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Chapter 1

In tro duction

Mathematics is one of the oldest sciencesit is as old as human culture and can be found in
almost every aspect of everyday life. Although its pure foundations are abstract, mathematics
nds its application in the description of real world problems. In fact real world problems
today are not what they usedto be 3000 years ago, and while the world has changed, the
appearanceof mathematics has as well.

From the very beginnings,which might have beene.g. calculating with stones,ead stone
represening a cow [30], the appearanceof mathematics grew more and more complex and
abstract. During the certuries sciencesasgeometry, astronony and physicsgot into the focus
of mathematical interest and drove mathematics itself to the dewvelopmernt of a wide variety
of theories, concepts, represetiations and techniques. While mathematics turned out to be
an appropriate tool to handle various sciertic problems, every new challenge fertilised the
dewelopmert of mathematics itself, and this is what characterisedthe role of mathematics for
a long time: a sciencethat founded its existenceupon its application within other sciences.

Howewer, the sheerplentitude of emergingmathematical ideas as well as theseideasbe-
coming more and more abstract createda strong needto nd generalways to properly describe
mathematical problems. This hasled not only to an upcomingformalism in mathematics, but
alsoinitiated a developmert which had much deeper consequences)amely the negotiation of
mathematics with itself.

In the 17th certury Locke's'Nihil estin intellectu, quod non prius fuerit in sensu’(nothing
is in the mind, that has not beenin the sensesbefore) was countered by Leibniz' 'Nisi
intellectus ipse' (except for the mind itself) [48]. Although Leibniz wasreferring to the human
mind in a philosophical sensethesewords alsoillustrates the changeof attitude towards doing
mathematics starting in thesetimes. Now mathematics was no longeronly atool to challenge
problemsfrom other sciertic domains, but there wasalsoa consciousnes$or the pure innate
nature of mathematics decoupled from its application. Leibniz started to work not only
on the application of mathematics, but was also researding the principles of mathematical
reasoningand tried to model methods of reasoningby application of a calculus, and his call
'‘Calculemus!" (Let uscompute!) [47] wasthe rst steptowards the idea of reasoningby means
of computation.

Two certuries later the work of Boole [11] establishedlogics as a eld of mathematics.
Boole approadedlogic in a newway, reducingit to simple algebraand thus contributed to the
dream of modelling human thought by meansof computation. He also sav the relationship
betweenhis work and the foundations of mathematics, in his opinion ‘it is not the essencef
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mathematics to be corversarnt with the idea of numbers and quartities', which characterised
the detachment of mathematics from its application in other sciences,paving the way to
modern mathematics in its pure and abstract appearance. At this time his ideas were not
only ancestors of the scienceof arti cial intelligence, but also had deep consequencesn
contemporary mathematics and especially its formalisation. The 19th certury saw the idea
of logicism come up, i.e. the thesis that all mathematics is reducible to logic, the rst one
to fully dewelop this thesis was Fregewith the 'Begri sschrift' [28] at the end of this certury.
Frege'sideaswere of great in uence to Russell,who started to put them into practice in his
Principia Mathematica together with Whitehead [79], and laid the foundations to the work
of Hilb ert, whoseaim was the developmert of a 'proof theory', i.e. an approadc to directly
ched the consistencyof mathematics. He wanted mathematics to be formulated on a solid
and complete logical foundation by showing that

all of mathematics follows from a correctly-chosen nite system of axioms and

that somesud axiom system can be shown to be consisten.

In 1920 he proposedexplicitly a researt project (in metamathematics, as it was then
termed) that becameknown as Hilb ert's program to pursue this goal. Although this was
shawvn to beimpossiblelater by Gedel [31], his ideasare still fruitful to the eld of automated
theorem proving and led to an axiomatic approad to negotiate with mathematics, which still
characterisesmodern mathematics.

During the history of mathematics, not only the theoretical basis of mathematics had to
cover along distancefrom its beginningsto its howadays appearance but sohad alsoits tools.
The rst mathematical tools, like the Roman abacus, were engineeredto quickly perform
computations on numbers,and in fact this is roughly the task their o spring stayed dedicated
to for the next somethousand years. Howewer, apart from medanical calculating macines
and later the electronic pocket calculator, which becamestandard helpersfor mathematicians
and all peoplewho had to perform numeric calculations, the 20th certury saw the rise of the
electronic computer. For the rst time there was a tool to medanise any processingof
any data, and it quickly becamenot only an important helper in ewveryday life, but also an
inabdicable tool for mathematicians. The computer madeit possibleto perform voluminous
computations within secondsto handle large amounts of data and alsoto reducethe rate of
human errors by a reasonabledegree. Nowadays the electronic computer is a standard tool for
applied mathematics, and the software used for applied mathematics purposesis descended
from a comparatively long tradition.

