised. Thus the technique of pattern matching is used for two purposes:�rst to
check whether a set of proof lines �ts the speci�cation of a tactic and therewith whether a
tactic is applicable, and secondto complete the argument instantiation of a PAI situation.

In the following I will describe an example for a tactic's speci�cation and its application.
Considering the tactic

Distributivity
P1:�( A � B + A � C)
C1:�( A � (B + C))

a matching of the premise'sspeci�cation pattern P against the actual proof line
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L 1:�(2 � a + 2 � b)

would yield the substitution

� = f A! 2; B ! a;C! bg

which, applied to the speci�cation pattern of the tactic's conclusionC1, will result in the
newly generatedproof line

L 2:�(2 � (a + b))

In this casethe two conditions stated above are met: First the application of � to pattern
P1 equalsproof line L 1, and secondthe result of an application of � to pattern C1 does not
contain any free meta variables. Thus the new proof line L 2 can be inserted into the current
proof plan and is justi�ed by the inferencestep

Distributivit y
L 1:�(2 � (a + b))
L 2:�(2 � a + 2 � b)

When however the samepattern P1 is matched against the proof line

L 1:�(2 � a + 3 � b)

no suitable substitution will be found, as the free meta variable A in pattern P1 occurs
twice and in the respective positions of L 3 the two obviously di�eren t symbols 2 and 3 can
be found. Henceit is impossibleto �nd a substitution to ful�l the condition L 3 = � P1, so the
tactic is not applicable here.

The type of matching usedin the current implementation of Taco is, although operating
on higher order terms, �rst order style matching, i.e. a substitution � such that Ti = � Pi

or Ti = � Ci denotesin the following a substitution such that both sidesof the equation are
syntactically equalmodulo � -conversion. Thus the algorithm that is applied to �nd a suitable
substitution is a variant of Robinson's algorithm for �rst order uni�cation [67, 16]. It starts
on a set of equations� of terms that are to be uni�ed and with an empty substitution � . The
algorithm selectsone equation from � and modi�es � and � according to the following set of
rules depending on the structure of the selectedequation.

In detail the following rules may come to application (note that the chosenequation is
always removed from �):

� Deletion

Any equationsof the form

t = t

are removed from �, the substitution � stays unchanged.

� Elimination

If the chosenequation has the form

F = t,
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where F is a free variable and has no occurrencesin t, then it is checked wether F
occurs in the domain of � . If it doesnot occur in � , then this equation is removed from
�, the substitution f F ! tg is added to � and applied to � and each equation from �:

� 0 = f F ! tg[ [F ! t]�

� 0 = [F ! t]�

If already f F ! tg 2 � , then the equation is removed from � while � stays unchanged.

If f F ! sg 2 � for somes6= t, then fail.

� Decomp osition I

If the chosenequation has the form

s(a1 : : : an ) = t(b1 : : : bn ),

then the equation is removed from �, and equationsof the subtermsand their respective
counterparts are added to �, while � stays untouched:

� 0 = �

� 0 = � [ f s = t; a1 = b1; : : : ; an = bng

� Decomp osition I I

If the chosenequation has the form

�x:s = �y :t

then the equation is removed from �, and equations of the abstractions' ranges are
added to �, while � stays untouched. To avoid clashescausedby naming of the bound
variable, their occurrencesin both subterms are substituted by the samenew variable.
This variable is to be treated as a constant in the following (i.e. in �rst place it should
not occur in the domain of � :

� 0 = �

� 0 = � [ f [x ! vnew ]s = [y ! vnew ]tg

� Failure

If the chosenequation does not �t any of these casesor substitution � fails the occur
check, then fail. This rule applies e.g. if trying to match two di�eren t constants or two
di�eren t structures like an abstraction and an application.

Theserules are applied until � = ; , i.e. until all equations in � have beenprocessed.
As the actual task of Taco is however not to match concreteterms and possibly �nd the

according instantiations, but rather to produceexecutableLisp code that is able to ful�l this
task on an arbitrary input of terms, some adaptions have to be made. The generation of
code is basedupon the fact that, given a set of patterns that are to be syntactically matched
against concrete proof lines, the subterms that provide the actual instancesof terms to be
substituted for these patterns' free variables will occur in �xed term positions, furthermore
the occurrenceof con
icts concerningterm instantiation can also be decidedby checking the
subterms in constant positions of the candidate expressions.

The core of Taco implements a two step procedure,whose�rst part analysesthe tactic's
speci�cation, which is, except for someadaptions, rather similar to the uni�cation algorithm
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discussedabove; the secondpart adapts the result of this analysisto the actual PAI-situation
and generatesthe appropriate Lisp code to test the respective proof lines for a possiblefailure
of the uni�cation algorithm (which is corresponding to the tactic not being applicable), to
compute a correct substitution and to apply it in order to instantiate missing arguments.

To adapt the above uni�cation algorithm, two main problems have to be tackled:

� during analysis of the tactic:

Not all the terms that are to be uni�ed are known at the time of code generation.
This a�ects the algorithm as it is in particular unknown when the conditions of which
reduction rule are met so that this rule would come to application. Furthermore the
result of an application of say one of the Decomposition rules to an unknown term are
also unknown. Therefore the analysis of the tactic's speci�cation will rather provide
a scheme for a uni�cation with respect to those arguments of the algorithm that are
known at code generation time.

� when adapting the result to a PAI:

Depending on the application schemesthat are to be handled, someof the terms may
not be instantiated at all, and thus all computations the algorithm would perform on
theseterms becomeobsolete,which considerablya�ects the resulting substitution.

To tackle these di�culties requires some modi�cations of the algorithm. In particular
some of the computational steps of the algorithm have to be performed virtually , which
means that if an unknown term is object of a certain step of the algorithm, there may be
several possibilities of the algorithm to branch. In this casethesepossiblebranchings along
with their respective side-conditionsarecollected. The decisionwhich branch of the algorithm
comesto application is postponed to either the time of code generation or to the time the
tactic is applied.

At code generation time the uni�cation schemeis adapted to de�ned application patterns
of the tactic, these patterns de�ne which of the tactic's argument proof lines are already
instantiated when the tactic is applied. Depending on this additional information someof
the possible branches of the algorithm can be cut. At the time the tactic is applied, the
generatedcode will provide the appropriate control 
o w statements to decidewhich branches
of the algorithm are cut.

The actual modi�cation to the above algorithm is �rst line to collect possiblecomputa-
tional steps that a�ect the basic set of equations � and the substitution � to be constructed
rather than applying them. The collected stepsare stored in a Construction Graph that will
be explained in a more detailed discussionbelow. Apart from this the adapted uni�cation
algorithm is executedas beforeexcept that

� in an application of rule Elimination the resulting substitution is not applied to the set
of equations � but is merely collected. Note that this doesnot necessarilyresult into a
unique substitution for each variable of the domain of � . Furthermore, asit is at analysis
time not clear which of the a�ected variables will have to be treated as constant and
which as free variables, as this dependson the proof lines that are instantiated before
a tactic is applied. In general there will be two possiblesubstitutions for an equation
a = b, namely f a ! bg and f b ! ag.
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� the application of the Decomp osition I and I I may be applied to a term that is
unknown at analysis time. In this casethe decomposition is performed virtual ly, which
means that new variables are introduced to handle the resulting subterms (e.g. the
function term of an application), their origin is stored in the Construction Graph, and
at the sametime possiblestructural properties that are required to actually apply this
rule are collected(e.g. when attempting to apply rule Decomp osition I , the necessary
structural property is that the respective term is an application).

� as at analysis time it is not always possible to distinct free variables from constants,
it may be not clear whether rule Elimination , rule Deletion or rule Failure comes
to application. Therefore the distinction betweenthe Elimination case,the Deletion
caseand the Failure caseis omitted, the relevant terms are collected, and possible
clashesare resolved later. Note that for this reasona collected substitution f a ! bg
doesnot necessarilyrepresent an actual substitution, but may be as well interpreted as
an equation a = b that determines failure or successof the uni�cation algorithm (see
below for details).

The result of an application of the modi�ed algorithm is obviously not a unique substi-
tution but rather a collection of relations betweenvariables respectively structural properties
of variables that make up the Construction Graph. In the next step this collection is adapted
to a speci�c application scheme(which corresponds to a certain PAI situation and therefore
determinesthe property of being a free variable or a constant for each variable in the graph).
This means that unused relations are dropped (if they refer to variables that are not used
in this particular PAI situation), and the useful ones are interpreted and assembled to an
executablepieceof Lisp code. In this step the actual substitution � is computed along with
the required preconditions for the uni�cation algorithm to be successful. Furthermore am-
biguities are resolved that occur if there are several possiblesubstitutions for one particular
variable: If there are several substitutions for one free variable, then one of them is chosen
to constitute the substitution (which is equivalent to an application of rule Elimination ),
while the others are consideredsubject to rule Deletion or Failure depending on the terms
that are involved. Thus if the terms of thesesubstitutions equal (syntactically) the one that
is chosenfor the construction, then the unmodi�ed algorithm would have succeeded,if they
do not, rule Failure would have cometo application, i.e. the algorithm would have failed to
�nd a suitable substitution.

The matching in Taco is done in three phases. In the �rst phase, the tactic's abstract
speci�cation is analysedand the construction graph is built up accordingly. In a secondphase
this graph is usedto generatethe code to match actual proof lines against thesespeci�cation.
For each application case,i.e. for each outline pattern, an applicabilit y predicate and an own
set of functions for argument instantiation is generated. The code generatedin this second
phaseis executedin the third phase,when the tactic is applied in a running deduction system.
Note that the potentially costly phasesoneand two have to be computed only oncebefore an
actual proof search. Thus the shareof computations that have to be performed in an actual
proof search are considerably reduced.

In the following I will give a detailed explanation of the data structures that are usedto
represent the Construction Graph and of the algorithm that is applied to build it from the
speci�cation of a tactic.
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4.3.1 Construction Graph

In the �rst step the speci�cations of the tactic to be processedare examined for structural
dependenciesand requirements, i.e. in �rst line it is evaluated whether terms that were
previously uninstantiated can be computed from any other given input or independently.
The aim is to code these dependenciesinto a graph like structure that will be denoted the
construction graph, whosenodes are (possibly automatically introduced) variables that are
connectedby so called construction rules and possibly annotated by constraint rules which
represent structural properties that this variable has to ful�l. In this context all atoms of a
tactic speci�cation, namely proof line formulae, tactic parameters and symbols, are treated
equally and are thereforeuniformly denotedasterms in the following, furthermore every term
is represented as a variable in the construction graph.

Construction Rules

Construction rules are usedto construct terms from other terms. Their structure is that of an
n-ary mapping, where the construction rule is characterisedby its base, which is a (possibly
empty) list of variables,and its target, which is a singlevariable that can be constructed using
this rule. Furthermore the construction rule features a piece of Lisp code that implements
the actual description how to construct the target from the base. If we consider for example
the term c which say occurs in the equation c = a+ b, c can be constructed from the function
symbol + and the list of the application's arguments [a;b]. Taco will now intro duce a new
variable for this argument list, say vnew , which will be treated separately, and the following
construction rule is added to the construction graph:

construction_rule(target : c
base: [+,v_new]
code: 'data~appl-create + v_new')

The code fragment (data~appl-create + v new) contains the Keim function to create
a new application term whosefunction is + in this caseand whosearguments are the terms
contained in the list vnew .

When processingthis example, supposed that + is a theory symbol, i.e. that it is al-
ready de�ned in 
 mega's mathematical database, two construction rules are added to the
construction graph that is generatedby Taco :

construction_rule(target : +
base: []
code: 'env~lookup-object

:+
(pds~environment omega*current-proof-plan )')

construction_rule(target : v_new
base: [a,b]
code: 'list a b')

Thus we can construct the term c if a and b are known by constructing vnew with the
third rule. Then + can be looked up in 
 mega's proof environment via the secondrule, and
�nally c can be constructed by using the code fragment of the �rst example rule.
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Constrain t Rules

Besidestheserules to construct terms, Taco 's construction graph contains also rules to test
terms for speci�c structural properties, the constraint rules. These rules are annotations to
a node respectively term in the construction graph and allow terms to be tested for e.g. the
property of being an application, an abstraction or a list.

In the above example, Taco will add the following constraint rules to its construction
graph:

constraint_rule(base: c
code: 'data~application-p c')

constraint_rule(base: v_new
code: 'listp v_new')

constraint_rule(base: v_new
code: 'eql (list-length v_new) 2')

which tests c for being an application and vnew for being list of length two, and all three
rules together test whether c is an application of arit y two.

Graph Construction

The core of the processof construction graph generation is to decomposeevery useful term
given in the tactic's speci�cation. At this point the modi�ed algorithm for syntactical uni�-
cation comesto application.

As described above the algorithm starts on a set of equations, which are in this case
extracted from the tactic's speci�cation. For this purposethe usefulparts of this speci�cation
are �rst the proof line speci�cations, where each speci�cation of the form (l n t) . This
denotesa proof line labelled l n, whoseformula is t . When building the construction graph,
l n is treated as a variable that is bound to the node's formula, and the speci�cation (l n
t) is interpreted as an equation of l n and the speci�ed term t . Thus the proof line's
formula is always represented by one symbol, while the speci�cation t will in most cases
be a non-primitiv e term. For example in the tactic Distributivity introduced in section 4.2,
these speci�cation terms will be a * (b + c) and a * b + a * c. As Taco also provides
the possibility to apply explicit constraints for a further speci�cation of the tactic, this is
a secondsourceof equations for the algorithm's starting set. These constraints are either
natively given in an equational form, in which casethey are added to the starting set, or
they are application of predicates (technically these are code fragments), which are directly
translated to entities of constraint rules (seebelow).

To compute the respective Construction Graph from a set of equations, these equations
are sequentially processedaccording to a set of rules that are described in the following.
The equations are chosenone after the other and removed from the set, then, depending on
the rule that comesto application, new nodes, i.e. new variables, and new edges,i.e. new
construction rules or constraint rules are added to the Construction Graph.

Note that the distinction betweenfree variables,constants and bound variables is omitted
when talking about reduction rules to establish the Construction Graph. This is due to the
fact that at the time of graph construction it is not clear which of these properties can be
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establishedfor which symbol, the matter will however be consideredwhen generating code
for an actual application scheme. Furthermore variables of a tactic's speci�cation are meta
variables and their namespaceis disjunct from the namespaceof the proof environment's
variables.

In detail following rules may be applied to the initial set of equations� (as for the original
algorithm for syntactic uni�cation, the chosenequation is always removed from set �):

� Elimination

If the chosenequation is of form

a = b

then the following construction rules are added to the Construction Graph:

construction_rule(target: b
base: [a]
code: 'a')

construction_rule(target: a
base: [b]
code: 'a')

In this caseneither new variables nor new constraint rules are introduced, and no new
equationsare added to �:

� 0 = �

The semantics is that both of the variables can be instantiated by their counterpart.
To do so no further constraints are required.

� Virtual Decomp osition I

If the chosenequation is of form

a = f (b1 : : : bn )

then two new variables gnew and argsnew are introduced. Furthermore the following
construction rules are added to the Construction Graph:

construction_rule(target: a
base: [g_new, args_new]
code: 'data~application-create g_new args_new')

construction_rule(target: g_new
base: [a]
code: 'data~appl-function a')

construction_rule(target: args_new
base: [a]
code: 'data~appl-arguments a')

The new constraint rule that is added to the Construction Graph are:
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constraint_rule(base: [a]
code: 'data~appl-p a')

and �nally two new equationsare added to �:

� 0 = � [ f gnew = f ; argsnew = [b1 : : : bn ]g

The semantics is that an application can, given its function term and the list of its
arguments, be constructed using the function data~application-create . If however
the function is known, it can be decomposedinto its function term and the list of its
arguments, and to do so it has to be checked whether the term in question actually is
an application term, which is done by the predicate data~appl-p .

� Virtual Decomp osition I I

If the chosenequation is of form

a = �x:b

then two new variables xnew and cnew are introduced. Furthermore the following con-
struction rules are added to the Construction Graph (the code si simpli�es for better
readability):

construction_rule(target: a
base: [x_new, b]
code: 'data~abstraction-create x_new b')

construction_rule(target: x_new
base: []
code: '... new variable ...')

construction_rule(target: c_new
base: [x_new, a]
code: '... replace x by x_new in abstr-range a ...')

The new constraint rule that is added to the Construction Graph are:

constraint_rule(base: [a]
code: 'data~abstraction-p a')

and �nally two new equationsare added to �:

� 0 = � [ f cnew = [x ! xnew ]bg

The semantics is that an abstraction can, given its range and domain, be constructed
using the function data~abstraction-create . If the abstraction is known, we can
extract its range. Note that, to avoid nameclashes,the domain variable of the abstrac-
tion on either side of the equation is substituted by the new variable x new for further
processingof the terms in question. Technically this substitution di�ers at both sides
of the equation: the substitution that is applied to a is hard coded in a construction
rule and will therefore not be applied until the runtime of a tactic's application, the
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substitution at the equation's left sidehowever is applied to the meta term �x:b at code
generation time and will therefore leave no obvious traces in the resulting code.

Here as well as in the Virtual Decomp osition I rule the property of a actually being
an abstraction can be checked using the predicate data~abstr-p when needed.

To completethe implementation of the algorithm for syntactical matching describedabove,
the set of rules is extendedby the In tro duction rule:

� In tro duction

If the chosenequation is of form

a = b

where the expressionsat both sidesof the equation is a non-primitiv e term, then a new
variable xnew is introduced. This rule adds neither construction rules nor constraint
rules to the construction graph, and the equation is split into two new equations that
are added to �:

� 0 = � [ f a = xnew ; b = xnewg

The e�ect is that a possibleapplication of the Decomp osition I or I I rule of the former
matching algorithm is reducedto an application of the Virtual Decomp osition I or
I I rule of the actual implementation, as the resulting new equations will be subject to
one of theserules.

Note that this rule operates on non-primitiv e meta terms, i.e. terms whose structure
(at least at top level) is known at code generation time. As the purposeof this rule is the
reduction of the former Decomp osition rules to Virtual Decomp osition rules, the e�ect
is a shift from a decomposition at code generation time, which is performed at meta level, to
a decomposition at runtime of a tactic's application.

Although this obviously a�ects the e�ciency of the resulting code (as the decomposi-
tion has to be performed every time the tactic is applied), it neverthelessis advantageous
concerningthe maintainabilit y of the system. This is due to the fact that the genuine match-
ing algorithm is able to handle terms that are formed according to a quite simple syntactical
schemewhich allows a term to be either a primitiv e, i.e. a constant or variable, an application
or an abstraction, while the implementation of a convenient environment for the speci�cation
of tactics requires a somewhatmore elaborated syntax. As the focus of the Taco system is
laid upon usability, beneath these possiblestructures the syntax of Taco provides further
syntactical structures like lists or formulae that can be accessedat a given relative position
(seebelow for a detailed description). As Taco is presently in a prototypical state and its
syntax and the structures comprised within it are probably subject to further changes,the
In tro duction rule provides a convenient tool for a genericand uniform treatment of the de-
composition of all thosestructures. The e�ect of this reduction of a meta level decomposition
to a decomposition at runtime is that the implementation of new syntactical structures has
only to be implemented for the runtime case,which usually can be done by the intro duction
of construction rules and constraint rules, while the meta level caseis generically subsumed
by the In tro duction rule. This doesnot only cut the e�ort of an implementation of a new
syntactical structure, but also provides a consistent behaviour of the systemas it avoids dif-
ferencesin the result of such a decomposition betweenmeta level caseand runtime case,as
they both are reducedto the samepiecesof code.
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Apart from the treatment of additional syntactical structures that will be discussedin the
following, the In tro duction rule completesthe implementation of the matching algorithm.
Obviously two of the former rules are abandoned,namely the Deletion rule and the Failure
rule. The whereabout of both of theseruleswill beclari�ed in the following sections,wherethe
actual generationof code for argument instantiation and applicabilit y predicatesis discussed.

First however I will complete the list of reduction rules for the generation of the con-
struction graph. The following rules are concernedabout additional syntactical structures
provided by Taco .

� List Decomp osition

If the chosenequation is of form

a = [b1; : : : ; bn ]

then the following construction rule is addedto the Construction Graph for each element
of the list:

construction_rule(target: b_i
base: [a]
code: 'nth i a')

furthermore a construction rule is added to construct the whole list from its elements:

construction_rule(target: a
base: [b_1 ... b_n]
code: 'list b_1 ... b_n')

The new constraint rules that are added to the Construction Graph are:

constraint_rule(base: [a]
code: 'listp a')

constraint_rule(base: [a]
code: '= (list-length a) n')

In the caseof the List Decomp osition rule the In tro duction rule is additionally
applied to each non-primitiv e element of the list, i.e. if an element of the list has a
complex structure, a new variable will be introduced and the appropriate equation is
added to �:

� 0 = � [ f xnew = bng

This newvariable xnew furthermore replacesall occurrencesof bn within the construction
rules and constraint rules described above.

The semantics is that a list can be decomposedinto its elements if it is known, and that
it can be composedfrom its elements, if theseare known. Furthermore to decomposea
list, it is necessaryto check whether the term in question is a list of appropriate length.
Note that lists are essential to deal with applications, as an application consistsof a
function term and a list of argument terms.
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� Num ber Elimination

If the chosenequation is of form

a = n

where n is an explicit number, then the following construction rule is added to the
Construction Graph:

construction_rule(target: a
base: []
code: 'data~constant-create n num')

which meansthat a can be constructed by creating a number term of value n. Numbers
are treated specially as they are literally de�ned constants whosevalue is determined
by their symbol, which di�ers from the behaviour of other constants or variables.

� Co de Em bedmen t

Besidesthe de�nition of syntactical patterns, term manipulation under Taco can also
be performed by embedding native Lisp code. Thus � may contain equations of the
form

a = piece-of-code (v1 : : : xn )

wherepiece-of-code is a pieceof native Lisp code. This code can be straight forward
converted to a construction rule:

construction_rule(target: a
base: [v_1 ... v_n]
code: 'piece-of-code(v_1 ... v_n)')

Taco provides furthermore the possibility to use meta variables within this piece of
code, so that the baseof such a construction rule is the set of meta variables contained
in that code.

� Form ulae

Formulae are usedto accesssubterms at a given position. They occur in the form

a = formula (� ; x; pos)

where � is the term, x is the subterm and pos is the relative position of x in �. As
x may be a non-primitiv e term, it is replacedby a new variable x new . This construct
is used for term rewriting in given positions, i.e. constructing a from �, x and pos by
replacing the subterm at position pos with x in �:

construction_rule(target: a
base: [Phi x pos]
code: 'data~replace-at-position Phi pos x')
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Furthermore x can be constructed by looking up the subterm in � at position pos:

construction_rule(target: x
base: [Phi pos]
code: 'data~struct-at-position Phi pos x')

To �nd an instantiation for �, a can be used:

construction_rule(target: Phi
base: [a]
code: 'a')

As the syntactical construct formula (� xpos) denotesa term that is known except for
position pos, Taco has to keep track of these de�nitions. Therefore de�nitions of
formulae are collected and later tests for equality are evaluated with respect to the
possibly di�ering subterm at position pos. The introduction of the new variable is
recordedin �:

� 0 = � [ f xnew = xg

This rule completesthe list of possibly applicable construction rules. The computation of
the construction graph is �nished, if the set of equations � is empty. If there are equations
remaining without an appropriate rule being applicable, the algorithm fails.

The construction graph however is only a rough skeleton of the term manipulation to be
done. The generation of executable code from the set of construction rules and constraint
rules, which depends heavily on the context of the actual application scheme of the tactic.
The main task of adapting the information represented in the construction graph to an actual
application scheme is to select appropriate construction rules and constraint rules and to
apply them in the right place. How this is done is subject to the following sections.

4.3.2 Argumen t Instan tiation

The instantiation of missing arguments in a PAI situation is the major purposeof the Taco
algorithm. Regarding Robinson's algorithm for syntactic matching, the main di�erences to
its implementation are in �rst place that the analysis are separated into two steps due to
the lack of information at code generation time, as the actual terms to match are usually
not known until runtime of a tactic's application, and in secondplace the separationbetween
�nding a suitable substitution for uni�cation and its application to actually instantiate missing
arguments is abandonedfor reasonsof e�ciency . A further reasonto do so is the dynamic
nature of the context to which the information brought about by the matching has to be
adapted to. However although the dynamics of the context, e.g. the existenceof several
application schemesand therewith the possibility of parts of the information gained by the
matching algorithm becoming obsolete in someof these contexts, the data structure of the
construction graph allows to represent this information in a su�cien tly dynamic form to keep
it adaptable to a changing context.

Once the construction graph is established,it is easyto extract the information neededto
cope with a speci�ed PAI situation. Note that the construction graph the procedurerelieson
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is the samefor each argument in each PAI situation that is processed.The information that
is extracted should result into the generationof executablecode, and this code should provide
the following functionalit y: code to instantiate missing arguments from information provided
by a speci�ed context and an applicabilit y predicate to determine whether a uni�cation is
possiblein this context at all. The functionalit y of instantiating a term from a given context
is essential for the generation of instantiation functions as well as for the generation of an
applicabilit y predicate.

The basic fragments which the generatedcode is assembled from are the code fragments
given by the construction graph's construction rules. The semantics of a construction rule is
that the target symbol, say c, can be created by executing the rule's code fragment, and a
precondition is that there are no uninstantiated symbols in the list given by the rule's base:

construction_rule(target : c
base: [+,v_new]
code: '(data~appl-create + v_new)')

Thus if all symbols from the base list are instantiated, the rule's code can be applied.
The resulting code to instantiate c is assembled form both the code to instantiate its base
variables and the code snippet in the rule:

(let* ((+ (... code to generate + ...))
(v_new (... code to generate v_new ...)))

(data~appl-create + v_new))

In this example,an application is createdfrom function symbol + and argument list vnew .
The result is c, which is the return value of the function here.

If however there are uninstantiated symbols left in this list, we can attempt to recursively
lookup construction rules to instantiate thesemissing base symbols. Thus the actual task to
perform to assemble the code for argument instantiation is that of �nding a directed acyclic
graph (DAG) within the construction graph with the following properties:

� the argument symbol that is to be instantiated is a node in the DAG. In the following,
this symbol is referred to as the root of the graph.

� all edgesin the tree are given by valid construction rules. Construction rules are n-ary
mappingsof the target symbol and the set of supporting basesymbols. If a construction
rule is applied in the DAG, all of its basesymbols are nodes in the DAG. Note that
someconstruction rules, e.g. to look up theory symbols, have an empty base.

� every symbol node in the DAG may support the base of several construction rules, but
it is the target of at most one construction rule.

� all nodesof the DAG that are not the target of a construction rule are already instan-
tiated symbols; or technically it has to be ensuredthat all variables that are usedby a
code fragment have been assigneda value previously. Practically this meansthat the
symbol in question is either given from the context of the PAI situation, i.e. it denotes
the formula of a given proof line or one of the tactic's parameters.

The requirement that this graph should be translated to executable code is the reason
why the graph has to be a DAG:
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� The graph hasto be freeof directed circles, i.e. there is a path of construction rules that,
pursued from their baseto their target, connectsa variable to itself. The consequence
would be the attempt to recursively derive a variable from itself, which will not be
successfulhere.

� Undirected cyclesare allowed and, from a technical aspect, reasonable:in this situation
a symbol supports the base of several construction rules and therefore has multiple
occurrencesin the resulting code. As it is however ensuredthat this symbol wasproperly
de�ned previously, this doesnot a�ect the correctnessof the resulting code.

The result is an algorithm that implements a depth �rst backward search over the con-
struction graph. The arguments of this algorithm are �rst the symbol x that has to be
instantiated and secondthe set I of variables that are already instantiated and a set P of
variables that are pending, i.e. a construction to instantiate them has been found, but the
search for an appropriate well founded DAG is not completed yet; when starting the pro-
cedure, I is initially the set of variables that occur in the actual context and are therefore
already instantiated, P is empty.

The valueof the call instantiate( x, I , P) is computedaccordingto the following rules
and either returns a DAG that meetsthe requirements stated above or fails, furthermore the
procedurereturns I 0, a modi�ed version of I where all variables that have beeninstantiated
during the processare added.

� If x 2 I then terminate, as x is already instantiated. The DAG that is returned is the
singlenode DAG whoseroot is x. No new variableshave beeninstantiated, thus I 0 = I .

� If x =2 I and x 2 P then fail. In this casethere was an attempt to construct a DAG
that contains a directed cycle.

� If x =2 I and x =2 P, then lookup the list f c1 : : : cng of available construction rules whose
target is x. Find the �rst rule ci that can be successfullyapplied, which is determined
by the following recursion:

Let f b1 : : : bm g the base of ci . A rule ci can be successfullyapplied if for none of
its base symbols the procedure instantiate( bj , I j , P [ f xg) fails. To construct
bj , the procedure is called with I j = I j � 1

0 for j 2 f 2: : : mg and I 1 = I , the set of
variables that have already beeninstantiated beforetrying to instantiate x. This way, a
double construction of variables that have already beeninstantiated after constructing
b1 : : : bj � 1 is avoided.

If there is no such rule then fail, elsereturn a DAG whoseroot is x, the sub-graphsat
depth 1 are thosereturned by the procedurecalled to the basesymbols of the successful
construction rule, which furthermore represents the edgesbetweenroot and sub-graphs.
The set of variables that have been instantiated so far is I 0 = I 0

n [ f xg, i.e. the set of
variables that have beeninstantiated after having processedthe last basesymbol of ci

plus x.

When such a DAG of symbols and code fragments is found, the only thing left to do is to
translate the result from its DAG structure into a linear list of code fragments. The property
that has to be preserved when doing so is the ordering given by the DAG: if a node is a child
of another node, then its occurrence in the list should be placed before the parent's node.
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� Premises:

(l1 (formula phi (times z a) pos))

� Conclusions:

(l2 (formula phi
(plus (times x a) (times y a))
pos))

� Constraints:

{and (data~primitive-p ?x)
(numberp (keim~name ?x))}

{and (data~primitive-p ?y)
(numberp (keim~name ?y))}

{and (data~primitive-p ?z)
(numberp (keim~name ?z))}

(z = {term~constant-create
(+ (keim~name ?x) (keim~name ?y))
?num})

Figure 4.1: A Part of the Speci�cation for Tactic Split-Monomials-Plus.

This is necessarybecausethe DAG structure represents the dependenciesbetween symbols:
a symbol is instantiated by applying a speci�ed code fragment to its child nodes, therefore
these have to be instantiated previously. Regarding the linear ordering of the list however
it is uncritical to place further code fragments between the instantiation code of a symbol
and that of its children which it depends on. In the example tactic Split-Monomials-Plus,
speci�ed in �gure 4.1, Taco �nds the DAG depicted in �gure 4.2 to instantiate proof line l1
from l2 and the parametersx, y and pos in the PAI situation that is given by outline pattern
(existent nonexistent) .

The �nal step of code generation is the translation of the resulting list to executableLisp
code. As the elements of the list already contain code fragments that are ready to use, the
task to perform here is simply to pack them in linearised form into a valid let* statement.
The result is depicted in �gure 4.3.

Note that the result of this procedureis only the code to generateonespeci�ed argument
of a tactic from a speci�ed context. In general this is only a fraction of implementational
work to specify a whole tactic, asa tactic usually contains several application schemes,each of
which specifying another PAI situation. Furthermore each of thesePAI situations may feature
several uninstantiated arguments, and for each of these uninstantiated arguments there has
to be an implementation to generateit from its speci�c context. Thus this procedurehas to
be repeated until the code for instantiation of all of thesearguments is generated.
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x2:(data~struct-at-posit ion l2 pos)

x3:(data~appl-arguments x2)

x6:(nth 1 x3)

x7:(data~appl-arguments x6)

num:(env~lookup-object :num)

a:(nth 1 x7)
z: (term~constant-create

(+ (keim~name x )
(keim~name y )) num)

times:(data~appl-functio n x6) x1:(list z a)

x0:(data~appl-create times x1)

l1:(data~replace-at-pos iti on l2 pos x0)

Figure 4.2: The Code DAG to instantiate l1 in pattern (existent nonexistent) with
parametersx,y and pos.

4.3.3 Applicabilit y Predicates

Apart from the generation of code to instantiate previously uninstantiated arguments of an
PAI situation, the code for the appropriate applicabilit y predicate has to be generated. The
purposeof an applicabilit y predicate is to analysea PAI situation to examinewhether it �ts
the speci�cation of a tactic and therewith whether a speci�ed tactic can be applied in this
situation.

From the technical point of view the code that is automatically generatedby Taco has to
ful�l two purposes:First it hasto ensurethat the arguments and parametersfound at the time
of a possibleapplication of a tactic match the meta speci�cation of a tactic de�ned in Taco .
Second, as the code generated to instantiate missing arguments in a speci�c application
scheme respectively PAI situation relies on properties of the processedobjects which are
guaranteed by the meta speci�cation, it prevents the code of instantiation functions from
crashing. In other words a PAI situation that is determined to �t a tactic's speci�cation by
an applicabilit y predicate should causeno crasheswhen being processedby an instantiation
function. An example is list decomposition: Applying the Lisp function nth to a non-list
object causesan error.

Critical points that have to be consideredwhen implementing such an applicabilit y test
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(let*
((x2

(data~struct-at-position l2 pos))
(x3
(data~appl-arguments x2))

(x6
(nth 1 x3))

(x7
(data~appl-arguments x6))

(a
(nth 1 x7))

(num
(env~lookup-object :num
(pds~environment omega*current-proof-plan )))

(z
(term~constant-create
(+ (keim~name x ) (keim~name y )) num))

(x1
(list z a))

(times
(data~appl-function x6))

(x0
(data~appl-create times x1)))

(data~replace-at-position l2 pos x0)))

Figure 4.3: The Code DAG of �gure 4.2 in linearised Form.

are mainly to ensure structural properties of the formulae in question and to ensure the
equality of all occurrencesof a symbol if it is used in several placesof the speci�cation, e.g.
if within the speci�cation of a tactic occurs the expressiona + a, the applicabilit y predicate's
code should ensurethat the structure of the respective object is that of an application with
arit y two, and that both of its arguments are equal.

The procedure of generating the code to implement an applicabilit y predicate is based
on the same construction graph that is used to generate code for argument instantiation.
However constraint rules, while ignored in the previous section, come to application here.
Now the construction graph has to be examined to �nd and handle the critical points in a
tactic speci�cation, i.e. structural propertiesof symbolsand equalitiesof di�eren t occurrences
of the samesymbol. The necessaryinformation can be extracted from the construction graph
according to the following principles:

� Structural prop erties of symbols are explicitly given by constraint rules, i.e. if a
symbol is related to one or more constraint rules, the execution of the code fragments
of theserules determineswhether or not this symbol meetsthe structural requirements
of the tactic's meta speci�cation. These constraint rules are generated, as already
discussed,by the procedurethat analysesthe tactic's meta speci�cation.

� Equalit y of di�eren t occurrences of a symbols can be examinedby analysis of the
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construction rules of the graph. If the symbol has several occurrencesthat are relevant
in a speci�c PAI situation, then there are several construction rules that can be used
to instantiate this symbol (note that a construction rule contained in the construction
graph only becomesrelevant to a PAI situation if it actually is applicable, i.e. if all
symbols of its base can be instantiated). Thus to ensurethe equality of all occurrences
of the samesymbol it has to be checked whether the execution of the code fragments
of all relevant construction rules have the sameresult.

Note that the occurrence of such critical points is not limited to symbols that are in-
stantiated at the time a tactic is applied, but may as well originate from symbols whose
instantiation is done by the code that is generatedby Taco . Thus to verify the applicabilit y
of a tactic in a speci�ed proof situation, not only symbols which have obvious occurrences
in the starting situation are examined, but also those symbols that can be instantiated by
Taco 's algorithm. All symbols that are reachable via a path of construction rules from the
starting situation can be instantiated. For all thosesymbols it is examinedwhether they meet
the requirements of the tactic's speci�cation.

For this reasonsymbols are not only examinedby the Taco procedureto generateappli-
cability predicates,but may alsobe instantiated by this procedure. As the aim in this caseis
di�eren t from that when attempting to instantiate one speci�ed symbol, which was the aim
in the previous section about argument instantiation, the algorithm, although relying on the
sameprinciple and the samedata structure of the construction graph, is di�eren t in this case,
too. The actual di�erences now are �rst that the objective is to examine all symbols rather
than instantiating one of them. The consequenceis that the type of search that is applied to
examine the construction graph is a breadth �rst search that is applied in forward direction,
i.e. the task is to determine which new symbols can be instantiated from a given set of known
symbols by forward application of a construction rule in the construction graph, while the
instantiation of one special symbol rather suggeststhe useof a depth �rst backward search,
i.e. it has to be determined whether there is a construction rule whosebaseis constructible
and whosetarget is that special symbol. Second,unlike the code resulting from the procedure
for argument instantiation, the code of an applicabilit y predicate is intended to operate in
a somewhat insecure area, i.e. no symbol has any guaranteed property like e.g. being an
application. The consequenceis that to prevent the code from crashing it is necessaryto
test symbols for the properties that are required for further processing,e.g. decomposition of
non-primitiv e terms should be precededby an examination of the property of being a non-
primitiv e term of appropriate type. Thesechecks will becomeobsoletein a later execution of
code for argument instantiation, as we can assumethat an applicabilit y predicate has been
applied prior to the actual tactic application, but the checks are required in the right place
to produce applicabilit y predicatesthat comeup with a negative result rather than crashing
in situations in which the tactic is not applicable

The consequenceof these deliberations is an algorithm that implements a breadth �rst
forward search over the construction graph while keeping track of the properties of a�ected
symbols that have to be checked prior to further processing.The algorithm proceedsin two
alternating cycles: �rst all constraint rules that are not depending on variables that have no
instantiation yet are evaluated, then all applicable construction rules whose basevariables
have no pending constraint rules are usedto instantiate new variables. If constraint rules are
applicable that can be used to construct variables that already have an instantiation, both
instantiations have to be equal. these two cyclesare repeated until no more constraint rules
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can be evaluated and no construction rule can be applied to instantiate new variables. To
produceexecutablecode, the result is processedsimilar to the instantiation of arguments. The
results of a cycle to evaluate constraint rules are collected in an and statement, applicable
construction rules of the next cycle are packed into a let* statement, whose range is the
next cycle of constraint rule evaluation and which is the last argument of the previous and
statement. Thus the resulting code has the form:

(and constraint cycle 1
(let* construction cycle 1
(and constraint cycle 2

(let* construction cycle 2 ...))))

The applicabilit y predicate to determine whether Split-Monomials-Plus is applicable in
outline pattern (nonexistent existent) is thus computed as follows: In a �rst cycle con-
straint rules that do not need variable instantiations other than given by parameters and
available proof lines are evaluated in an and statement:

(and
(and (data~primitive-p x )

(numberp (keim~name x )))
(and (data~primitive-p y )

(numberp (keim~name y )))

In this case,the two embedded code constraints from the speci�cation are evaluated. x
and y are parameters,so they are already instantiated at the time the applicabilit y predicate
is evaluated. The last argument of this and statement is a let* statement which is the result
of the computation in following cycles. The �rst cycle of construction yields:

(let*
((x0

(data~struct-at-positio n l1 pos))
(num
(env~lookup-object :num
(pds~environment omega*current-proof-pla n)))

(times
(env~lookup-object :times
(pds~environment omega*current-proof-pla n))) )

The theory symbols are looked up here, and the subterm of l1 at position pos is bound
to x0. Theseinstantiations are again usedin the next constraint cycle:

(and
(data~appl-p x0)
(term~equal times
(data~appl-function x0))

Here the structural property of x0 being an application and having the function symbol
times is assured.The next construction cycle yields:
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(let*
((z

(term~constant-create
(+ (keim~name x ) (keim~name y )) num))

(x1
(data~appl-arguments x0)))

The variable z was instantiated using the code snippet from the tactic's constraints, and
x1 is instantiated as the list of arguments of the expressionx0. This is used in the last
constraint cycle:

(and
(and (data~primitive-p z )

(numberp (keim~name z )))
(listp x1)
(=
(list-length x1)
2)

(term~equal z
(nth 0 x1))))))))

In this casethe embeddedcode snippet to test whether z is a number is evaluated, and x1
is tested to be a list of length 2. Furthermore two ways to instantiate z have beenfound, and
both instantiation are tested to be equal. The �rst is to add the number valuesof parameters
x and y and create a term from the result (as done in the last construction cycle), and the
secondis to analyse l1 and lookup z according to the position it should occur in (here the
�rst argument of the application x0 found at position pos in l1 ).

4.3.4 An Example

The purposeof Taco is not only to generateexecutable code for term matching, but also
to bring it to application. This meansto produce system-speci�c declarations and function
headers. In its current implementation, Taco is able to generateall code that is required to
make a tactic ready for usein 
 mega. Furthermore the code to de�ne an 
 mega commandis
generated,such that the tactic can be usedfrom 
 mega's command line in interactive proof
development. Further use of the abstract tactic de�nition developed in Taco is thinkable,
e.g. the de�nition of agents within the 
 ants mechanism [9] could be automated.

In its current implementation, Taco produces from the tactic speci�cation of Split-
Monomials-Plus (see�gure 4.1) the following code:

First the tactic is declaredalong with its outline patterns and parameters. Outlines are
mapped to the respective implementation of their application schemes.