Beneathits bene ts for applied mathematics howewer, the electronic computer alsoo ered
a basisto medanisethe pure and abstract approac to mathematics propagated by Hilb ert.
Now it was possibleto automatically handle data that explicitely represens mathematical
knowledge and it was possibleto implemert logic calculi and apply them to this data. One
of the rst programming languageswas LISP, deweloped by McCarthy [51], is inspired by the

-calculus described by Church [20]. In fact the computer turned out to be such a promising
tool to implement the so far theoretical ideas of various logicians that it not only lead to
the birth of the scienceof Articial Intelligence, but even led to a literal euphoria about
the idea of constructing a thinking machine. Although this dream of a macdhine challenging
human intelligence is still way ahead of the state of the art today, the scienceof arti cial
intelligence quickly took an important place among the various elds of computer science.
Nowadays arti cial intelligenceis an accredited sciencethat developed its own traditions and
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techniques, and although the dream of modelling human thought still seemsto be far away,
arti cial intelligence newertheless succeededin various parts of the challenge and brought
about systemsfor various purposes.

Apart from software that is designedfor special purposesthe art of doing generalmathe-
matics supported by an electronic computer brought about mainly two schools: the school of
computer algebra, whoseaim is to e cien tly perform symbolic computations on a computer,
and the sdool of deduction systems,whoseaim is to derive mathematical proofs from avail-
able knowledge. Both of them have their specic targets, so the results obtained by these
both elds dier heavily concerningthe techniquesthey useaswell asin the objectivesthey
succeedto conquer. In the following | will give a quick overview over both schools.

1.1 Computer Algebra Systems

In the beginning of the history of the electronic computer, the focus of its application was
on the performance of voluminous numerical computations. With the developmert of pro-
gramming languages,it becamefurthermore possibleto processsymbolic expressions. The
dewvelopmert of data structures and algorithms to do so laid the foundation of what became
known as computer algebra. First Computer Algebra Systems(CAS for short) originated
from collections of sudh algorithms.

Computer Algebra Systemswere developed for a variety of purposes. There are general
purp osesystemsthat canbe usedin various applications [36, 80, 18], but also specialisedsys-
tems whoseapplication is restricted to special purposeslike di erential equationsor humber
theory [10, 12, 35]. Modern systemslike Maple [18] provide furthermore elaborated facilities
for manipulation and inspections of expressions,e.g. formatted formulae and graphical out-
put of function graphs. The focus of Computer Algebra Systemsis in generalon providing
e cien t data structures and algorithms for symbolic computation.

In spite of elaborated facilities, however, Computer Algebra Systemsare still limited to an
algorithmic processingof a formatted input to produce a formatted output in a straightfor-
ward manner. Unlik e deduction systemsthey are not able to shawv a 'creative' behaviour, i.e.
they are unable to master any problem other than thosethat can be solved by the algorithms
of their library.

A further drawbadk of Computer Algebra Systemsis that a formal justi cation of their
computations is in generalnot provided. Thus the correctnessof their computations is de-
pending on the correctnessof the system'simplementation, and the formal theoretical foun-
dation of their algorithms has certainly beenconsideredin their implementation, but is not
explicitly available. This threatens the reliability of Computer Algebra Systemsseerely, not
only becausebugsin the implementation are hard to detect, but furthermore becausespeci c
properties of mathematical objects and their axiomatisation may in uence the outcome of
algebraic computation and may not berespectedin an appropriate manner. This is of special
importance whenit comesto mathematical objects that are hard to de ne in an unambiguous
way and the outcome of a computation is heavily depending on the axiomatisation it is based
upon, e.g. asit is pointed out for the meaning of in nit y by Beesonand Wiedijk [7].

Recen systemsattempt to curethis drawbadk by intro ducing elaborated type systems[23,
29|, such that special properties of mathematical objects are respected, or adding facilities to
produce a protocol of the executedcomputation [29], but there are still gapsto Il to achieve
a formal justi cation of such computations and their results.
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1.2 Deduction Systems

Unlike Computer Algebra Systems,Deduction Systemsoperate on an explicit represenation
of their formal mathematical foundation in terms of a logic calculus. Thus any inference
performed by these systemsprovides not only its result, but also a proof of its correctness
basedupon a formal foundation in terms of axioms and inference steps that have cometo
application to establish this result. This approad is closeto Hilbert's idea of well founded
mathematics, and it curesthe drawbadks of computer algebra, as the correctnessof a proof
formalised within a calculusis easyto ched. Furthermore any computation is theoretically
reducible to theorem proving, thus the applicability of a Deduction Systemis not limited by
alibrary of algorithms, but any statemert that can be expressedn the system'scalculuscan
be formalised and processed.

In practice, howewver, the limits are of coursethoseof computational power that is available,
which is usually much lessthan required to solve most problems by uninformed seard. The
main challenge of automated deduction from the very rst beginning wasto master a searh
spacethat grows in general exponertially to the length of the resulting proof. The very
rst program to implement medanised reasoning, an algorithm programmed by M. Davis,
implementing a procedurefor the rst order theory of addition in the arithmetic of integers,
was performing poorly, as Davis stated, due to fact, that the underlying procedure had a
worsethan exponertial complexity [24]. Neverthelessit could prove that the sum of two even
numbers is even. In the following, two scools emergedthat tried to master this problems
by dierent means. The rst tried to simulate the processby which a person might seek
proofs (\sim ulate people"), employing heuristic proceduresto guide the proof seardq. The
rst system of this school was the 'Logic Theory Machine' by Newell, Shav and Simon [61].
The secondsdool tried to nd machine oriented proof techniquesto master the complexity
of the task. Represemativ es of this school are H. Wang [77] and A. Robinson [67]. There
are argumerts for both points of view, and in 1961 M. Minsky had the early insight that \it
seemsclear that a program to solve real mathematical problems will have to combine the
mathematical sophistication of Wang with the heuristic sophistication of Newell, Shav and
Simon" [58].