(infer~deftactic split-monomials-plus
(outline-mappings
(((nonexistent existent)

split-monomials-plus-1)
((existent nonexistent)
split-monomials-plus-2)
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((existent existent)
split-monomials-plus-3)) )

(expansion-function taco=expand-split-monomia ls-p lus)
(parameter-types position term term)
(help "Rewrite z*a=x*a+y*a where x,y,z are numbers and z=x+y."))

A 
 mega commandis de�ned to usethe tactic from 
 mega's commandline in interactive
proof development.

(com~defcommandsplit-monomials-plus
(argnames l2 l1 pos x y)
(argtypes ndline ndline position term term)
(arghelps "a line containg x*a+y*a"

"a line containing z*a"
"the position of the term"
"the first coefficient"
"the second coefficient")

(function taco=split-monomials-plu s)
(frag-cats tactics)
(defaults)
(log-p t)
(help "Rewrite z*a=x*a+y*a where x,y,z are numbers and z=x+y."))

(defun taco=split-monomials-plus
(l2 l1 pos x y)
(infer~compute-outline 'split-monomials-plus
(list l2 l1)
(list pos x y)))

Then the code for each outline pattern is generated. Declarations of functions are su�xed
by a number that refers to the order in which outlines have been declared. The su�x 1
refers to the �rst outline pattern (nonexistent existent) . First the tactic is de�ned for
this pattern.

(tac~deftactic split-monomials-plus-1 split-monomials-plus
(in real)
(parameters
(pos pos+position "the position of the term")
(x term+term "the first coefficient")
(y term+term "the second coefficient"))

(premises l1)
(conclusions l2)
(computations
(l2
(taco=split-monomials-plu s-1- l2
(formula l1)
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pos x y)))
(sideconditions
(taco=split-monomials-plus -1-p
(formula l1)
pos x y))

(description "Apply tactic split-monomials-plus
to pattern (nonexistent existent)."))

In pattern (nonexistent existent) the premisel1 is already existent in the proof plan,
while conclusion l2 is not. Thus a function to instantiate l2 from line l1 and parameters
pos, x and y is required to apply the tactic. In slot computations this function is declaredto
be taco=split-monomials-plus -1- l2 . Furthermore a predicate function is neededto test
whether the tactic is applicable in a given context. In slot sideconditions this is declared
to be taco=split-monomials-plus -1- p. In the following the code of these two functions is
generatedaccordingto the algorithm described in sections4.3.2and 4.3.3. Variableshave the
pre�x taco- to avoid name clashes.The instantiation function is thus

(defun taco=split-monomials-plus -1- l2
(taco-l1 taco-pos taco-x taco-y)
(let*
((taco-x0

(data~struct-at-position taco-l1 taco-pos))
(taco-x1
(data~appl-arguments taco-x0))

(taco-a
(nth 1 taco-x1))

(taco-x7
(list taco-y taco-a))

(taco-times
(data~appl-function taco-x0))

(taco-x6
(data~appl-create taco-times taco-x7))

(taco-x5
(list taco-x taco-a))

(taco-x4
(data~appl-create taco-times taco-x5))

(taco-x3
(list taco-x4 taco-x6))

(taco-plus
(env~lookup-object :plus
(pds~environment omega*current-proof-plan )))

(taco-x2
(data~appl-create taco-plus taco-x3)))

(data~replace-at-position taco-l1 taco-pos taco-x2)))

and the predicate function is

(defun taco=split-monomials-plus -1- p
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(taco-l1 taco-pos taco-x taco-y)
(and
(and (data~primitive-p taco-x )

(numberp (keim~name taco-x )))
(and (data~primitive-p taco-y )

(numberp (keim~name taco-y )))
(let*
((taco-x0

(data~struct-at-positio n taco-l1 taco-pos))
(taco-num
(env~lookup-object :num
(pds~environment omega*current-proof-pla n)))

(taco-times
(env~lookup-object :times
(pds~environment omega*current-proof-pla n))) )

(and
(data~appl-p taco-x0)
(term~taco-equal taco-times
(data~appl-function taco-x0))

(let*
((taco-z

(term~constant-create
(+ (keim~name taco-x ) (keim~name taco-y )) taco-num))

(taco-x1
(data~appl-arguments taco-x0)))

(and
(and (data~primitive-p taco-z )

(numberp (keim~name taco-z )))
(listp taco-x1)
(=
(list-length taco-x1)
2)

(term~taco-equal taco-z
(nth 0 taco-x1))))))))

The sameprocedure is repeated for patterns (existent nonexistent) and (existent
existent) . For these patterns, apart from the tactic's declaration, the following functions
are generatedfor pattern (existent nonexistent) :

taco=split-monomials-plu s-2- l1 (taco-l2 taco-pos taco-x taco-y)

taco=split-monomials-plu s-2- p (taco-l2 taco-pos taco-x taco-y)

and for pattern (existent existent) :

taco=split-monomials-plu s-3- p (taco-l2 taco-l1 taco-pos taco-x taco-y)
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Note that the argument lists of these functions are adapted to the corresponding PAI
situation. For pattern (existent nonexistent) , proof line l2 is already instantiated, for
pattern (existent existent) both proof lines l1 and l2 are instantiated. All further argu-
ments are parametersof the tactic and therefore available for all of the patterns. As all proof
lines are already instantiated for pattern (existent existent) , no instantiation function
has to be generatedand only a predicate function is required. The complete code generated
by Taco can be found in appendix B.

While this code example can be reasonablyconsidereda deterring example, its adaption
to a modi�ed functionalit y is easyin Taco . As already mentioned, this is a simpli�ed form of
Split-Monomials-Plus. Unlike the \real" tactic, the coe�cien t 1 is not suppressedif it occurs.
In Taco , this feature can easily be added by changing the de�nition of the premisefrom

(l2 (formula phi
(plus (times x a) (times y a))
pos))

to

(l2 (formula phi
(plus
{if (= (keim~name ?x) 1)

?a ?(times x a)}
{if (= (keim~name ?y) 1)

?a ?(times y a)})
pos))

where both coe�cien ts x and y are examinedand occur in the new instantiated line only
if they do not equal 1. The according code is generatedin an instant by Taco .

The generation of the expansionfunction is omitted here, becauseit is the subject of the
following section 4.4.

4.4 Expansion of Tactics

In the previous sectionsthe generationof the code for a tactic with respect to its application
was described. However to apply a tactic developed this way without threatening the logical
correctnessof the resulting proof, a logical justi�cation of the result has to be provided, too.
To do so, the concept of tactics as it is usedin the 
 mega systemconsistsof two parts: �rst
the application of a tactic, i.e. the functionalit y of analysisof a proof situation, the generation
of new proof lines and their correct insertion into the proof plan; secondthe mechanism to
generatea justi�cation for the application of the tactic. In general a tactic application can
be justi�ed by the application of a sequenceof lesscomplex inferencesteps,or, vice versa,a
tactic is usedto packagea more or lesscomplex algorithm that is basedon a set of inference
steps into the single entit y of an inferencestep.

The mechanism to establisha logical justi�cation of the results brought about by a tactic's
application is called expansion. Expansion meansthat the 
 mega system re�nes the justi�-
cation of proof lines by tactics: starting with the original outline of the tactic, the expansion
mechanism, which is a tool to make a proof plan hierarchical, starts an algorithm that results
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into a subproof that justi�es the conclusionsof the outline and whosepremisesare those of
the outline. Within the 
 mega systemsuch expansionalgorithms are implemented in native
Common Lisp .

The approach used by the Taco system to simplify the implementation of these expan-
sion algorithms and thus to provide an easieraccessto the development of provably correct
tactics is to basetheir implementation on a simple procedural syntax to describe a sequence
of inferencesteps,along with the possibility to implement conditional branching. Apart from
the adaptions to be made to �t the context of proof development, this syntax has the char-
acteristics of a simple imperative language. Such an abstract expansion is described by the
following grammar:

expansion := step j step expansion
step := inference j conditional
inference := (inference infer outline [parameters])
conditional := (case term case*) j (if cond expansion expansion)
case := ( term expansion)

where term denotesa Post expression,cond can either be an embeddedcode fragment
or an equation of the form term = term, which is analogousto conditions within a tactic's
speci�cation described in 4.2. A single inferencestep is speci�ed by the name infer of the
tactic to be applied, outline denotes the outline of the tactic and the optional argument
parameters is usedto specify additional parameters.

The inference steps of such an expansion algorithm are to be executedsequentially . In
caseof an inference statement the respective inferencestep is applied, in caseof a conditional
statement the condition is evaluated and an expansionsequenceis chosenaccordingly. The
purposeof Taco in this context is to translate the abstract speci�cation of an expansion
algorithm to Common Lisp respectively Keim code. In detail this requires Taco to adapt
eventually applied inferencestepsand their outlines and parametersto an application within
an actual proof plan and also to extract information neededto instantiate meta variables
that are required to evaluate conditions in conditional statements. When doing so, the name
spaceof meta variables is the same as for the speci�cation of the tactic's application, i.e.
variablesusedto de�ne an expansionalgorithm can refer to variablesusedin the speci�cation
described in section 4.2.

Concerningan application of an inferencestep,an adaption to an actual proof plan requires
to control the instantiation of abstract proof lines in the speci�cation with proof plan nodes.
In general we can assumean initial set of abstract proof lines I 0 to be instantiated, i.e. a
node in the actual proof plan is assignedto each abstract line l 2 I 0. When applying a
sequences = [infer 1; :::; infer n ] of inferencesteps, each step infer m may produce additional
instantiations. Since each step infer m is applied in a PAI situation, someof the lines of its
outline Om may already have instantiations, somemay not. According to the set I m� 1 of
lines that are instantiated prior to application of infer m , an application schemeis chosen,and
its application completesthe instantiation of abstract lines in Om . Thus the set of abstract
lines that have an instantiation after step infer m can be determined by I m = I m� 1 [ Om , and
furthermore for each sequenceof expansionstepss, given an initial set of instantiated proof
lines I 0, the set of lines I s that have an instantiation after execution of this sequencecan be
determined.

While this scheme applies for sequencesof inference steps, some adaptions have to be
madefor conditional statements. When a conditional statement is processed,the condition of
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the statement is evaluated and one of the conditional expansionsequencess1; :::; sn is chosen
accordingly. Note that each of these sequencesmay lead to di�eren t sets I si of proof lines
that have instantiations after processingthe whole conditional statement. As this makes
it di�cult to analyse the expansion algorithm, the following restriction is imposed to the
use of conditional statements: the set of proof line variables that are not instantiated in all
branches s1:::sn of a conditional statement are required to be distinct from the set of proof
line variablesusedin following statements (this is furthermore of importancewhen reusingthe
expansionalgorithm to create code for argument instantiation and applicabilit y predicates,
seesection 4.5). The consequenceis that all variables that are used in later statements can
be consistently tested for being instantiated yet or not. To do so the intersection of the set of
instantiated proof lines of all branchesI cond =

T n
i=1 I si is determined. Now for all proof line

variables l in later statements applieseither l 2 I cond, in which casethe l hasan instantiation
after processingthe conditional statement, or l =2 I cond, in which caseit hasnot (or the above
restriction has beenviolated).

Therefore for each occurrenceof a proof line variable l it can be determined whether or
not an instantiation is computed previously, the arguments for each inferenceof the tactic's
expansioncan be supplied in a straightforward way: If a line has not yet been instantiated,
nil is supplied, the instantiated proof node otherwise.

Thus the expansionde�nition of Split-Monomials-plus, given by:

(inference expand-num (l3 l1)({pos~add-end ?pos 1} x y))
(inference distribute-right (l2 l3) (pos))

canbeprocessedin a straightforward way. In the tactic's declaration a function is declared
that implements the expansionsteps. Its arguments are the tactic's outline and its parameters.
Within this function, the expansion is initialised by the function tacl~init and ended by
tacl~end . Inbetween, tactics are applied using the function tacl~apply , its arguments are
the outline the tactic is applied to and its parameters. For Split-Monomials-Plus, the following
function code is generated:

(defun taco=expand-split-monomia ls- plus (outline parameters)
(let* ((taco-l2 (nth 0 outline))

(taco-l1 (nth 1 outline))
(taco-pos (nth 0 parameters))
(taco-x (nth 1 parameters))
(taco-y (nth 2 parameters)))

(tacl~init outline)
(let* ((outline1 (tacl~apply 'expand-num

(list nil taco-l1)
(list (pos~add-end taco-pos 1) taco-x taco-y)))

(taco-l3 (nth 0 outline1)))
(tacl~apply 'distribute-right

(list taco-l2 taco-l3)
(list taco-pos)))

(tacl~end)))

In this function, each proof line in the outline and each parameter is bound to a variable
�rst. Then the expansion is initialised by tacl~init . Then the tactics in the expansion
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declaration are sequentially applied. As the result may be usedto instantiate new proof lines
for further processing,all of these tactics are applied in a let* statement. Only the last
tactic will certainly not produce an outline that has to be processedany further. Here the
tactic expand-num computesproof line taco-l3 which is then selectedfrom the new outline of
expand-num and usedto apply distribute-right . Finally the expansionis endedby tacl~end .

In general, the code of the expansion function that is generatedby Taco will be of the
following form:

(let* variable instantiations
(tacl~init)
(let* ((outline1 apply tactic1)

process outline1
(outline2 apply tactic2)
process outline2
... )

apply tacticn )
(tacl~end)

Here alternately a tactic is applied, then the computed new outline is usedto instantiate
the proof lines for the application of further tactics. The outline computed by the last
application of a tactic, tacticn , is not processedany further and is therefore placed in the
body of the let* statement. Variable instantiations meanshere not only the instantiation
of proof lines and parameter variables from the tactic's outline and the list of its parameters,
but can also instantiate further variables that have occurrencesin the expansiondeclaration.
Variables can occur here either in parameter speci�cation for expansion tactics or in the
condition of a conditional statement.

An example is the expansionof the modi�ed tactic Split-Monomials-Plus with the addi-
tional feature of 1-elimination. The expansiondeclaration is now:

(inference expand-num (l3 l1)({pos~add-end ?pos 1} x y))
(inference distribute-right (l4 l3) (pos))
(if {= (keim~name ?x) 1}

(inference 1*e (l5 l4)({pos~add-end ?pos 1}))
(inference same (l5 l4)))

(if {= (keim~name ?y) 1}
(inference 1*e (l2 l5)({pos~add-end ?pos 2}))
(inference same (l2 l5)))

In this casetwo conditional statements are addedto eliminate a multiplication by 1 using
tactic 1*e. If the coe�cien t doesnot equal1, a no-operation tactic Sameis employed to avoid
a violation of the requirement that all branchesof a conditional statement have to instantiate
the same set of proof lines. This requirement allows to treat a conditional statement like
a tactic, where the set of possibly instantiated proof lines corresponds to the outline. In
code generation, the code schemaof the expansionfunction asdescribed above is modi�ed to
encode conditional branches. The computed new outlines are usedto assemble the outline of
the whole branch. The modi�ed code schema is the following:
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(let* ((outline1 apply tactic1)
process outline1
(outline2 apply tactic2)
process outline2
... )
(outline n apply tacticn )
process outline n

assemblebranch outline)

To implement the wholeconditional statement, a codefragment accordingto this schemais
generatedfor each conditional branch, the correct branch is selectedby the Lisp conditional
if respectively cond (to implement case statements), which is then inserted like a tactic
application using tacl~apply . For the modi�ed example of Split-Monomials-Plus, Taco
translates the conditional statement

(if {= (keim~name ?x) 1}
(inference 1*e (l5 l4)({pos~add-end ?pos 1}))
(inference same (l5 l4)))

to the code fragment

(if (= (keim~name taco-x) 1)
(let* ((outline1

(tacl~apply '1*e
(list nil taco-l4)
(list (pos~add-end taco-pos 1))))

(taco-l5 (nth 0 outline1)))
(list taco-l5 taco-l4))

(let* ((outline1
(tacl~apply 'same
(list nil taco-l4)))

(taco-l5 (nth 0 outline1)))
(list taco-l5 taco-l4))))

which can be usedlike a tactic application in the exampleof the simpli�ed versionof Split-
Monomials-Plus. Outline and parametersof tactic applications are instantiated analogously
to the previous example, and the whole if statement returns a new outline, here (taco-l5
taco-l4) . In the generated code, these conditional statements can occur in any place a
statement of the form (tacl~apply tactic outline parameters) may occur, i.e. its return value
can be used the sameway to instantiate proof lines for further processingin the expansion
function.

4.5 Dev elopmen t of Algorithms

The automated development of algorithms is based on an idea that was �rst presented at
the Calculemus conferenceby the author and Sorge [76]. The level of abstractnessin the
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implementation of expansionalgorithms described in the previous section is higher than that
provided by an implementation in native Common Lisp . This allows, to a certain degree,to
use the information gained from the analysis of such implementations not only to generate
code to expand a tactic, but also for the generation of code for the application of a tactic.

To do so, it is necessaryto understand the di�erences of the typical circumstancesand the
purposesof a tactic's expansionon the one hand side and of its application on the other. In
generala tactic's outline is fully instantiated at the time the tactic is expanded. Therefore the
expansionalgorithm can be executedin a straightforward way, i.e. the inferencestepsof the
algorithm are applied in the order they are given, with respect to the correct branching when
processingconditional statements. The expansion of a tactic therefore resembles in many
aspects the sequential execution of a programming language. Additionally , of course,aspects
of proof construction and representation have to be respected, for instance new proof lines
that are generatedduring the processof expansionhave to be correctly inserted into the proof
plan and it is necessaryto keep track of dependenciesbetweenproof lines. Neverthelessthe
generationof executablecode from an abstract speci�cation of a tactic's expansionmechanism
is still straightforward.

When generating executablecode for a tactic's application, however, someuncertainties
in the context have to be dealt with. In �rst line it is in general not assuredthat all proof
lines in the tactic's outline exist in the current proof plan at the time a tactic is intended to be
applied. As furthermore the applicabilit y of particles from an abstract expansionalgorithms,
in general the (conditional) application of an inferencestep, requires someof its arguments
to be instantiated before, the order of application of theseparticles is critical and dependson
the tactic's application schemethat has to be constructed.

In this approach the construction of code for a tactic's application from an abstract
speci�cation of its expansionis basedon two premises:First the inferencesteps in a tactic's
expansionspeci�cation that are usedto construct the code for its application are restricted to
tactics generatedby Taco . This restriction allows to useinformation about implementational
matters, that are naturally available to the Taco systemat the time theseinferencestepsare
generated. Not only is the set of application schemestheseinferencestepscan be applied to
known, but Taco 's standardisation of function naming makesinternal LISP functions in the
generatedcode alsoavailable when generatingcode for complex combinations of such tactics.

Secondthe adaption of particles of code to di�eren t application schemescan be under-
taken by Taco 's algorithm for code generation that hasbeendescribed above. To bring both
foundations together it is necessaryto �t the particles of code gainedfrom an expansionspec-
i�cation into the schemeof constraint rules and construction rules described in section 4.3.1,
which is explained in the following.

A simple example is the implementation of an algorithm to add two natural numbers in
Peanoarithmetic. It is basedon two rewrite rules:

Peano-Plus-Step: s(x) + y ! x + s(y)
Peano-Plus-End : 0 + y ! y

In Taco , thesetwo rules are implemented as tactics. The accordingabstract declarations
are for Peano-Plus-Step:

� Premises:

(l1 (formula phi (plus (s a) b) pos))
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� Conclusions:

(l2 (formula phi (plus a (s b)) pos))

� Parameters:

(pos position)

� Patterns:

(existent nonexistent)
(nonexistent existent)

and for Peano-Plus-End:

� Premises:

(l1 (formula phi (plus 0 a) pos))

� Conclusions:

(l2 (formula phi a pos))

� Parameters:

(pos position)

� Patterns:

(existent nonexistent)
(nonexistent existent)

When Taco hasgeneratedthe tactic's code accordingly, the Lisp functions to implement
argument instantiation and applicabilit y predicates are known by name. Function naming
under Taco is schematic, function namesconsist of the name of the tactic and a su�x to
specify their purpose. This su�x is composedfrom the number of the outline in the order
outlines are declared,followed by \ -p ", if the function implements an applicabilit y predicate,
or the nameof the proof line to be instantiated by this function. Arguments of thesefunctions
are the formulae of all proof lines that already have an instantiation in the respective outline
and the tactic's parameters.

In tactic Peano-Plus-Step, the function to �nd an instantiation for proof line l2 in outline
pattern (nonexistent existent) , the secondpattern in the declaration, will thus be named
taco=peano-plus-step-2-l 2 (l1 pos) , the applicabilit y predicate function for Peano-Plus-
End in pattern (existent nonexistent) will be named taco=peano-plus-end-1-p (l2
pos) . To make use of these functions in Taco 's algorithm for code generation, these func-
tions are treated like code snippets. For the two above functions, the according construction
respectively constraint rules are inserted into the construction graph:
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construction_rule(target : l2
base: [l1,pos]
code: 'taco=peano-plus-step-2- l2 (l1 pos)')

and

constraint_rule(base: [l2,pos]
code: 'taco=peano-plus-end-1-p (l2 pos)')

Except for conditional statements, this is all that has to be done to extend Taco 's code
generationalgorithm to make useof a tactic's expansiondeclaration. As proof lines, like l2 in
the aboveexample,arevariablesthat represent the formula of the proof line, the integration of
functions for argument instantiation and applicabilit y predicates�ts naturally in Taco 's code
construction. Furthermore, this mechanism may be used recursively, i.e. instantiation and
predicate functions of the tactic currently processedmay beusedaswell. This allows to de�ne
a tactic Peano-Plus by its expansiondeclaration to repeatedly apply tactic Peano-Plus-Step.
If its the expansiondeclaration is

(inference peano-plus-step (l3 l1) (pos))
(inference peano-plus (l2 l3) (pos))

where the outline of Peano-Plus is (l2 l1) , its only parameter is pos, and the outline
pattern currently processedis the secondpattern (nonexistent existent) , the following
code will be generatedto instantiate l2 :

(let* ((l3 (taco=peano-plus-step-2- l2 (l1 pos))))
(taco=peano-plus-2-l2 (l3 pos)))

The predicate function's generation is analogous:

(and (taco=peano-plus-step-2 -p (l1 pos))
(let* ((l3 (taco=peano-plus-step-2 -l2 (l1 pos))))

(taco=peano-plus-2-p (l3 pos))))

As this tactic implements an in�nitely repeated application of tactic Peano-Plus-Step,
it will not be applicable in any proof situation. To implement the tactic to end with an
application of Peano-Plus-End requires a conditional branching. The speci�cation of Peano-
Plus modi�ed this way is now:

� Premises:

(l1 (formula phi a pos))

� Conclusions:

(l2 (formula phi b pos))

� Parameters:
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(pos position)

� Patterns:

(existent nonexistent)
(nonexistent existent)

� Expansion:

(case a
((plus (s x) y)

(inference peano-plus-step (l3 l1) (pos))
(inference peano-plus (l2 l3) (pos)))

((plus 0 y)
(inference peano-plus-end (l2 l1) (pos))))

In this casethere is a branching of the tactic's application depending on the expression
found at position pos in proof line l1 is of the form (plus (s x) y) or (plus 0 y) . As for
the expansion function described in section 4.4, each branch of the conditional statement is
treated like a single tactic, i.e. it is assignedan outline and a list of parameters. The outline
is again the intersection of the outlines of all branches,here (l2 l1) . The parametersare all
variables used for evaluation of the condition or required to supply parameters for a tactic's
application within the statement. There is furthermore a scope mechanism which allows to
use local variables, here x and y. All variables that are not declared in the tactic's variable
declarations are consideredlocal, thus x and y should not be declaredhere. The remaining
variables or constants and therewith parametersof the conditional statement are in this case
a, s, 0, plus and pos. The proceeding is now similar to code generation for tactics: The
condition of each branch is evaluated using the algorithm to generateapplicabilit y predicates,
i.e. in the �rst branch of the above example this predicate function has to assure that
the equation (a = (plus (s x) y)) holds, which is done by checking the structure of a
and checking whether plus and s occur at the right positions. Furthermore the applicabilit y
predicatesof Peano-Plus-Stepand Peano-Plus have to beevaluated (in the way it is described
above). As there is no explicitly de�ned set of outline patterns for the conditional statements,
every possible outline is tested, i.e. here the outline is (l2 l1) , thus code generation is
attempted for patterns (nonexistent existent) , (existent nonexistent) and (existent
existent) . If this code generation for a given outline is successfulfor each branch of the
conditional statement, i.e. instantiation function for every non-instantiated parameter can
be constructed, the outline is considereda valid outline pattern of the statement. Now the
algorithm producesthe according instantiation and predicate functions for each valid outline
pattern. These functions are then inserted in form of construction respectively constraint
rules in the construction graph. In the example of Peano-Plus, the following rules will be
generated,where x0 is a variable introduced by Taco for the numeric constant 0:

construction_rule(target : l2
base: [l1,pos,a,s,x0,plus]
code: 'instantiation function for (nonexistent existent)')
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constraint_rule(base: [l1,pos,a,s,x0,plus]
code: 'predicate function for (nonexistent existent)')

construction_rule(target : l1
base: [l2,pos,a,s,x0,plus]
code: 'instantiation function for (existent nonexistent)')

constraint_rule(base: [l2,pos,a,s,x0,plus]
code: 'predicate function for (existent nonexistent)')

constraint_rule(base: [l2,pos,a,s,x0,plus]
code: 'predicate function for (existent existent)')

For pattern (existent existent) , no construction rule has to be generated,as there is
no argument to be instantiated. The schema of the code generatedfrom a case statement is
for construction rules:

(cond (( predicate code for branch 1
instantiation code for branch 1)

( predicate code for branch 2
instantiation code for branch 2)
...

( predicate code for branch n
instantiation code for branch n))

where the code of every branch dependson the sameset of variables. The code schema
for constraint rules is:

(or predicate code for branch 1
predicate code for branch 2
...
predicate code for branch n)

which assuresthat at least one branch of the case statement is applicable. In code
generation these constraint rules come to application whenever it is possible to apply the
construction rule of the respective conditional's outline in a given context, becauseboth rely
on the sameset of variables.

The proceeding for if statements is analogous. Nested conditional statements can be
processed,too, by executing the above procedure recursively. Integrating construction and
constraint rules from conditional statements as described above, Taco 's code generation
algorithm can be employed to construct the tactic's code in the usual way.

Code generation basedupon expansiondeclarations is a switchable feature in Taco , i.e.
to avoid the generation of redundant code, the integration of expansiondeclarations in the
processof code generation has to be explicitly activated. While this way of tactic design
is not suitable to implement tactics whose application is not synchronous to its expansion
(e.g. to use more e�cien t programming at application time, where the expansion only has
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to verify the result) nor is it possible to integrate tactics other than those generated by
Taco , it is a very comfortable way to rapidly development algorithmic approaches in tactics
by combining lower level tactics and the control structure provided by Taco 's syntax for
expansiondeclaration. This is of special interest for the implementation of commonknowledge
basesfor the integration of a CAS, as it helps to decouple the CAS algorithms from their
veri�cation. This is desirablewhenever a CAS algorithm makesuseof e�cien t programming
techniques where the computation is hard to remodel in a formal and readable way. In
thesecasesparts of the computation's remodelling can be bridged by a reasoning-orientated
reimplementation of thesealgorithms in Taco .

4.6 Graphical User In terface

Figure 4.4: The Taco User Interface.

The focus of the Taco system is to provide an easyto use support for the development
of inferencerules. The way to reach this aim is to provide a schemeto specify theseinference
rules that is mostly independent of the underlying implementation, this scheme is described
in the previoussections. The coreof this philosophy is to hide away implementational matters
and to have the user confronted with nothing but a speci�cation in a syntax that is closeto
that of the calculususedin the targeted deduction system;the consequenceof this philosophy
of an easyto usetool is to provide a graphical user interface (see�gure 4.4).

The graphical user interface (GUI) provides a structured environment to develop tactics.
Each slot of a tactic's abstract speci�cation as described in section4.2 corresponds to a text-
box in the GUI, equipped with editor featureslike a check for matching brackets. Apart form
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this the GUI providesa pageto view and edit the original Lisp code producedby Taco . This
pageconsistsof two sections,one for generatedcode, which is overwritten each time Taco 's
code generation engine is started, and a secondso called protected area which is part of the
tactic's speci�cation and is not overwritten. This part is used to include Lisp code that is
used in embeddedcode snippets, e.g. user implemented function de�nitions.

Beyond a structured representation of tactic speci�cations, the GUI provides �le man-
agement facilities. In general several tactics are implemented in a single �le, which makes
it sometimeshard to keep an overview over tactics stored in a �le. Taco 's GUI provides
a facilit y to select the tactic to be revised from a list presentation of tactics stored in the
respective �le.

To bring a tactic to application from the speci�cation developed in Taco 's GUI, the
tactic is stored in a �le. This �le is loaded in the 
 mega system. Abstract speci�cations
and applicable Lisp respectively Keim code are stored in the same�le. The speci�cation is
written to �le as Lisp comments, structured by special tags. The speci�cation is therefore
readablefor the GUI, but is ignored by 
 mega.

4.7 Conclusion

Taco turned out to be a useful tool during the development of the prototypical CAS Mass
and its integration into the 
 mega system. Its main strength is rapid development of simple
inferencesteps,here 
 mega tactics. Taco allows the development of tactics at an abstract
level and thus frees the unexperienced user from the necessity to be conversant with the
underlying system architecture. Instead of programming at system level, which means in
the caseof 
 mega at the level of the underlying Keim library, tactics are developed at an
abstract level, in which however Lisp or Keim code snippets can be integrated to implement
special functionalities. All actual implementation, i.e. amongothers the coding of headersto
declarenew tactics and the de�nition of commandsfor use from 
 mega's command line in
interactive proof development, is left to Taco and generatedautomatically. This considerable
reducesthe development time for a tactic to be ready for use in a running system.

A further aspect of decoupling the de�nition of inferencesand system architecture is of
courseportabilit y. In the current implementation of Taco , only embeddedcode snippets are
dependent on the underlying system architecture. As otherwise the major part of adaption
of abstract speci�cations to an actual deduction system is automated, an adaption to other
reasoningsystemslike Isabelle should be possiblewith reasonablee�ort, allowing tactics to
be ported from one system to another. But even within a single system the development of
inferencemechanisms at an abstract level could help to avoid multiple implementations for
di�eren t purposes. Such multiple implementations are both costly and a possiblesourceof
errors.

A thinkable further development would be to make Taco compatible to existing standards
for the description of mathematical objects, like OpenMa th [1, 17] and OMDoc [45]. Hereit
would be desirableto make the abstract de�nition within Taco independent of a speci�c sys-
tem, although the code snippets that can be embeddedin Taco proved to be are very helpful
feature. Thus to make Taco declarations free of systemdependent elements, a standardised
and possibly formalised simple programming language,as already advocated in section 3.7,
could be a solution for system independent implementation of non-standard features. An
example is again the formalisation of the Java Virtual Machine in Isabelle [66, 6, 62]. The
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non-formal attempt to integrate programming language elements in a formal environment
by using the control structures of expansion declarations to develop complex tactics (see
section 4.5) is a small step in a similar direction.

The development of formal-methods in a semi-formal environment which is type-free,
employs snippetsof native Lisp code and outputs native Lisp code may call forth the question
for formal correctnessof the approach. However Taco proved to be a workable solution. An
exampleof similar character is PHP, a programming languagefor web applications [49]. PHP
is type free,and PHP code is usually a mixture of native HTML codeand PHP code fragments
that are processedby the webserver. Thesecode fragments are usedto produceHTML code,
with the only requirement of being interpretable by a Browser. This meansthat it is possible
to use PHP code to produce HTML code with embedded JavaScript [13] functions, whose
execution again modi�es the resulting web page. While the certainty given by strict type
systemsin programming languagesis lost, PHP is very easyto use,setsvery few boundaries
on its applications and is one of the most widespread languagesfor web applications. In
the caseof Taco , the open characteristics of the development environment proved to be
an advantage concerning usability, too. Especially the lack of a type system is reasonable:
First, in a real application all issuesof type system and formal correctnessare backed by
the underlying deduction system and its type checker or proof checker. Seconda type free
environment and simplicit y of description is an advantage for portabilit y.

Of theoretical interest is the representation of abstract speci�cations in a graph as it is
usedin Taco . Concerningrelated approachesto represent terms in graph structures, Lafont's
Interaction Nets [46] and term indexing techniques as described by Stickel [74], which are
widely used in automated theorem provers, e.g. E [68], and have been adapted to higher
order logic by Pientka [65], are to be mentioned. A possibleapplication of similar techniques
for interfacing purposesis described in chapter 5. In Taco , the implementation of a �rst
order matching algorithm is basedupon a graph structure. By association of the resulting
graph representation of terms and their relations with programming languageelements for
term analysis and synthesis, it is possible to implement a two phase matching algorithm
that automates the adaption of a matching to di�eren t situations. In a �rst phase, the
abstract speci�cation of a tactic is analysedand represented in a graph structure. This graph
representation is used to automatically generatean e�cien t implementation of a matching
of thesespeci�cation against actual expressionsin native Lisp respectively Keim code. This
allows to considerably reduce the amount of code which has to be executed during proof
development, asthe possiblycostly analysisof the matching speci�cation hasto beperformed
only onceand before, not during an actual proof search.



Chapter 5

Reactiv e Behaviour on Shared
Terms

5.1 Motiv ation

While the subject of the previous chapters was mainly the integration of parts of proof
generatedby a Computer Algebra Systemafter its computations have beenexecuted,i.e. the
translation of computations into partial proof plans, this chapter will present somethoughts of
functionalities that an interfacehasto provide before an integrated Computer Algebra System
is invoked. As already described the Sapper interface provides the functionalit y to invoke an
integrated CAS on various levels of 
 mega's proof architecture, and CAS generatedproofs
can be integrated in various ways into the proof data structure PDS. However, Sapper has
its limitations and there are still functionalities lacking that are desirable for an integration
of Computer Algebra algorithms into a state of the art mixed initiativ e theorem prover,
especially during interactive useof the theorem prover.

In detail the Sapper interface provides the following featuresfor an integration of a CAS
into the 
 mega environment:

� An abstract representation of a CAS along with the algorithms it provides.

� A mechanism to translate and passsuitable arguments and further relevant information
(e.g. the term position where a CAS rewrite step is applied) to the CAS

� A suggestionmechanism to determinewhether and how a CAS may beapplied to handle
a focusedgoal

The functionalit y of the Sapper interface as it is provided by its current implementation
allows the rewrite of one term or subterm at a time. An abstract representation of a CAS
has to provide a mapping of function symbols as de�ned in 
 mega's theories to native
CAS commandsrespectively algorithms along with suitable translation functions to translate
expressionsfrom Post syntax to the CAS's native syntax and vice versa. Using this abstract
representation, a suggestion mechanism which employs the Sapper interface can lookup
occurrencesof function symbols that can be processedby an external CAS. When the CAS
is called to evaluate the respective expression,a rewrite step is applied replacesthe original
expressionby the CAS result or, in verbosemode, a linear sequenceof inferencestep is applied
to justify this result.
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However, this strategy imposesconsiderablerestrictions to the type of algorithms that can
be encoded: the preconditions of a CAS invocation have to be encoded within a singleexpres-
sion, and the restriction to linear rewriting hampers to someextent e�cien t computational
methods like the reuseof partial results as it is usede.g. in a variety of divide-and-conquer-
style algorithms and furthermore improvesthe readability of the resulting proofs. Especially
the implementation of a suggestionmechanism could pro�t from a re�ned description for
external systemsand their algorithms. A desirablesolution is a description of preconditions
for an algorithm in the style of a tactic's outline as described in chapter 4. Of coursethis ap-
proach requiresa technically much more complexarchitecture, the payo� however is a variety
of additional featuresand possibilities.

In the following I will describe an interface mechanism that meets the requirements of
such an approach. It is based on a variant of the coordinate indexing and path indexing
method described by M. E. Stickel [74] which is usedto implement a blackboard architecture
that allows a number of external systems to interact with a deduction system and among
each other. The blackboard is implemented as a databaseto store terms and requestsand
provides the capability to match both.

The mechanism allows the speci�cation of an algorithm's applicabilit y preconditions as a
set of �rst order formulae with meta variables. This extendsthe functionalit y of the interface
from rewriting a single expressionto more complex algorithms which require several precon-
ditions which have not necessarilyto be madeavailable in a singleproof line. The interface is
therefore not only capableto establish the communication betweenthe deduction systemand
external subsystems,but can also store constraints until the set of preconditions to invoke a
given algorithm is completed. The combination of a device to collect constraints and a CAS
has already beenshown to work well in experiments where the constraint solver CoSIE was
usedand supported by external CASs (Maple and Mass) [57].

Apart from collecting constraints until su�cien t information to invoke an external CAS
is available, such a blackboard architecture o�ers a further possibility for the interaction
between deduction system and CAS: allowing to specify a set preconditions of a CAS call
instead of a single precondition can not only be used to wait for this set of preconditions
to be ful�lled, but also to check such a set for lacking parts of information. This can be
usedto introduce theseparts of a speci�cation asnew subgoalsto be solved either by passing
them to another CAS, or by using another algorithm that is speci�ed in the blackboard, or by
returning thesesubgoalsto the deduction system,such that their communication o�ers mutual
support in both directions. Furthermore the re�ned speci�cation of eventually applicableCAS
algorithms allows a better suggestionmechanism that, basedon an e�cien t implementation
using indexing techniques and running as a background thread, meets the requirements of
complex multi-threaded and modular deduction systemslike 
 mega.

The reasonto choosea variation of path indexing respectively coordinate indexing as the
technical basisfor such an architecture was in �rst line its overwhelming successin �rst order
theorem provers. Almost all state of the art �rst order theorem provers are basedon these
techniques, like the award winning theorem prover E [68], Waldmeister [37] or SPASS [78].
Term sharing and indexing techniques considerably increasedthe e�ciency of thesesystems
and are responsible for a hugespeedup. For a deduction systemthat operateson a high level
of abstraction, like the 
 mega systemhowever, the requirements that a matching algorithm
has to meet are di�eren t. While the application of this technique is mainly focusedon fast
retrieval of terms matching a given request, the challenge for a highly abstract and complex
systemthat o�ers a variety of applicable strategies,methods and subsystemsis rather to �nd
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a suitable method to tackle a given focusedpart of a proof. Thus the requirement that a
matching algorithm has to meet here is rather to �nd requeststhat match a given term. In
the following I will introduce an adaption of coordinate and path indexing, that opens the
fast and e�cien t technique of indexing and term sharing to a complex high level deduction
system.

A bene�t of sharedrepresentation of terms is the uniquenessof representation within the
data structure, i.e. syntactically equal terms have a single representation. Thus, associating
a term with a single �xed node in the representation graph, allows to quickly retrieve all data
related to that special term and to identify superterms in which this term occurs. A further
advantage is the reduction of cost to evaluate properties of terms, e.g. for type checking, as
such evaluations have to be computed at most oncefor each syntactical structure. Finally a
sharedgraph representation of terms allows to de�ne a mapping of all syntactical structures
that are currently in use to a set of natural numbers, which dramatically cuts the cost for
term passingand especially for (syntactical) equality testing. Many operations on terms can
be reducedto operations on setsof natural numbers, for which very e�cien t algorithms exist.
An actual examination of terms can be avoided in most cases.

Apart from this, a reduction of cost is obtained by the employment of a positional tree for
coordinate indexing. It is especially helpful to identify superterms in which speci�ed terms
occur and to identify terms according to the occurrenceof speci�ed syntactical structures in
particular positions, as it provides direct access,i.e. accessat constant cost, to information
related to a speci�c term position, e.g. all syntactical structures that have occurrencesin this
position within some term. An association of syntactic structures and related information
hasnot to be actively established,but is a genuine part of the representation, which is similar
to the concept of associations in human thought.

A third aspect of this work is the development of a reactive database, i.e. a database
which reacts when terms meeting a given term pattern are inserted. The purposeful�lled
by such a structure is of interest to the resort of mathematical knowledge management.
Similar functionalit y has been implemented using agenti�ed approaches where agents are
autonomouslysearching a databaseaccordingto term patterns. Unlike active agents however,
the reactive behaviour of a databaseis basedmainly on passive data, actual computation is
triggered by insertion of suitable structures, and operation on unsuitable terms is therefore
reducedby a considerabledegree.

5.2 Data Structure

The conceptof term sharing presented in this work is basedupon the ideaof consideringterms
asrelations of symbols rather than strings or syntax trees. Assumingsymbolsbeing identi�ers
of unique and constant objects, an occurrence of a symbol in a term can be considereda
referenceto this object. As theseobjects are constant, not only symbols have a �x semantics,
but so do any terms build around these symbols. Thus we can assignan identi�er to such
a term and consider its syntactical structure the object that is denoted by this identi�er.
Furthermore an occurrence of this term as a subterm in a superterm can as well as for
symbolsbe treated asa referenceto this object. The consequenceis that any possiblesubterm
occurring in a set of terms to be represented has a unique identi�er. Using these identi�ers
are the nodesof a graph, the structure of the terms is represented in the edgesof this graph.
An edgedenoteshere the relation of a subterm and its superterm. The consequenceis that
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multiple occurrencesof the samesyntactical structure have only a single representation, i.e.
any property of this structure has to be analysedat most once,and, provided that the edges
of this graph can be searched in both directions, all occurrencesof this structure in a whole
set of terms can be e�cien tly looked up.

In the following I will introduce a data structure that implements this concept along
with basic operations a term databaseshould support, i.e. databaseoperations like adding,
deleting or �nding terms as well as term manipulations like copying or modifying terms. The
term structure employed here is the most basic notion of expressions: every expressionis
either a symbol or it is constructed from other expressionsby � -abstraction or application. A
similar representation is employed in OpenMa th as the most generalstructure to represent
mathematical objects. All further speci�cation of terms, e.g. typing of terms or discriminating
constants and variables, is omitted. This lax handling of type system and semantic issuesis
reasonable,asit preservesthe data structure's opennessfor variouspurposes.It's applicabilit y
rangesfrom a device to �lter terms for interfacing purposesover blackboard architectures to
databasesfor proof objects, and if needed,all operations can be backed by a type checker or
an examination of semantic issues.

However an important requirement for a speci�c term systemis the uniquenessof notation,
i.e. identical objects are denoted by identical terms.

5.2.1 Notation

To begin, I will give a quick overview of symbols that are usedin the following.
The main structure of the concept is a graph structure, or accurately two graphs, whose

nodes are labelled by elements from two sets of identi�ers IDG to identify term nodes and
IDD to identify nodesof the indexing tree. IDG is furthermore composedfrom the following
subsets: � denoting the alphabet of symbols, T denoting the set of non-primitiv e terms and
X denoting the set of bound variables.

5.2.2 Terms

The set of terms is de�ned over an alphabet of symbols � � f sn jn 2 IN g, this is the set of
all symbols that may have occurrencesin a term. The set of terms F is inductiv ely de�ned:

� every symbol is a term.

8s2� :s2F

� an application of terms is a term. Note that an application is n-ary, i.e. it is constructed
from a function term and n arguments.

8f ; a1; :::; an 2 F :f (a1; :::; an ) 2 F

A further notation of an application is

applyn (f ; a1; :::; an ) = f (a1; :::; an )

where both notations are equivalent. Note that the arit y of an application (which does
not necessarilyequal the arit y of the function denotedby the function term), is explicitly
speci�ed here.

� an abstraction of a term is a term. Unlike the common notation of abstractions, a
lambda binder doesnot specify a bound variable, but the mapping of bound variables



5.2. Data Structure 85

to the appropriate binder is determined by the name of the bound variable, seebelow
for details.

8a 2 F :�:a 2 F

and

� elements of the set of bound variables x 2 X = f xn jn 2 IN g are terms

8x 2 X :x2F

To obtain a uniform representation of abstraction terms and their subterms, bound vari-
ables are denoted by numbered special identi�ers xn . One of the special strengths of the
data structure is bottom-up search, i.e. the e�cien t identi�cation of superterms of a given
expressionin the database. This requiresa uniform notation of expressionswith occurrences
of bound variables. The solution is a deBruijn-lik e numbering of bound variables [25]. The
numbering of the bound variable denoteshere the distance of variable and binder in terms of
scopes. Considering the expression

�a: � 0(�b: � 1(�c: � 2(a))) ;

each � n is the scope of one of the � -binders. Thus all occurrencesof a in � 0 are in the
direct scope of the binder �a and therefore the scope distance is 0. For occurrencesof x in
� 1, there is one binder �b between the variable and its binder, thus the scope distance is 1.
Analogously the scope distance increments to 2 for � 2, thus the correct transformation of the
above expressioninto anonymous notation is

�: � 0(�: � 1(�: � 2(x2))) :

Considering the expressionsin anonymous notation

�: � 0(�: � 1(�: � 2(x2)))

and

�: 	 0(�: 	 1(�: � 2(x2))) ;

both have the common subterm � 2(x2). This structure has the same representation
independent of the superterm in which it occurs. Therefore this notation is suitable for term
sharing.

5.2.3 Shared Terms Graph

The nodesof the graph are denoted by either symbols s 2 � [ X or by identi�ers id 2 T =
f tn jn 2 IN g , i.e. the set of possibleidenti�ers is

IDG = � [ X [ T :

Thesenodeshave the following meaning:

� symbols in F , i.e. symbols from the alphabet or identi�ers of bound variabless 2 � [ X
denote themselvesand have no special attributes.
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� node identi�ers t2T denotenon-primitiv e terms. Their attributes consistof a 
ag whose
value is either abstraction , in which casea further attribute is the identi�er id 2 IDG of
the respective subterm in the range of the abstraction, or application , which requires
as further attributes a number m denoting its arit y and a list [id 0; :::; id m ] 2 IDm

G
denoting its function and argument subterms.

A further attribute that is common to all node identi�ers is a list of direct superterms in
which the respective term occurs and in caseof an application a number n � 0 denoting its
position in the superterm. The lists of subtermsand superterms of a node id will be denoted
id :Tsub respectively id :Tsuper in the following.

The result is a structure that is similar to the syntax tree of the represented term with
respect to unique representation of subterms, i.e. if a subterm hasmultiple occurrenceswithin
the term to be represented, the resulting structure is not a tree, but a graph.

An interesting sidee�ect is that in�nite term structures can beeasily represented by cyclic
graphs. As this however may not necessarilybe useful, but may also be extremely harmful
to the properties of the graph, the consequencesof an application of such structures should
be evaluated carefully beforeusing them.

Adding new Terms

When adding new terms to the graph, the invariant of having only a single representation for
each distinct syntactical structure has to be carefully kept, as a violation of the uniqueness
of term identi�ers threatens the correctnessof the concept. The procedure add : F ! IDG

takes one argument f 2 F and returns a possibly new node identi�er id 2 IDG, furthermore
it performs all necessarymodi�cations to the graph.

When beginning to encode a set of terms, the nodes of the graph is the set of symbols
� [ X , and the graph featuresno edges.A graph representing a set f f 1; :::; f n g of terms can
be constructed by sequentially adding these terms to an empty graph. The procedure add
has the following e�ect if applied to graph � and argument f 2 F :

� if f 2 � [ X , i.e. if the term is a primitiv e, then add(f ) = f . � is not modi�ed.

� if f 62� [ X , i.e. if the term is a non-primitiv e, then add(f ) = t, where t 2 T is
either a node of the graph or a new node that is then inserted in the graph, depending
on whether f is already represented in the graph. To test whether a non-primitiv e
term is already represented in � it is recursively added, e.g. for an n-ary application
applicationn (f 0; :::; f n ), where f 0 denotesits function term and f 1; :::; f n its arguments,
each subterm is added by evaluating add(f i ). An abstraction abstraction(f 0) is treated
analogouslylike an application of arit y 0. If the term f is already represented, then it
is, due to the uniquenessof term identi�ers, the only element in the intersection of the
subterms' setsof superterms:

t =

8
>>>>>>>>>><

>>>>>>>>>>:

t f if
T n

i=0 add(f i ):Tsuper = f t f g
with respect to relative positions
of subterm and superterm

tnew if
T n

i=0 add(f i ):Tsuper = ;
again with respect to
the relative positions
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Checking the relative position of superterm and subterms is necessaryto avoid a con-
fusion of permutated terms, e.g. the term identi�er t denoting the term apply2(+ ; a;b)
can be found by intersection:

t 2 + :Tsuper \ a:Tsuper \ b:Tsuper

In this case ignoring the relative positions of subterms and superterms, i.e. that a
really is the �rst argument of the application denoted by t, may causea confusion of
apply2(+ ; a;b) and apply2(+ ; b;a). Further confusionsmay be provoked by ignoring the
arit y of the application in question.

If the returned identi�er t denotesa new node, then t has �nally to be added to the
subterms' list of pointers to their superterms, and the type 
ag of the new node has to
be set to denote either an abstraction or an n-ary application.

This procedure is not only an algorithm to insert new terms, but also one to �nd terms.
The conceptof tracking the syntax tree bottom up allows somere�nement for e�cien t lookup
of nodes. The number of necessaryintersectionsof setsof node identi�ers e.g. can be reduced
by choosingsubterms that occur in few superterms and therefore require intersection of small
sets. If the set of candidate identi�ers of somepoint of the syntax tree can be narrowed to an
empty set, then a newnodehasto be insertedand sohaveall identi�er nodesof its superterms.
Strategies for an e�cien t search of the graph and the properties of this representation of a
term databasewill be subject to a later section.

In the following somefurther databaseand term manipulation operations will be outlined,
where the main strategy of the algorithms will also be somekind of navigation through the
graph.

Rebuilding Terms

Rebuilding terms is a retransformation of a node in the graph to a term f 2 F . To do so a
simple procedureget : IDG ! F is used. This procedurerecursively rebuilds a term starting
from the root of its syntax tree denoted by t 2 IDG.

The procedureget (t) is de�ned as follows:

� if t 2 � [ X then the node denotesa primitiv e and the identi�er itself is returned.

get (t) = t

� if t 2 T and its type 
ag's value is (application ; n) then the node represents an n-
ary application. Let t:Tsub = [t f 0; :::; t f n ] the list of its subterms, then an application
applicationn is returned.

get (t) = applyn (get (t f 0); :::; get (t f n ))

� if t 2 T and its type 
ag's value is abstraction then the noderepresents an abstraction.
Let t:Tsub = t f 0 its subterm then an application abstractionis returned.

get (t) = �: get (t f 0)

In this casethe graph is only tracked down, which is always deterministic and requiresno
search. In further operations both upward search and downward tracking is applied, which
increasesthe complexity of the algorithms.
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Deleting Terms

To delete a term, the corresponding node is removed from the graph, and so are recursively
its subterms. Note that this is only possibleand necessary, if the term in question is not a
subterm of other terms, which can be checked by examining its list of superterms.

The procedureto do so is delete : IDG ! ; , where delete (t) has the following e�ect:

� if t 2 � [ X , i.e. if t is a primitiv e, then the node is removed if it has no occurrences
in any superterm, in this caseis t:Tsuper = ; . If this is not the case,the graph stays
unmodi�ed.

� if t 2 T and its type
ag's valueis (application ; n), then t is removed from its subterms'
superterm lists, i.e.

8tn2t:Tsub : tn :T0
super = tn :Tsuper 	 t .

Furthermore all subterms whose list of superterms has been emptied this way are
deleted:

8tn2t:Tsub : (tn :T0
super = ; ) ) delete (tn )

� if t 2 T and its type 
ag's value is abstraction then it is processedin the sameway
as a 0-ary application.

Note that apart from nodesbeingsubtermsof other nodes,somenodesmay beof \external
interest", i.e. they may be referencedto from outside the system. In this casethese nodes
shouldnot beremoved either, and an implementation shouldkeeptrack of external references.

When using the graph to implement deductional purposes,then the delete procedure
should be used to avoid underperformancecausedby information overload. It probably will
pay o� to focus on a selectionof proof lines that is cleanedup and updated regularly.

Cop ying Terms

Within the graph, it is not necessaryto copy terms, it actually is even explicitly forbidden,
as it would violate the uniquenessof representation.

When using a shared terms graph within the context of a reasoningsystem however, a
selectionof term identi�ers will be referencedfrom outside the graph. Multiple referencesto
a single identi�er may occur in this case,but the e�ort necessaryto copy and paste terms is
reducedto constant cost, as this only requires to operate on the term identi�er.

Substituting Subterms

Substitution is a potentially costly operation, as it requires to identify a path of unknown
length between two nodes, actually the path from the term's root to the subterm that is to
be substituted. In caseof multiple occurrencesof this subterm one path has to be processed
for each occurrence,and attention has to be payed to possible intersections of these paths.
The costs to identify thesepaths can be considerablycut if using indexing techniques.

Given a path [t1; :::; tn ], wheret1 is the direct superterm of the subterm t0 to besubstituted
and tn is the root of the term, then the subterm of the a�ected position of each node t i

is substituted by the new identi�er, and if there is no node in the graph that equals this
substituted node, then a new node is created.
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t0 : app2

t1 : app2 t2 : app2

+ � a b c

Figure 5.1: An exampleTerm.

Let t0
0 be the term to be substituted for the former subterm t 0, t i :Tsub = [t i; 0; :::; t i;m ]

the list of direct subterms of t i 2 [t1; :::; tn ] and j the position at which the substitution
takes place, then at each node t i of the path the next step of the substitution is iterativ ely
computed:

t0
i = add(applicationm (t i; 0; :::; t i;j � 1; t0

i � 1; t i;j +1 ; :::; t i;m ))

Finally the modi�ed root node t0
n is returned where this node denotes the substituted

term t0
n = [t0 ! t0

0]tn .
In caseof an � -abstraction, the procedureis executedanalogouslyto a 0-ary application,

symbols cannot occur on the path.
A special caseof substitution is global rewriting whereonly the pointers betweenall direct

superterms and the subterm in question have to be modi�ed.

Searching for Occurrences of Expressions

One of the main advantages of a shared representation of terms is the speed up that is
obtained when searching speci�ed terms in a database. Searching a term in this context
means to check whether a term f 2 F has been added to the data structure. Apart from
fully speci�ed terms, e.g. P(a) _ Q(a), terms that have occurrencesof meta variables may
be of interest, like P(� ) _ Q(� ) with meta variable � . In both caseswe can make useof the
uniquenessof the representation, i.e. we can start a search for expressionsas those given
above at the graph nodesthat represent occurring symbols P, Q or _. As theseare uniquely
represented, all nodesthat represent expressionsin which thesesymbols occur can be reached
by a path starting in the corresponding node.

Thus the basic elements of any search are either tracking down the graph from a node to
its subterms or searching the graph upwards by following pointers to superterms. In caseof
an upward search the result of the operation is in generala set of nodesrather than a single
node. If the task is to �nd a substructure in the graph, there is usually a selectionof nodes
that are known to be contained in the graph and easyto locate, e.g. symbols s 2 �. These
are suitable points to start a search.

Apart from the symbols occurring in an expressionthat is searched for, the queriesmay
contain application nodes and abstraction nodes. For each of these nodes a corresponding
node of the graph has to be identi�ed. This can be incrementally done by following pointers
from neighboured nodes. In caseof an upward search, not a node is identi�ed, but rather a
set of candidate nodes. Such setsof candidate nodescan be narrowed for nodes that denote
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n-ary applications with n � 1 by intersection of the candidate sets. These candidate sets
can furthermore be used for downward tracking analogously to a single node, the di�erence
is that this operation is not of type IDG ! IDG, but rather P(IDG) ! P(IDG), i.e. arguments
and results are elements of the power set of IDG.

The complexity of such a search dependson the structure of the graph and of the strategy
that is applied, e.g. the order in which candidate setsfor expressionnodesare chosenfor in-
tersection, furthermore it hasto be consideredunder which circumstancesdownward tracking
of a candidate set has to be preferred to upward search from a node or upward search from
a candidate set, which is potentially the most expensive strategy.

Usually it pays o� to chosesmall candidatesetsto continue the search rather than big ones.
If the set of candidatesfrom a speci�ed node narrows to the empty set then the corresponding
term is not represented in the graph, and unlessit is intended to add the term in question to
the database,the search for the whole expressionwill fail. Therefore the attempt to narrow
candidate sets to the empty set can be chosen as a search strategy to quickly bring about
negative results.

As an example, I will describe the search for a term t = a � b+ a � c. The representation
of t within the term sharing graph is sketched in �gure 5.1.

Nodesdenoting symbols, here +, � , a, b and c, can be immediately identi�ed, then candi-
date setsfor superterms can be narrowed step by step. Candidate setsC for t 1 and t2 can be
determined by intersection, as candidateshave to be a direct superterm of all of it subterms,
where in this caseall subterms are symbols:

Ct1 �
f tsuper j(tsuper ; application ; 2; 0)2 � :Tsuper g

\ f tsuper j(tsuper ; application ; 2; 1)2a:Tsuper g
\ f tsuper j(tsuper ; application ; 2; 2)2b:Tsuper g

and
Ct2 �
f tsuper j(tsuper ; application ; 2; 0)2 � :Tsuper g

\ f tsuper j(tsuper ; application ; 2; 1)2a:Tsuper g
\ f tsuper j(tsuper ; application ; 2; 2)2c:Tsuper g

In the next iteration, the candidate setsCt1 and Ct2 are propagated to narrow Ct0 :

Ct0 �
f tsuper j(tsuper ; application ; 2; 0)2 + :Tsuper g

\
S

t2 Ct 1
f tsuper j(tsuper ; application ; 2; 1)2 t:Tsuper g

\
S

t2 Ct 2
f tsuper j(tsuper ; application ; 2; 2)2 t:Tsuper g

Note that in this example the query contains no meta variables. The candidate set C t0

therefor narrows either to a singleton set or to the empty set in casethere are no occurrences
of the term. If a term is not fully speci�ed, i.e. it contains meta variables, the samealgorithm
is applied. As in this casehowever someof the superterm sets would not be available, the
narrowing of the set of candidatesmay yield a greater number of terms.

Having identi�ed the node that represents a term, all superterms can be looked up by
simply following all superterm pointers upwards, which is useful to �nd terms speci�ed by a
given subterm. Note that in generalonly a selectionof terms found this way is of relevanceto
the user, e.g. terms that represent a proof line's formula. Thesenodesshould be attributed
by additional marks, and generally it is useful to �lter the result with respect to thesemarks.
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5.2.4 Positional Tree

The data structure presented so far should be useful for an e�cien t term sharing and will
speed up someof the operations it implements. However someof the procedure are costly
and sometimespossibly more expensive than in a non-termsharing implementation. Mainly
a search from a node upwards to identify a special superterm may causeconsiderablee�ort.

An attempt to cure this is the application of positional trees that allow to identify setsof
terms by structural properties. In the following I will describe a positional tree to e�cien tly
look up terms by using their pre�xes as keys (unlik e an upward search in the term sharing
graph in which the su�x is usedas a key).

The aim is to maintain a tree that provides enoughextra information for a considerable
speedup of operations with an acceptableconsumption of spaceand time for its maintenance.
Thus a new discrimination node is createdno sooner than the �rst term is addedthat actually
features the corresponding position. The tree is maintained whenever terms are added to or
deletedfrom the representation graph. The tree's structure and how to maintain it is described
in the following.

Each of the tree's nodesrepresents a position in a terms syntax tree and can be used to
accessall identi�ers that denote terms in which this special position exists. The information
about theseterms is kept as pairs of term identi�ers, onedenoting the root node of the term,
the other denoting the subterm in that special position, i.e. assumingthe term (a + c) + b
has beenadded to the graph and is denoted by note t 1, and the term (a + c) is denoted by
node t2, then the node of the positional tree that corresponds to the �rst argument of an
application that is the topmost structure of a term is associated to the pair (t 1; t2) denoting
that term t1 has an occurrenceof term t2 in this special position.

The pointer to the subterm is bidirectional again, i.e. not only term nodescan be accessed
from a speci�ed position node, but also nodes of the positional tree can be accessedfrom
term nodesthat are related to it. The set of positions the terms occurs in is recordedin the
additional term node slot t:D this .

Furthermore each of thesenodesis either the root of a positional tree that can be accessed
using the subterms in this special position as keys, or in caseof symbols s 2 � [ X , s is kept
in this position.

Nodes of positional trees will be denoted by d 2 D = f dn jn 2 IN g in the following,
where d0 is the root of the tree denoting root position � . Every node d has the attributes
d:Tthis = f (t1; k1); :::; (tm ; km )g to denotethe terms related to the node, a pointer to its parent
node d:Dsuper = dsuper and a mapping

d:Dsub 2
� [ X [ f abstractiong [ f application(m; n)jm; n 2 IN g
�D

that is usedto map the topmost structure of the key term to an accordingchild node, when
accessingthe positional tree. In caseof an application the mapping discriminates according
to its arit y m and the position n of the function or argument subterm that is usedas a key
term in the next iteration.

Figure 5.2 shows an example of a discrimination tree. The tree is result of an empty
graph in which the terms �:f (x0), f (a + b), and f ((a + b) + c) have beenadded. The graph
representation of theseterms is also shown in �gure 5.2. A node
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a graph representation of �:f (x0), f (a + b), and f ((a + b) + c):

t0 : abstr t2 : app1 t4 : app1

t1 : app1 t5 : app2

f x0 t3 : app2

+ a b c

the according positional tree:

d0

abstr app1;0 app1;1 app2;0 app2;1 app2;2

d1

app1;0 app1;1

d2

f

d3

app2;0 app2;1 app2;2 x0

d4

+

d5

app2;0 app2;1 app2;2 a

d6

b c

d7

f

d8

x0

d9

+

d10

app2;0 app2;1 app2;2 a

d11

b c

d12

+

d13

a

d14

b

d15

+

d16

a

d17

b

Figure 5.2: An examplePositional Tree



5.2. Data Structure 93

dn

k0 :::k n

consistsof its identi�er dn and the set of all valid keysk0:::kn at this position. Every node
in the tree denotesa unique position, and the set of valid keys is the set of all possiblehead
symbols that occur in any term at this position, e.g. we can seefrom in �gure 5.2 that d7

denotesthe function term of a 1-ary function that is the range of an abstraction. The only
subterm that has occurred so far in this position is the symbol f .

The complete list of the sets of pairs (t; k), where t is the root term and k the key used
in this special position, is the following:

d0:Tthis = f (t0; t0); (t1; t1); (t2; t2); (t3; t3); (t4; t4); (t5; t5)g
d1:Tthis = f (t0; t1)g
d2:Tthis = f (t2; f ); (t4; f )g
d3:Tthis = f (t1; x0); (t2; t3); (t4; t5)g
d4:Tthis = f (t3; +) ; (t5; +) g
d5:Tthis = f (t3; a); (t5; t3))g
d6:Tthis = f (t3; b); (t5; c)g
d7:Tthis = f (t0; f )g
d8:Tthis = f (t0; x0)g
d9:Tthis = f (t2; +) ; (t4; +) g
d10:Tthis = f (t2; a); (t4; t3)g
d11:Tthis = f (t2; b); (t4; c)g
d12:Tthis = f (t5; +) g
d13:Tthis = f (t5; a)g
d14:Tthis = f (t5; b)g
d15:Tthis = f (t4; +) g
d16:Tthis = f (t4; a)g
d17:Tthis = f (t4; b)g

The position of occurrencesare furthermore recorded in term nodes:

t0:D this = f d0g
t1:D this = f d0; d1g
t2:D this = f d0g
t3:D this = f d0; d3; d5; d10g
t4:D this = f d0g
t5:D this = f d0; d3g
x0:D this = f d3; d8g
f :D this = f d2; d7g
a:D this = f d5; d10; d13; d16g
b:Dthis = f d6; d11; d14; d16g
c:Dthis = f d6; d11g

Note that the positional tree's root node d0 features the set of all terms that have been
inserted so far. Note further that adding a term to the positional tree is fully recursive, i.e.
not only the term itself is added, but also each of its subterms.
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Assuming an empty set of terms is represented by a tree consisting of an empty tree,
i.e. a single root node for position � attributed with d0:Tthis = ; to signal that there are no
terms related to this position, and d0:Dsub = ; , as no subtreeshave beeninserted yet, then a
positional tree can be constructed by sequentially adding terms.

Although the maintenance of this positional tree causesconsiderablecost, it pays o�
when searching terms in a database. The insertion of all possiblesubterms is justi�ed by the
advantage gained from this extra information when checking the occurrenceof subterms at a
non-speci�ed position, as it is required e.g. for e�cien t application of substitutions.

Adding Terms

To add a new term to the positional tree, I de�ne a procedured add. The arguments of a call
to d add are the term to add, the key to �nd the appropriate position node to do so and the
current node. When calling d add, term and key are identical, while d0 is the starting node,
then the key is sequentially processedby recursively calling d add.

A call to the procedure d add(t; k; d) with term t, key k and discrimination node d will
have the following e�ect:

� in any case(t; k) is added to the set of terms related to the discrimination node d,
d:T0

this = dn :Tthis [ f (t; k)g.

� if the key node is a symbol, i.e. k 2 � [ X , then the procedureterminates this branch,
as there are no further subterms according to which a discrimination is possible.

� if the key node is an application, i.e. k 2 T and t's type 
ag is (application ; n), then
each of t 's subterms is inserted into d:Dsub:

For each node t i in t:Tsub = [tsub;0; :::; tsub;n ] it is checked whether d:Dsub contains a pair
(application(n; i ); dsub).

If the key application(n; i ) is pointing to a discrimination node dsub, then the procedure
is recursively called:

d add(t; tsub;i ; dsub)

If there is no such pair, a new discrimination node dnew is created, the mapping is
updated

d:D0
sub = d:Dsub [ f application(n; i ); dnew g

and the procedurerecurses:

d add(t; tsub;i ; dnew )

According to this schemethe positional tree will insert a new discrimination node only
if a term is added that actually features the corresponding position.

� if the key node is an abstraction, then the proceedingis the sameas for a 0-ary appli-
cation.

The procedureis called each time a new term is inserted into the term graph. As a term
t can only be inserted after all of its subterms have been inserted, the procedured add has
already beenexecutedfor thesesubterms at the time t is inserted.
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Having added a number of terms to the positional tree, the tree will have a node d for
each position that occurs in some term that has been inserted. A unique key to accessa
discrimination node is a single path in the syntax tree of an arbitrary term. The target
position corresponds to the position in which the path ends.

In general a term t is added to the positional tree by inserting it at root node d0 with
itself as the key: d add(t; t; d0).

Therefore d0:Tthis is always the list of all terms that have beeninserted so far, actually a
pair (t; t) 2 d0:Tthis exists for each term t that is represented in the graph.

Lo oking up of Sets of Terms

The positional tree allows an e�cien t lookup of terms according to three criteria. The �rst
criterion is the occurrenceof a given expressionsat a speci�ed position. To lookup a term
of the form f (� + � ), where � and � are meta variables, in the positional tree depicted in
�gure 5.2, the proceedingis the following:

� The term position and the according position node of all symbols that are no meta
variables are determined, here f and +. The according position nodesare d2 for f (i.e.
the function of a unary application) and d9 for + (i.e. the function of a binary application
which itself is the argument of a unary application). Although in this examplesonly
symbols f ; + 2 � occur, this can be extended to occurrencesof terms t i which have
already representations in the term graph.

� The according root term is looked up. In d2:Tthis , there are two entries where f is the
key symbol, namely (t2; f ) and (t4; f ). The root symbols here are t2 and t4. For +, the
corresponding entries are (t2; +) ; (t4; +) 2d9:Tthis .

� The sets of root symbols are intersected to �nd the root terms that have all symbols
in the right position. Here the set of root terms is for both symbols f t 2; t4g, thus this
is the set of terms that �t the pattern f (� + � ). This is correct, as t 2 = f (a + b)
and t4 = f ((a + b) + c) match the query term. The according instantiations for meta
variables are [� ! a; � ! b] respectively [� ! t 3; � ! c], where t3 = (a + b).

The lookup procedure can be implemented very e�cien tly, as all operations on sets of
terms can be reducedto operations on setsof natural numbers.

The secondcriterion is the occurrenceof the samemeta variable at several term positions.
In this the set of candidate terms is further reducedby examining the relevant term positions.
The equality test can again be reducedto equality testing on natural numbers. If the pattern
in the above example is changed to f (� + � ), the set of matching terms is reduced to ; , as
none of the terms found above have the sameinstantiation for � and � .

A special feature is the third criterion, the e�cien t lookup of terms that have the form
�( x) for someexpressionx that occurs at a non-speci�ed position. This is useful for CAS
operations that perform rewrite stepsat someposition within terms. To lookup e.g. all terms
that match pattern �( a + b), the procedureconsistsof two steps:

� First the pattern a + b is looked up according to the procedure for the �rst criterion.
The only term to match this pattern is t3. Although there are no meta variables in
a + b, this is no necessaryrestriction. Occurrencesof meta variables are treated in the
sameway as described above.
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� Then in all position nodes recorded in t3:D this = f d0; d3; d5; d10g, the according pairs
(t i ; t3) are looked up. The record d:Tthis in the according position nodesyields:

(t3; t3) 2 d0:Tthis

(t2; t3) 2 d3:Tthis

(t5; t3) 2 d5:Tthis

(t4; t3) 2 d10:Tthis

Thus the the set of terms matching �( a+ b) is f t 2; t3; t4; t5g respectively f f (a+ b); (a+
b); f ((a + b) + c); ((a + b) + c)g.

This third criterion can furthermore be combined with the �rst, where the occurrenceof
a given subterm has to be below a given position. A pattern which combines both criteria is
f (�( a+ b)). Now the procedurefor the �rst criterion is applied to pattern f (� ), the according
candidate terms are f t2; t4g. If there is a suitable term for f (�( a + b)), then �( a + b) has
to occur at the position corresponding to d3. Thus there has to be a term t j 2 f t2; t3; t4; t5g
(i.e. the result for the lookup �( a + b)) where (t i ; t j )2d3:Tthis for someterm t i 2 f t2; t4g. In
this casethere are two suitable records(t2; t3); (t4; t5)2d3:Tthis . Thus the result for the query
f (�( a + b)) is f t2; t4g respectively f (a + b) and f ((a + b) + c). The combination of criteria
oneand three requirestwo further intersection of sets,namely the intersection of the result of
the third criterion with the set of key terms t j that occur in somepair (t i ; t j )2dk :Tthis , where
dk is the position of �, and secondthe intersection of the set of according superterms t i with
the result of criterion one.

Of courseall of the criteria can be combined, too. In this case,the procedureto combine
criteria one and three are followed by a check whether all occurrencesof the same meta
variable have the samevalue.

In generalthe order in which setsof terms are intersectedhas no e�ect on the result, but
on the performance. Thus an e�cien t implementation of the data structure should make sure
that small setsare intersected�rst.

5.2.5 Reactiv e Behaviour

The basic idea of a reactive database of terms is to store not only terms in the database
but also requests. Instead of �nding suitable terms for a given request, the task is now to
�nd a suitable request for a given term. This functionalit y is useful for the implementation
of interfaces in heterogeneouslogical environments like the 
 mega system, where external
systemshave to be coordinated. In such a databaseof term requeststhe actual computation
of term matching is triggered by syntactical events like occurrence of a common subterm
within a term and a possibly matching request.

As the operations on the term sharing graph aswell ason the positional tree are basedon
somesort of navigation through the graph, there are always nodesthat are explicitly travelled
when doing so. This allows to attach reactive nodesto the graph to enablethe data structure
to show somekind of reactive behaviour, as each node can be marked to cast a signal when
visited. Thus a term that is added to the database can be matched against a number of
term patterns, where the matching is triggered by graph nodes that are visited when doing
so, and the considerationof a particular term pattern in the matching processis triggered by
insertion of matching subterms.
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This o�ers a possibility to trap terms matching a speci�ed pattern at the time they are
added to the data structure. To do so the nodesdi of the positional tree can be extendedby
a new attribute

di :R � f (t j ; mk )jj; k 2 IN g

to specify a meta nodesmk that is noti�ed whenever a new pair of terms (t l ; t j ) is inserted
at this node. The messagethat is sent to m j is of the form notify (di ; t l ), i.e. for every meta
node mk the root term t l that features the respective subterm t j at the speci�ed position di

is passed.
This trigger mechanism can be usedto implement a reactive version of the �rst criterion

of the lookup mechanism in section 5.2.4. In the following I will describe someexamplesof
reactive term matching in the graphs in �gure 5.2. To enable a reaction whenever a term
matches pattern f (� + � ), a new meta node m1 is introduced, and the respective search
requests are added to di :R at the according positions. In this example, the consequence
is that (f ; m1) is added to d2:R and (+ ; m1) to d9:R. In casea suitable term, say t6 =
f (c + c), is inserted to the term graph, m1 receives two noti�cations, namely notify (d2; t6)
and notify (d9; t6).

Each meta node mk is attributed by the list of positions

mk :D = f d1; :::; dn g

that have to send a noti�cation for a complete identi�cation of a suitable term, here
m1:D = f d2; d9g. As now all position nodes in m1:D have sent a noti�cation with the same
term t6, t6 can be identi�ed as a suitable term for the pattern represented by m1.

The secondcriterion, the consistenceof meta variable instantiations, is applied analogously
to section 5.2.4. The description of meta nodesis extendedby an attribute

m:V = f (v1; f d1; :::; dk1 g); :::; (vn ; f d1; :::; dkn g)g

to record meta variablesand their respective positions. In casethe �rst criterion is ful�lled
by a term t, meta variables are evaluated. If the term t, which has beenfound according to
the �rst criterion, has for each (vi ; f d1; :::; dk i g)2m:V the samesubterm tsub in all positions
d1; :::; dk i , t matches the pattern represented by m and for meta variable vi the instantiation
tsub has beenfound.

To implement the third criterion of section5.2.4,a further meta node attribute is required
to record terms and meta variable instantiations. This attribute is given by

m:I = f (t i ; f (v1; t1); :::; (vn ; tn )g)ji; n 2 IN g

where t i is the matching term and t1; :::; tn are instantiations found for meta variables
v1; :::; vn . Each time an instantiation hasbeenfound a new instanceof (t i ; (v1; t1); :::; (vn ; tn ))
is added to m:I . The meta node attributes are completedby the list of superterms that have
to be noti�ed if a new instantiation has beenfound:

m:M super = f m1; :::; mn g;

and the list of subterms and their positions:
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m:M sub = f (m1; d1); :::; (mn ; dn )g;

If now a meta node msub where msub:M super 6= ; �nds a matching term for the pat-
tern it represents, it will notify all nodes msuper 2msub:M super . If a meta node msuper has
received a noti�cation from all of its subnodes m i (i.e. all meta nodes that have a record
(mi ; di )2msuper :M sub), the evaluation of the third criterion is executed analogously to sec-
tion 5.2.4: For each of the subnodesm i it is evaluated whether it occurs in a suitable position.
The evaluation is triggered by msuper and not by msub, becausethe purposeof each msub is
to match a subterm of the term matched by msuper , and thus msuper will be the last node to
be triggered by a new term.

At the time msuper is triggered by a term tsuper , someof the subterm nodes msub may
have found several instantiations (t; f (v1; t1); :::; (vn ; tn )g)2msub:I . Among these, suitable
instantiations, if there are any, are identi�ed:

� The meta variable instantiations are consistent. Thus for each instantiated variable v i it
is evaluated if an instantiation hasbeenfound by msuper , too, and if both instantiations
are consistent. Inconsistent instantiations are dropped.

� For each of the remaining instantiations (t; f (v1; t1); :::; (vn ; tn )g), it is evaluated if there
is a term td such that (td; t)2d:TThis for some d2t:D This , where (tsuper ; td)2 td:DThis ,
i.e. if t is a subterm of tsuper below the speci�ed position d. This is done by two
intersections of term sets analogousto section 5.2.4, respectively one intersection and
one membership test, becauseone of the sets is the singleton f t dg.

For an example, the pattern in the above example is modi�ed to �nd in the graph of
�gure 5.2 a term matching f (' (�( ' (a; � )) ; 
 )), i.e. a term f (' (�) ; 
 )) where somewherein
� there is an occurrenceof the subterm ' (a; � ), where the function symbol ' is the samein
both occurrences.The matching is implemented by the following setting:

A �rst meta node m1 is employed to wait for the whole term. f is the only symbol that
is no meta variable. It has to be found in position d2:

m1:D = f d2g
d2:R = f (f ; m1)g

The meta variables ' , denoting a binary function, and 
 can be instantiated by the
subterms in positions d9 and d11:

m1:V = f ('; f d9g); (
 ; f d11g)g

Finally a subterm to be identi�ed by a secondmeta node m2 has to occur below position
d10:

m1:M sub = f (m2; d10)g

This secondnode m2 has the purposeto identify a term matching ' (�; � ). Its supernode
is m1:

m2:M super = f m1g
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Symbols and variables are de�ned analogouslyto m1, here a has to occur in position d5,
' in d4 and � in d6:

m2:D = f d5g
d5:R = f (a;m2)g
m2:V = f ('; f d4g); (
 ; f d6g)g

If the suitable term t4 is inserted, it is trapp ed by m1 and m2. The node m2 will be
be triggered by t3, becausea is inserted in node d5 with root term t3. Thus d5 sendsa
noti�cation notify (d5; t3) to m2. As this is the only position m2 is waiting for, the variables
are instantiated according to m2:V :

m2:I = f (t3; f ('; +) ; (� ; b)g)g

Furthermore m1 is noti�ed that m2 hasfound a matching term. Later m1 will be triggered
by t4. Hered2 will sendthe noti�cation notify (d2; t5). As d2 is the only position m1 is waiting
for, variables are instantiated here, too:

m1:I = f (t4; f ('; +) ; (
 ; c)g)g

As furthermore the only subnodem2 hasalreadysent a noti�cation, it is evaluated whether
the instantiation found by m2 is suitable. First the variable instantiations are checked, ' is
the only variable that is instantiated in both nodes, and it is in both casesbound to the
symbol +.

Thus it is evaluate whether t3 is at a suitable term position in t5. The term t3 occurs
in positions d0, d3, d5 and d10, the root terms which are recordedwith key term t 3 in these
positions are t3, t2, t5 and t4. As m2 is associated with d10 in m1, the subterm of t4 in d10

has to be looked up. It is t3, and as t32f t3; t2; t5; t4g, the term identi�ed by m2 is obviously
a suitable subterm in a suitable position. Thus m1 has identi�ed a term matching pattern
f (' (�( ' (a; � )) ; 
 )) along with the suitable meta variable instantiations:

(t4; f ('; +) ; (� ; b); (
 ; c)g)

In casea term doesnot match, as for t2 = f (a + b) in �gure 5.2, the matching will fail at
somepoint. For t2, both nodesm1 and m2 will be triggered: m1 by t2 and m2 by t3 = (a+ b).
The variable instantiations are consistent, as again ' will be bound to symbol +. The last
step however, in which it is determined if t3 is at a suitable term position, will fail, because
there is no entry (a; t3) at any position d2t3:DThis with root term a and key term t3, i.e. t3

is no subterm of a. This is the worst caseof a failing matching, in general the unsuccessful
branchesof the algorithm should be cut at earlier stages.

The reactive mechanism for term matching here has two characteristics that makes it
suitable for the identi�cation of possibly applicable inference steps: it is lazy and it is ex-
haustive. Every time a new term is inserted into the graph structure, it is matched against
every pattern that is encoded in meta nodes,but unsuccessfulbranchesof the matching are
cut early or are even not executedat all.

A reasonableextension to use the graph structure, e.g. for interfacing purposesin an
environment like 
 mega are nodesthat encode logical gates. Inferencestepsthat are de�ned
by an outline of proof lines could be encoded by combining several meta nodes. AND gates
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can be assignedseveral input nodes and can pass a tuple of instantiations if the variable
instantiations are consistent, and OR nodes can pass every instantiation that is supplied
by one of its input nodes. A combination of both can implement a 
 mega tactic that is
applicable for a set of di�eren t PAI situations.

5.2.6 E�ciency

The strength of this data structure is the speed of matching a number of terms against
speci�ed patterns. The most expensive operations are those who require an update to the
positional tree, but this is reasonableasusually complexoperations like matching are replaced
by a number of simpler operations to maintain the order of the graph.

As pointed out by Stickel [74], a detailed analysisof the complexity of indexing techniques
is di�cult, as their performancedependsheavily on the structure of terms in the database.
Thus an overall evaluation of the complexity is omitted here.

However the complexity of parts of the computation can be analysed. For a term of length
n, the depth of the syntax tree dependson its branching rate. Assuming a �xed branching
rate greater than 1, the depth of the syntax tree will beO(log n). Basedupon this assumption,
the complexity of basic operations can be estimated:

� to add terms to the term graph, O(n) intersections of terms have to be evaluated to
ensurea perfect term sharing. This has to be repeated for subtermsat each level of the
syntax tree. As the syntax tree is of depth O(log n), O(n logn) intersections of term
setshave to be evaluated.

� to add terms to the positional tree, for each of its elements two node entries have to be
updated. This is again recursively repeated for each of the subterms. The complexity
of the update of the positional tree is therefore O(n logn) entry updates for a term
of length n. Updating of both the term graph and the positional tree, which is both
necessaryto insert a term into the graph structure, still hascomplexity O(n logn) node
entries.

� to lookup a pattern requires the intersection of m term sets,where m� n is the number
of �xed symbols or subterms in a �xed position. For each occurrenceof a subterm at
a unspeci�ed position, two further intersectionsof term setsare required. Furthermore
k� n equality tests have to be evaluated to ensurethe consistenceof variable instanti-
ations. As equality tests can be performed in constant time, the complexity of a term
lookup is that of O(n) intersectionsof term sets.

� the reactive behaviour requires little extra computation. Each time a position node is
updated, which happens O(n logn) times when inserting a term of length n, a mem-
bership test has to be performed and all meta nodeshave to be noti�ed. The number
of meta nodesthat are to be noti�ed in each node dependson the term structure. For
each noti�ed node it is tested whether all necessarynoti�cations have beenreceived and
the record of noti�cations is updated. This requires constant time, assumingthat the
maximum number of subnodesin each meta node is �xed. In casea meta node and all
of its subnodesare triggered, for each sub node one intersection and one membership
test have to be performed.
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Hard to predict elements in this estimation are the set sizesfor intersections and meta
node noti�cation. The size of sets which are accumulated in somenode entries are heavily
depending on the structure of terms in the database. In the worst case,sets will be of size
O(n), where n is the number of meta nodes.

However, all intersectionsof term setsand equality and membership tests can be reduced
to operations on natural numbers. Thus an equality test is computed in constant time,
and there are e�cien t algorithms for set operations. Implementations of integer sets as bit
vectors in LEDA [59] are of complexity O(1) for membership tests and insertion of elements,
intersectionsof setsand similar operations are of complexity O(b� a+ 1), whereset elements
are in a range [a:::b].

5.3 Reference

The following section gives a short overview of the objects of the data structure, i.e. in �rst
line types of graph nodes and their attributes. After a summary about graphs and their
semantics, an overview of the operations on thesegraphs will follow

5.3.1 Graphs

The set of possible identi�ers ID is composedfrom a number of subsets,each of which has
a number of attributes. Apart from the standard attributes that are listed here, arbitrary
additional attributes can be used for purposeslike typing of terms. Actually ID itself can
be expanded, too, to increasethe expressivenessof the system, e.g. by introducing reactive
nodes as mentioned above. If doing so, care has to be taken of the paradigms required to
maintain the system'scorrectness.

Standard node identi�ers, attributes and membership in one of the two main structures,
i.e. term sharing graph or positional tree, is listed here. The setsof nodesof the term sharing
graph and the positional tree are denoted as IDG respectively D.

� alphab et sym bols

� = f sn jn 2 IN g is an alphabet of symbols. There is always a mapping � ! IN ,
therefore � can be reasonablyidenti�ed with a set of natural numbers, furthermore is
� subject to dynamic modi�cation, as symbols may be introduced to or deleted from
the environment at arbitrary time.

The alphabet is a subsetof the term sharing graph � � IDG.

Theseare the standard attributes of a node s 2 �:

{ s:Tsuper � T is the set of direct superterms. Note that s:Tsuper can be classi�ed
according to a set of key symbols f abstraction g [ f (application ; m; n)jm; n 2
IN g, denoting the type of the superterm t, and in caseof an application its arit y
and the position of the occurrenceof s in t.

{ s:D this � D is the set of discrimination nodeswhoseset of related terms features
a pair (t; s), i.e. a node in which s has beenusedas a key when inserting a term
to the discrimination tree, seebelow for details.
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� bound variables

X = f xn jn 2 IN g is the set of bound variables. The semantics of the index n de�nes the
relation betweenoccurrenceof xn and its binder; the binder can be found by ascending
the term tree n scopesupwards.

Node functionalit y of a node x 2 X is the sameas for alphabet symbols and so is its
graph membership X 2 IDG and its attributes:

{ x:Tsuper � T and

{ x:D this � D.

� non-primitiv e terms

T = f tn jn 2 IN g is the set of non-primitiv e terms.

T � IDG is also part of the term sharing graph, a node t 2 T has the sameattributes
as primitiv e terms,

{ t:Tsuper � T and

{ t:D this � D,

and apart from thesetwo further attributes:

{ t:Tsub 2 T n is the list of subterms ordered according to their position.

{ t:Ttype 2 f abstraction g[ f (application ; n)jn 2 IN g is the node's type 
ag. Note
that the list length of t:Tsub must equal 1 in caseof value abstraction and n + 1
in caseof (application ; n).

Therewith the list of standard types of nodes in IDG is completed. Every node in IDG

represents a unique term, i.e. there is a bijective mapping IDG ! F with respect to terms
that have beenadded to the data structure.

The secondmain data structure is the positional tree D, whoseelements arediscrimination
nodes.

� discrimination nodes

D = f dn jn 2 IN g is the set of discrimination nodes.

A node d 2 D has the following attributes:

{ d:Tthis � T � T is the set of pairs (t; k) 2 T � T where term t has been inserted
at discrimination node d with key remainder k.

{ d:Dsub � K � ID, where
K = � [ X [ f abstraction g [ f (application ; m; n)jm; n 2 IN g
is the set of possiblekey symbols.

{ d:Dsuper 2 D is the pointer to d's parent node.

A special discrimination node is d0 2 D, the root node of the positional tree. It is assigned
to the root position of a term.
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5.3.2 Pro cedures

The following is an overview over proceduresfor generalgraph maintenance. This comprises
proceduresto add and to delete terms. Furthermore a procedure to implement substitution
for terms in the graph structure is introduced. Proceduresto processqueriesto the database
are omitted in this place, becausetheir implementation is non-trivial. Processingof queries
requires in general the intersection of term setswhere the order in which these intersections
are computed has an e�ect on the performance. Thus it is reasonableto employ elaborated
mechanisms to guide the computation, which would be outside the scope of this work.

� adding a term

The procedure add : F ! ID adds a term to the graph and returns its identi�er id .
A term f 2 F is recursively inserted, while pointers to subterms and superterms are
updated, and all newnodesareaddedto the discrimination tree. This is the full function
de�nition:

function add(f )
case f 2 � [ X

then return f
case f 2 f applicationn (f 0; :::; f n )jn 2 IN ; f i 2 IDg

then declare
subterms: IDn

temp: ID
for each [f 0; :::; f n ] do

temp := add(f i )
subterms(i) := temp
end for

if
T n

i=0 f tsuper j(tsuper ; application ; n; i ) 2 subterms(i ):Tsuper g = f tg
then temp := t
else temp := new node tnew

temp.Tsub := subterms
d add(temp,temp, d0)

end if
for i=0 to n do

subterms(i). Tsuper := subterms(i). Tsuper [ f (temp; application ; n; i )g
end for

return temp
case f 2 f abstraction(f 0)jf 0 2 IDg

then declare temp: ID
subterm := add(f 0)

if (t; abstraction ; 0; 0) 2 subterm:Tsuper

then temp := t
else temp := new node tnew

temp.Tsub := [subterm]
d add(temp,temp, d0)

end if
subterm. Tsuper := subterm. Tsuper [ f (temp; abstraction )g



104 Chapter 5. Reactive Behaviour on SharedTerms

return temp

The combination of add and d add still o�ers possibilities for optimisation.

� lo oking up a term

This is the code of the procedureget : ID ! F that is used to lookup the term f that
is denoted by an identi�er id . This function recursively follows subterm pointers until
the leavesof the term's syntax tree, actually symbols, have beenfound.

function get( t)
case t 2 � [ X

then return t
case t 2 T

then if ( t:T type == (application ; n))
then return applicationn ([get (t:Tsub;0); :::; get (t:Tsub;n )])
else return abstraction(get (t:Tsub;0)

� deleting a term

The proceduredelete (t) removes a term t from a graph. Terms can only be removed
when unused.

function delete( t)
if t:Tsuper = ;
then for each id 2 t:Tsub;n do

id :Tsuper = id :Tsuper 	 f tg
delete(id)
end for

d delete( t; t; d0)
remove node t
end if

� adding a term to the positional tree

The procedure(d add)( t; k; d) addsa term t 2 IDG to a discrimination node d 2 D using
key k 2 IDG. This includes also the mechanism to expand the positional tree whenever
needed.

function d add(t; k; d)
d:Tthis = d:Tthis [ f (t; k)g
case k 2 � [ X

then d:Dsub(k):Tthis = d:Dsub(k):Tthis [ f (t; � )g
case t 2 T

then if ( t:T type == (application ; n))



5.3. Reference 105

then for each id i 2 t:Tsub

if 9dsub 2 D:((application ; n; i ); dsub) 2 d:Dsub

then d add(t; id i ; dsub)
else declare temp := new node dnew

temp.Dsuper := d
d:Dsub := d:Dsub [ f (application ; n; i ); temp)g
d add(t; id i ; temp)

else declare id := k:Tsub

if 9dsub 2 D:(abstraction ; dsub) 2 d:Dsub

then d add(t; id ; dsub)
else declare temp := new node dnew

temp.Dsuper := d
d:Dsub := d:Dsub [ f (abstraction ; temp)g
d add(t; id ; temp)

end if

� deleting terms from the positional trees

The procedure (d delete )(t; k; d) deletesa term t 2 IDG from a discrimination node
d 2 D using key k 2 IDG. This is the inverse to d add. Whenever possible, the
positional tree is contracted.

function d delete( t; k; d)
for each i � n do, where n is the arit y of k

delete( t; k:Tsub;i ; dnext ), where ((k:Ttype; n; i ); dnext ) 2 d:Dsub

end for
d:Tthis := d:Tthis 	 f (t; k)g
if ( d:Tthis == ; )
then d:Dsuper :Dsub := d:Dsuper :Dsub 	 f (� ; d)g

remove node d
end if

� �nding paths between subterms and sup erterms

As sometimesan uninformed search in the set of superterms of an identi�er may cause
considerablecost, there are tasks where it is reasonableto considermore e�cien t tech-
niques to bring up a solution. An example is �nding a path from the root of a term t 0

to a speci�ed subterm tsub, as it is required to substitute subterms.

For this purposea procedure sniff (t sub; t0) : ID � ID ! IDn is used that \sni�s" the
path from the subterm to the terms root by following a non-branching trace on the
positional tree:

function sniff( tsub; t0)
if (t0; t) 2 tsub:D this :Dsuper :Tthis

and (t0; tsub) 2 tsub:D this :Tthis
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then return append(t,sniff( t; t0))
end if

The procedureterminates in sniff (t0; t0) where (t0; t0) is categorisedin the root of the
positional tree, (t0; t0) 2 d0:Tthis where d0 has no parent discrimination node.

� substitution

The substitution of subterms is a fundamental operation in a term system. In the fol-
lowing I will describe two proceduresfor �rst global rewriting and secondthe application
of a substitution to a single term.

Global rewriting is the simpler one, as only pointers related to a single node have
to be modi�ed. This is done by a procedure global rewrite (t 1; t2) that replacesall
occurrencesof t1 in the whole context with t2:

function global rewrite( t1; t2)
for each f tj(t; type; n; i ) 2 t1:Tsuper g do

t:Tsub;i := t2

end for
for each f (d; t)jd 2 t1:D this ; (t; t1) 2 d1:Tthis g do

d delete( t; t1; d)
d add(t; t2; d)

end for
t2:Tsuper := t2:Tsuper [ t1:Tsuper

t1:Tsuper := ;
delete( t1)

The deletion of t1 does not necessarilycausethe node to be removed from the graph,
it is kept if e.g. it is still referencedby external pointers. Within the data structure
however t1 is unusedafter a global rewrite.

Note that updating the positional tree is potentially costly, as it dependson the overall
number of occurrencesof t1 in the whole context. However the terms relevant to a
rewriting are looked up in virtually no time.

If there is however no needto maintain a positional tree, this feature can be abandoned.
The result is a very e�cien t environment optimised towards purposesmainly relying on
global rewriting.

Apart from global rewriting, local substitution is a common operation on terms. The
proceduresubstitute (t1; t2; t root ) replacesall occurrencesof t1 in t root by t2.

function substitute( t1; t2; t root )
declare modified := f (t1; t2)g
for each t 2 sniff (t1; t r oot) do

declare subterms := t:Tsub

for each i � n do, where n is the arit y of t



5.4. Conclusion 107

if (subterms(i ); tnew ) 2 modified
then subterms(i) := tnew

end if
end for
modified := modified [f (t; add(t:T type(subterms))) g

end for
declare subterms := t root :Tsub

for each i � n do, where n is the arit y of t root

if (subterm(i ); tnew ) 2 modified
then subterm(i) := tnew

end if
end for
return add(t root :Ttype(subterms))

In caseof t1 having no occurrencesin t root , sniff returns an empty list and t root is
returned unmodi�ed. Note that otherwise sniff returns the substituted nodesin right
order, i.e. subterms before their superterms.

5.4 Conclusion

Unfortunately an actual evaluation of the speedup that can beobtained by the data structure
proposedin this work is still do be undertaken. However the results of implementations of
similar approaches are quite encouraging. In general the speed up gained by term sharing
and indexing techniqueswasdramatic. For �rst order logic there are several implementations
of indexing techniques, one example is the award winning E-Prover [68], where term sharing
and term indexing techniques lead to a considerablespeedup. While the technique is rather
well explored for the �rst order case,the evaluation of its use for higher order logic is still
in progress. However, at least the parts of matching that are similar to �rst order matching
will certainly experiencea dramatic speed up, and subclassesof higher order terms can be
well handled. An example is an implementation of substitutional tree indexing by Brigitte
Pientka [65] basedin higher order patterns, wherethe speedup wasbetweem100%and 800%.
Theseresults are soconvincing, that the techniquesusedherewill probably becomestandard
in automated reasoningsoon.

The adaption that has been made to the indexing technique as it is used in other ap-
proachesis the addition of a reactive element. Automated �rst order theorem proversusually
employ strong machine oriented proof strategies, in which indexing is usedto quickly lookup
suitable terms. At the time of such a lookup, there is in general one pattern for which a
corresponding term has to be looked up. For knowledge based systems, e.g. 
 mega, the
situation is di�eren t, as there are in generala considerablenumber of strategiesthat may be
applicable. Thus the task becomesnow to match a possibly large number of patterns against
a possibly large number of proof lines. Therefore the indexing technique wasadapted to react
on insertion of new terms and have matching triggered by occurrencesof matching subterms,
and thus to avoid super�cial lookups. The sameapplies for an interface to a CAS: a number
of algorithms are speci�ed that may be applicable in several places.

While this work is mainly focusedon the implementation of an interface between a de-
duction system and its external subsystems,the technique described here is of relevance to
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a variety of purposeswhere term matching is involved. The data structure is in general
applicable to the purposeof automated search for applicable inferencesteps within a proof
situation. This problem is central to any high level deduction system and is addressede.g.
by Sorge'sagent based 
 ants mechanism [9] in the 
 mega system. While this approach
is much more generaland is lessrigid in the the way inferencestepsare described (the core
of my data structure implements �rst order style term matching), it however associates in-
ferencerules and agents, each of which actively searches the databaseand therefore causes
costly computations. A lazy approach where the actual processof matching is triggered by
certain criteria being met avoids unsuccessfulmatching to a considerabledegree. A further
reduction of cost is obtained by pre-evaluation of relations betweenterms, which is a general
aspect of term sharing techniques. Here a combination of the e�cien t term matching of my
data structure and the freedom of programmable agents for special purposesis thinkable.
Indexing technique can be usedhere as a �lter for suitable terms, which then are supplied to
the agents' special purposeevaluation.

The term structure of the databaseis not bound to any speci�c formal system,but rather
implements a minimum of structural elements. This makes it open for implementation in
various contexts, i.e. in di�eren t system, but also for various purposes.

While this reduction in cost in the processingof terms already pushesthe limit towards
solving more complexproblemsby being able to master greater knowledgebasesin acceptable
time, the representation of terms that is usedin this work and in similar approachesmay help
to reveal completely new aspectsof term processing.As the term sharing technique proposed
in this work relatesexpressionsand their elements rather than simply assembling expressions,
it allows e.g. to search syntactical structures bottom up, i.e. given say a variable it is possible
to lookup all expressionsthat have occurrencesof this variable without examination of data
that is not related to that variable. A further aspect is the representation of equivalence
classes,which are much easierto implement as there is only a single representation of each
syntactical structure, thus it is easy to associate all occurrencesof an expressionsto an
equivalenceclass.

A �nal aspect of this work is that it is possibleto encode a knowledgebasealong with the
basic functionalit y of term matching into a single graph. This allows a compact implementa-
tion e.g. for various interfacing purposesand infrastructural issues,term �lters or blackboard
architectures with matching functionalities. The data structure can furthermore be used for
all sorts of evaluation of sets of terms that are used for heuristics or even control at system
level. Think able is e.g. an association of mathematical theories and the occurrenceof certain
term structures, where the databasecould be used to trigger the system to load additional
mathematical theories into working memory according to the type of new expressionsthat
are inserted into a proof plan. By extending this principle by e.g. feeding back results of
this matching into the graph or by integration of several database into a single system, it
is possible to provide a framework to very easily implement basic techniques of automated
reasoning. As this would allow to implement reasoningsystemsby only providing term pat-
terns to specify inferencerules and possiblygraphically designingthe data
o w infrastructure,
it may even help to provide a very 
exible and easy to use development kit for reasoning
techniques and possibly make these techniques accessibleto users that are not too familiar
with the peculiarities of a concretetheorem prover and do not want to becomeexpert in the
useof a full scalereasoningsystem.



Chapter 6

Conclusion

Subject of this work is the white box integration into a deduction system. Several aspects
of such an integration have beenexamined. All experiments described here have beenimple-
mented in and around the 
 mega system [70] and make useof the already existing Sapper
interface by Sorge[71].

In chapter 3 I describe the implementation of the prototypical computer algebra system
Mass and its integration into the 
 mega environment. Unlike many other approaches to
integrate a CAS into a deduction system, Mass does not act as a black box, but provides
su�cien t information to remodel its computation within 
 mega's formalism. Thus these
computations can be further processedby 
 mega's proof handling facilities. This is in �rst
line 
 mega's proof checker to verify the correctnessof Mass ' computations, but also other
facilities e.g. for proof representation and explanation canbeused. This interesting e.g. to use
proofs that are developed under participation of a CAS in computer supported mathematical
education. Technically Mass is similar to its predecessor� CAS by Sorge[71], it is however
more robust and o�ers a wider applicabilit y than � CAS , which was necessaryfor a further
evaluation of this kind of white box architecture.

The increasedrobustnessand applicabilit y of Mass made it a suitable tool for further
experiments. A novelty hereby was the combination of a CAS that is fully integrated into a
deduction system's formalism and a commercial CAS that behaves like a black box system.
The combination of Maple 's computational strength in non-trivial computations and Mass '
strength in veri�cation helped to make non-trivial algebraic computations veri�able, while it
was neither necessaryto formalise a full grown CAS like Maple nor to advancethe develop-
ment of the prototypical CAS like Mass to a level where sophisticated data structures and
algorithms are required. Mass wasemployed in experiments in the domain of limit proofs [54]
and in the exploration of properties of residueclasses[53].

As a white box integration requires to maintain a common mathematical databasethat
is accessibleto both the CAS and the deduction systemand has furthermore to be perfectly
synchronised with the CAS' algorithms, this issue is addressedin chapter 4. The solution
proposed her is the mathematical authoring tool Taco for the development of tactics in

 mega. While the maintenance of CAS algorithms and analogue inference steps in the
deduction system is still left to the human developer, Taco allows to develop tactics at
a high level of abstraction within a graphical user interface without losing the power of a
programming language. The approach in Taco to develop tactics at an abstract level o�ers
furthermore a comfortable way to make the information available to di�eren t systems or
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di�eren t modules within a single system, thus avoiding multiple implementation for di�eren t
purposes. A special feature of Taco is the facilit y to combine already implemented tactics
and a set of simple formalised control structures to develop simple algorithms.

The last aspect of the integration of a CAS into a deduction systemthat hasbeenexamined
in this work is how the Sapper interfacecould beextendedto allow a �ner interaction between
CAS and deduction system. Although starting from the issueof CAS integration, the data
structure described in chapter 5 and its application for interfacing purposesis of relevancefor
the generalproblem of identi�cation of suitable proof strategiesin a given proof situation. The
approach is basedon term indexing techniques[74], which have beenadapted to implement a
reactive database,as it could serve for the implementation of various interface architectures,
blackboard mechanisms, constraint collectors or similar devices that require a mechanism
for term matching. Although the e�ciency of the approach has not beenevaluated yet, the
revolutionary successof indexing techniques in �rst order logic theorem proving [68] suggest
a reasonableperformanceof the data structure proposedhere in practical application.

The challenge for future work is to advance the development of the systemsMass and
Taco especially concerning the independenceof a speci�c system. While Mass is already
system independent except for the requirement of a common mathematical database,Taco
could serve to bridge this gap by o�ering possibilities to adapt abstract inferencede�nitions
to di�eren t systems. An adaption to standardised mathematical description languageslike
OpenMa th or OMDoc is thinkable, too. Of interest is furthermore the integration of for-
malisedprogramming languageelements in a logical environment asit is donee.g. to formalise
the Java Virtual Machine in Isabelle [66, 6, 62]. This could serve to implement a virtual
machine that allows both to execute the code of algorithms and to reasonabout it. An in-
tegration of this approach within the systemsdescribed in this work could serve to advance
system independency. With respect to CAS integration into formal environments, this could
also help to avoid costly and possibly erroneousdouble implementation of computer algebra
algorithms and the formalisation of their computations. A further subject of my interest is
the application of graph structures to implement operations on terms, becauseit sometimes
openscompletely new ways to deal with terms.



App endix A

The Pro of of LIM+

This the complete proof of the LIM+ problem introduced in section 3.6.2. Note that the
schema of Complex-Estimate was slightly modi�ed for better understanding in section 3.6.2.
The actual method is, as indicated by the name, rather complex. The corresponding proof
line here is L28.

L34. H 1 ` M X 2 [� ] = X [ � ] (Tellcs-M)
L33. H 1 ` Less[( �;� ) ! o](0; M M [ � ] ) (Tellcs-M)
L58. H 2 ` Leq[( �;� ) ! o](M E1 [� ] ; (D iv [( �;� ) ! � ] (1; 2)�[( �;� ) ! � ]E [ � ])) (Tellcs-M)
L57. H 2 ` M X 1 [� ] = X (Tellcs-M)
L46. L46 ` 8X 1 [� ] [(0 < M E1) ) [(0 < D 1 [� ]) ^

[[(Absval [ � ! � ]((X 1 � [( �;� ) ! � ]A [ � ])) <
D 1) ^ Gr eater [( �;� ) ! o](j(X 1 � A)j; 0)] )
(j(F[ � ! � ] (X 1)� Limit 1 [� ] )j < M E1)]]]

(Hyp )

L48. L46 ` [(0 < M E1) ) [(0 < D 1) ^ [[(j(M X 1 � A)j <
D 1) ^ (j(M X 1 � A)j > 0)] ) (j(F (M X 1)� Limit 1)j <
M E1)]]]

(Foralle-Meta-M L46)

L49. H 2 ` (0 < M E1) (Tellcs-M)
L51. H 2 ` [(0 < D 1) ^ [[(j(M X 1 � A)j < D 1) ^ (j(M X 1 � A)j >

0)] ) (j(F (M X 1)� Limit 1)j < M E1)]]
() E L49,L48)

L53. H 2 ` [[(j(M X 1 � A)j < D 1) ^ (j(M X 1 � A)j > 0)] )
(j(F (M X 1 )� Limit 1)j < M E1)]

(Ande-M L51)

L8. L8 ` [(j(X � A)j < M D [ � ]) ^ (j(X � A)j > 0)] (Hyp )
L11. L8 ` (j(X � A)j > 0) (Ande-M L8)
L60. H 2 ` (j(X � A)j > 0) (Weaken-M L11)
L62. H 2 ` (M D � D 1) (Tellcs-M)
L61. H 2 ` T r ue[o] (T ruei-M)
L10. L8 ` (j(X � A)j < M D ) (Ande-M L8)
L59. H 2 ` (j(X � A)j < D 1) (Solve*< -M

L10,L61,L62)
L54. H 2 ` [(j(M X 1 � A)j < D 1) ^ (j(M X 1 � A)j > 0)] (Andi-M L59,L60)
L56. H 2 ` (j(F (M X 1 )� Limit 1)j < M E1) () E L54,L53)
L55. H 2 ` (j(F (X )� Limit 1)j < ((1=2)�E )) (Solve*< -M

L56,L57,L58)
L50. H 2 ` (j(F (X )� Limit 1)j < ((1=2)�E )) (Imp e-Open-M

L54,L53,L55)
L47. H 2 ` (j(F (X )� Limit 1)j < ((1=2)�E )) (Imp e-Open-M

L49,L48,L50)
Limit-F . Limit-F ` 8E1 [� ] 9D 1 8X 1 [� ] [(0 < E1) ) [(0 < D 1) ^

[[(j(X 1 � A)j < D 1) ^ (j(X 1 � A)j > 0)] )
(j(F (X 1)� Limit 1)j < E1)]]]

(Hyp )
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L45. Limit-F ` 9D 1 [� ] 8X 1 [� ] [(0 < M E1) ) [(0 < D 1) ^ [[(j(X 1 � A)j <
D 1) ^ (j(X 1 � A)j > 0)] ) (j(F (X 1)� Limit 1)j < M E1)]]]

(Foralle-Meta-M
Limit-F)

L44. H 1 ` (j(F (X )� Limit 1)j < ((1=2)�E )) (Existse-M L45,L47)
L39. H 1 ` (j(F (X )� Limit 1)j < ((1=2)�E )) (Mset-F ocus-M Limit-

F,L44)
L32. H 1 ` (j(F (X )� Limit 1)j < (E =2)) (Simplify-M L39)
L31. H 1 ` (M E2 [� ] � (E =(2�M M ))) (Tellcs-M)
L30. H 1 ` (j1j � M M ) (Tellcs-M)
L19. L19 ` 8X 2 [� ] [(0 < M E2) ) [(0 < D 2 [� ]) ^ [[(j(X 2 � A)j <

D 2) ^ (j(X 2 � A)j > 0)] ) (j(G[ � ! � ] (X 2)� Limit 2 [� ] )j <
M E2)]]]

(Hyp )

L21. L19 ` [(0 < M E2) ) [(0 < D 2) ^ [[(j(M X 2 � A)j <
D 2) ^ (j(M X 2 � A)j > 0)] ) (j(G(M X 2)� Limit 2)j <
M E2)]]]

(Foralle-Meta-M L19)

L22. H 1 ` (0 < M E2) (Tellcs-M)
L24. H 1 ` [(0 < D 2) ^ [[(j(M X 2 � A)j < D 2) ^ (j(M X 2 � A)j >

0)] ) (j(G(M X 2)� Limit 2)j < M E2)]]
() E L22,L21)

L26. H 1 ` [[(j(M X 2 � A)j < D 2) ^ (j(M X 2 � A)j > 0)] )
(j(G(M X 2)� Limit 2)j < M E2)]

(Ande-M L24)

L64. H 1 ` (j(X � A)j > 0) (Weaken-M L11)
L66. H 1 ` (M D � D 2) (Tellcs-M)
L65. H 1 ` T r ue (T ruei-M)
L63. H 1 ` (j(X � A)j < D 2) (Solve*< -M

L10,L65,L66)
L27. H 1 ` [(j(M X 2 � A)j < D 2) ^ (j(M X 2 � A)j > 0)] (Andi-M L63,L64)
L29. H 1 ` (j(G(M X 2)� Limit 2)j < M E2) () E L27,L26)
L28. H 1 ` (j((( F (X )+ [( �;� ) ! � ]G(X )) � Limit 1)� Limit 2)j < E ) (Mcomplexestimate < -M

L29,L30,L31,L32,L33,L34)
L23. H 1 ` (j((( F (X )+ G(X )) � Limit 1)� Limit 2)j < E ) (Imp e-Open-M

L27,L26,L28)
L20. H 1 ` (j((( F (X )+ G(X )) � Limit 1)� Limit 2)j < E ) (Imp e-Open-M

L22,L21,L23)
Limit-G . Limit-G ` 8E2 [� ] 9D 2 8X 2 [� ] [(0 < E2) ) [(0 < D 2) ^

[[(j(X 2 � A)j < D 2) ^ (j(X 2 � A)j > 0)] )
(j(G(X 2)� Limit 2)j < E2)]]]

(Hyp )

L18. Limit-G ` 9D 2 [� ] 8X 2 [� ] [(0 < M E2) ) [(0 < D 2) ^ [[(j(X 2 � A)j <
D 2) ^ (j(X 2 � A)j > 0)] ) (j(G(X 2)� Limit 2)j < M E2)]]]

(Foralle-Meta-M
Limit-G)

L17. H 3 ` (j((( F (X )+ G(X )) � Limit 1)� Limit 2)j < E ) (Existse-M L18,L20)
L14. H 3 ` (j((( F (X )+ G(X )) � Limit 1)� Limit 2)j < E ) (Mset-F ocus-M Limit-

G,L17)
L9. H 3 ` (j((F (X )+ G(X )) � (Limit 1+ Limit 2)) j < E ) (Simplify-M L14)
L7. H 4 ` [[(j(X � A)j < M D ) ^ (j(X � A)j > 0)] )

(j((F (X )+ G(X )) � (Limit 1+ Limit 2)) j < E )]
(Impi-M L9)

L6. H 4 ` (0 < M D ) (Tellcs-M)
L5. H 4 ` [(0 < M D ) ^ [[(j(X � A)j < M D ) ^ (j(X � A)j > 0)] )

(j((F (X )+ G(X )) � (Limit 1+ Limit 2)) j < E )]]
(Andi-M L6,L7)

L3. Limit-F, Limit-G ` [(0 < E ) ) [(0 < M D ) ^
[[(j(X � A)j < M D ) ^ (j(X � A)j > 0)] )
(j((F (X )+ G(X )) � (Limit 1+ Limit 2)) j < E )]]]

(Impi-M L5)

L2. Limit-F, Limit-G ` 8X [(0 < E ) ) [(0 < M D ) ^
[[(j(X � A)j < M D ) ^ (j(X � A)j > 0)] )
(j((F (X )+ G(X )) � (Limit 1+ Limit 2)) j < E )]]]

(Foralli-M L3)

L1. Limit-F, Limit-G ` 9D [ � ] 8X [ � ] [(0 < E ) ) [(0 < D ) ^
[[(j(X � A)j < D ) ^ (j(X � A)j > 0)] )
(j((F (X )+ G(X )) � (Limit 1+ Limit 2)) j < E )]]]

(Existsi-M L2)
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Thm . Limit-F, Limit-G ` 8D c� 375 [� ] 9D c� 376 [� ] 8D c� 377 [� ] [(0 <
D c� 375 ) ) [(0 < D c� 376 ) ^ [[(j(D c� 377 � A)j <
D c� 376 ) ^ (j(D c� 377 � A)j > 0)] )
(j((F (D c� 377 )+ G(D c� 377 )) � (Limit 1+ Limit 2)) j <
D c� 375 )]]]

(Foralli-M L1)

H 1 = Limit-F, Limit-G, L4, L8, L19

H 2 = Limit-F, Limit-G, L4, L8, L19, L46

H 3 = Limit-F, Limit-G, L4, L8

H 4 = Limit-F, Limit-G, L4



App endix B

Generated Code for
Split-Monomials-Plus

This is the completecode of the tactic Split-Monomials-Plus asit is written to a �le by Taco .
The codepresented hereservestwo purposes:First it canbereadby Taco . The speci�cations
relevant for Taco are encoded as Lisp comments in the �rst part of the code, separatedby
special tags. Second, the code can be loaded into 
 mega. Here the native Lisp code in
the secondcode is interpreted, while the comments containing the abstract speci�cation are
ignored.

; TACOTACTICsplit-monomials-plus

; TACOVariables

;phi z a

; TACOTheory Constants

;plus times div num

; TACOParameters

;(pos position)
;(x term)
;(y term)

; TACOPatterns

;(nonexistent existent)
;(existent nonexistent)
;(existent existent)

; TACOTheory

;real
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; TACOPremises

;(l1 (formula phi (times z a) pos))

; TACOConclusions

;(l2 (formula phi
; (plus (times x a) (times y a))
; pos))

; TACOConstraints

;{and (data~primitive-p ?x)
; (numberp (keim~name ?x))}
;{and (data~primitive-p ?y)
; (numberp (keim~name ?y))}
;{and (data~primitive-p ?z)
; (numberp (keim~name ?z))}
;(z = {term~constant-create
; (+ (keim~name ?x) (keim~name ?y))
; ?num})

; TACOGeneral Help

;Rewrite z*a=x*a+y*a where x,y,z are numbers and z=x+y.

; TACOArgument Help

;(l2 "A Line containg x*a+y*a")
;(l1 "A Line containing z*a")
;(pos "The position of the term")
;(x "The first coefficient")
;(y "The second coefficient")

; TACOExpansion

;(inference expand-num (l3 l1)({pos~add-end ?pos 1} x y))
;(inference distribute-right (l2 l3) (pos))

; TACOCode

(infer~deftactic split-monomials-plus
(outline-mappings
(((nonexistent existent)

split-monomials-plus-1)
((existent nonexistent)
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split-monomials-plus-2)
((existent existent)
split-monomials-plus-3)) )

(expansion-function taco=expand-split-monomia ls-p lus)
(parameter-types position term term)
(help "Rewrite z*a=x*a+y*a where x,y,z are numbers and z=x+y."))

(com~defcommandsplit-monomials-plus
(argnames l2 l1 pos x y)
(argtypes ndline ndline position term term)
(arghelps "a line containg x*a+y*a"

"a line containing z*a"
"the position of the term"
"the first coefficient"
"the second coefficient")

(function taco=split-monomials-plu s)
(frag-cats tactics)
(defaults)
(log-p t)
(help "Rewrite z*a=x*a+y*a where x,y,z are numbers and z=x+y."))

(defun taco=split-monomials-plus
(l2 l1 pos x y)
(infer~compute-outline 'split-monomials-plus
(list l2 l1)
(list pos x y)))

(tac~deftactic split-monomials-plus-1 split-monomials-plus
(in real)
(parameters
(pos pos+position "the position of the term")
(x term+term "the first coefficient")
(y term+term "the second coefficient"))

(premises l1)
(conclusions l2)
(computations
(l2
(taco=split-monomials-plu s-1- l2
(formula l1)
pos x y)))

(sideconditions
(taco=split-monomials-plus -1-p
(formula l1)
pos x y))
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(description "Apply tactic split-monomials-plus
to pattern (nonexistent existent)."))

(defun taco=split-monomials-plus -1- l2
(taco-l1 taco-pos taco-x taco-y)
(let*
((taco-x0

(data~struct-at-position taco-l1 taco-pos))
(taco-x1
(data~appl-arguments taco-x0))

(taco-a
(nth 1 taco-x1))

(taco-x7
(list taco-y taco-a))

(taco-times
(data~appl-function taco-x0))

(taco-x6
(data~appl-create taco-times taco-x7))

(taco-x5
(list taco-x taco-a))

(taco-x4
(data~appl-create taco-times taco-x5))

(taco-x3
(list taco-x4 taco-x6))

(taco-plus
(env~lookup-object :plus
(pds~environment omega*current-proof-plan )))

(taco-x2
(data~appl-create taco-plus taco-x3)))

(data~replace-at-position taco-l1 taco-pos taco-x2)))

(defun taco=split-monomials-plus -1- p
(taco-l1 taco-pos taco-x taco-y)
(and
(and (data~primitive-p taco-x )

(numberp (keim~name taco-x )))
(and (data~primitive-p taco-y )

(numberp (keim~name taco-y )))
(let*
((taco-x0

(data~struct-at-positio n taco-l1 taco-pos))
(taco-num
(env~lookup-object :num
(pds~environment omega*current-proof-pla n)))

(taco-times
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(env~lookup-object :times
(pds~environment omega*current-proof-pla n))) )

(and
(data~appl-p taco-x0)
(term~taco-equal taco-times
(data~appl-function taco-x0))

(let*
((taco-z

(term~constant-create
(+ (keim~name taco-x ) (keim~name taco-y )) taco-num))

(taco-x1
(data~appl-arguments taco-x0)))

(and
(and (data~primitive-p taco-z )

(numberp (keim~name taco-z )))
(listp taco-x1)
(=
(list-length taco-x1)
2)

(term~taco-equal taco-z
(nth 0 taco-x1))))))))

(tac~deftactic split-monomials-plus-2 split-monomials-plus
(in real)
(parameters
(pos pos+position "the position of the term")
(x term+term "the first coefficient")
(y term+term "the second coefficient"))

(premises l1)
(conclusions l2)
(computations
(l1
(taco=split-monomials-plu s-2- l1
(formula l2)
pos x y)))

(sideconditions
(taco=split-monomials-plus -2-p
(formula l2)
pos x y))

(description "Apply tactic split-monomials-plus
to pattern (existent nonexistent)."))

(defun taco=split-monomials-plus -2- l1
(taco-l2 taco-pos taco-x taco-y)
(let*
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((taco-x2
(data~struct-at-position taco-l2 taco-pos))

(taco-x3
(data~appl-arguments taco-x2))

(taco-x6
(nth 1 taco-x3))

(taco-x7
(data~appl-arguments taco-x6))

(taco-a
(nth 1 taco-x7))

(taco-num
(env~lookup-object :num
(pds~environment omega*current-proof-plan )))

(taco-z
(term~constant-create
(+ (keim~name taco-x ) (keim~name taco-y )) taco-num))

(taco-x1
(list taco-z taco-a))

(taco-times
(data~appl-function taco-x6))

(taco-x0
(data~appl-create taco-times taco-x1)))

(data~replace-at-position taco-l2 taco-pos taco-x0)))

(defun taco=split-monomials-plus -2- p
(taco-l2 taco-pos taco-x taco-y)
(and
(and (data~primitive-p taco-x )

(numberp (keim~name taco-x )))
(and (data~primitive-p taco-y )

(numberp (keim~name taco-y )))
(let*
((taco-x2

(data~struct-at-positio n taco-l2 taco-pos))
(taco-num
(env~lookup-object :num
(pds~environment omega*current-proof-pla n)))

(taco-times
(env~lookup-object :times
(pds~environment omega*current-proof-pla n)))

(taco-plus
(env~lookup-object :plus
(pds~environment omega*current-proof-pla n))) )

(and
(data~appl-p taco-x2)
(term~taco-equal taco-plus
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(data~appl-function taco-x2))
(let*
((taco-z

(term~constant-create
(+ (keim~name taco-x ) (keim~name taco-y )) taco-num))

(taco-x3
(data~appl-arguments taco-x2)))

(and
(and (data~primitive-p taco-z )

(numberp (keim~name taco-z )))
(listp taco-x3)
(=
(list-length taco-x3)
2)

(let*
((taco-x6

(nth 1 taco-x3))
(taco-x4
(nth 0 taco-x3)))

(and
(data~appl-p taco-x6)
(data~appl-p taco-x4)
(term~taco-equal taco-times
(data~appl-function taco-x6))

(term~taco-equal taco-times
(data~appl-function taco-x4))

(let*
((taco-x7

(data~appl-arguments taco-x6))
(taco-x5
(data~appl-arguments taco-x4)))

(and
(listp taco-x7)
(=
(list-length taco-x7)
2)

(listp taco-x5)
(=
(list-length taco-x5)
2)

(term~taco-equal taco-y
(nth 0 taco-x7))

(term~taco-equal taco-x
(nth 0 taco-x5))

(let*
((taco-a

(nth 1 taco-x7)))
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(term~taco-equal taco-x5
(list taco-x taco-a)))))))))))))

(tac~deftactic split-monomials-plus-3 split-monomials-plus
(in real)
(parameters
(pos pos+position "the position of the term")
(x term+term "the first coefficient")
(y term+term "the second coefficient"))

(premises l1)
(conclusions l2)
(computations)
(sideconditions
(taco=split-monomials-plus -3-p
(formula l2)
(formula l1)
pos x y))

(description "Apply tactic split-monomials-plus
to pattern (existent existent)."))

(defun taco=split-monomials-plus -3- p
(taco-l2 taco-l1 taco-pos taco-x taco-y)
(and
(and (data~primitive-p taco-x )

(numberp (keim~name taco-x )))
(and (data~primitive-p taco-y )

(numberp (keim~name taco-y )))
(let*
((taco-x2

(data~struct-at-positio n taco-l2 taco-pos))
(taco-x0
(data~struct-at-positio n taco-l1 taco-pos))

(taco-num
(env~lookup-object :num
(pds~environment omega*current-proof-pla n)))

(taco-times
(env~lookup-object :times
(pds~environment omega*current-proof-pla n)))

(taco-plus
(env~lookup-object :plus
(pds~environment omega*current-proof-pla n))) )

(and
(data~appl-p taco-x2)
(data~appl-p taco-x0)
(term~taco-equal taco-plus
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(data~appl-function taco-x2))
(term~taco-equal taco-times
(data~appl-function taco-x0))

(let*
((taco-z

(term~constant-create
(+ (keim~name taco-x ) (keim~name taco-y )) taco-num))

(taco-x3
(data~appl-arguments taco-x2))

(taco-x1
(data~appl-arguments taco-x0)))

(and
(and (data~primitive-p taco-z )

(numberp (keim~name taco-z )))
(listp taco-x3)
(=
(list-length taco-x3)
2)

(listp taco-x1)
(=
(list-length taco-x1)
2)

(term~taco-equal taco-z
(nth 0 taco-x1))

(let*
((taco-x6

(nth 1 taco-x3))
(taco-x4
(nth 0 taco-x3))

(taco-a
(nth 1 taco-x1)))

(and
(data~appl-p taco-x6)
(data~appl-p taco-x4)
(term~taco-equal taco-times
(data~appl-function taco-x6))

(term~taco-equal taco-times
(data~appl-function taco-x4))

(let*
((taco-x5

(list taco-x taco-a))
(taco-x7
(list taco-y taco-a)))

(and
(term~taco-equal taco-x6
(data~appl-create taco-times taco-x7))

(term~taco-equal taco-x4
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(data~appl-create taco-times taco-x5))))))))))))

(defun taco=expand-split-monomia ls- plus (outline parameters)
(let* ((taco-l2 (nth 0 outline))

(taco-l1 (nth 1 outline))
(taco-pos (nth 0 parameters))
(taco-x (nth 1 parameters))
(taco-y (nth 2 parameters)))

(tacl~init outline)
(let* ((outline1 (tacl~apply 'expand-num

(list nil taco-l1)
(list (pos~add-end taco-pos 1) taco-x taco-y)))

(taco-l3 (nth 0 outline1)))
(tacl~apply 'distribute-right

(list taco-l2 taco-l3)
(list taco-pos)))

(tacl~end)))

; TACOEND
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