Today there is a wide variety of systemsfor automated theorem proving in rst order
logic [52, 78, 37], for higher order logic [3, 8] and logical frameworks and general purpose
theorem proving ervironments [70, 64, 75 combining dierent proof techniques within a
single ervironment. There are systemsthat employ strongly macdine-orierted techniques for
automated theorem proving [68], and systemsthat use domain speci ¢ knowledge on a high
level of abstraction or provide facilities for interactive proof developmert [70, 64]. Within
the mixed-initiativ e systems, computer algebra rangesamong the techniques that are to be
integrated for proof developmern in various systemsl[4, 2, 43].

As for Computer Algebra Systems, modern deduction systems provide sophisticated fa-
cilities for proof manipulation and inspection within a graphical userinterface [69)].

1.3 Integration of Both Systems
The integration of a Computer Algebra System and a Deduction System could o er a way

to handle the obvious disadvantagesof both systems:to make the computational speedand
precision of a Computer Algebra System available to a Deduction System would bring the
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latter much closerto practical use, and to catch the bugs that are likely to threaten the
reliability of Computer Algebra System by using a Deduction System to ched its results
would increaseits tness for safety critical purposes.An integration of both howewver hasto
ful | somerequiremerts, neither should the guararnteed correctnessof the Deduction System
be threatened, nor should weaknessesf the Deduction System a ect the operability too
much.

The rst choice to be made is the kind of architecture that integrates both systems.
Homann and Calmet proposesewral di erent kinds of architectures to do so [38], in which
either the algorithms of the symbolic calculator are available to the theorem prover, the
knowledge and deductional capabilities of the theorem prover are available to the symbolic
calculator, e.qg. to verify properties of objects, or a combination of both comesto application.
In this work the CAS is intended to be a support systemfor the Deduction System,i.e. the
algorithms of the CAS can be called by the Deduction System.

Still an integration of both systemsis possiblein seweral ways, as pointed out by Baren-
dregt and Cohen [5]. First the Computer Algebra System can be used as a trusted system,
i.e. the Computer Algebra System executesparts of the computation that are incorporated
into the Deduction System's proof without being previously chedked, corresponding to the
kelieving approach. This is of courseno approad to cure the natively lacking reliability of
a Computer Algebra System, and it also threatens the correctnessof the Deduction Sys-
tem. Neverthelessthis is a very simple way to integrate both systemsand will, supposed
the Computer Algebra System s thoroughly implemernted and well tested, lead to a useful
result. There are implementations of this kind for seweral theorem provers, e.g. Isabelle and
PVS [39, 2]. The CAS is Maple in both cases.For PVS [2] the occurring problem of possible
unreliable results is explicitly pointed out, but a certain level of de ciency is acceptedas a
tradeo for the utilit y of the system.

A secondpossibility is to usea Computer Algebra Systemas an oracle, corresponding to
the skepti@al approat accordingto Barendregt and Cohen|[5]. This meansthat the result of
a computation is provided to the Deduction System, so that this results marks a goal point
for the Deduction System'sseart and therefore considerably restricts its seart space. The
succesf such an approad is mainly determined by the Deduction System'sability to close
the gapsand to actually justify the Computer Algebra System'sresults. This may reducethe
applicability of the concept, but it never threatens the correctnessof the resulting proof. In
practice howewer, this possibility is not feasible, becauseeven very simple calculations may
require a proof of a length that makesthem range among the hardest proofs ever found by
totally automated theorem provers without domain-speci ¢ knowledge [43].

Finally there is the possibility to implement a Computer Algebra Systemthat produce a
trace of its computation that can be interpreted by the Deduction System. This meansthat,
supposedthe Computation's trace can be remodelled by the Deduction Systemin terms of
inference steps of its underlying logic, the full algorithmic power of the Computer Algebra
System is available to the Deduction System's proof seard. Furthermore this approadc
does not threaten the correctness,as not the possibly buggy Computer Algebra System's
computation is incorporated into the proof, but only its logical reconstruction, which is easy
to ched for correctness.The disadvantage of this approad is that available Computer Algebra
Systemsusually do not produce a task that is understood by a Deduction System, in fact
there hasto be a close correspondencebetween the computational stepsthat make up the
atoms of the trace and the inferencerules that can be applied by the Deduction Systemto
reconstruct the computation. This meansthat this approad requiresto implement a new
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Computer Algebra System, and when doing so it is dicult to read the high standard of
systemslike Maple that are dewveloped by well establishedand well experiencedteams. As
this solution requiresa very closeintegration of deduction and computer algebrain which the
CAS can be seenas a subsystemof the theorem prover, it is closeto the autarkic approac
in Barendregt and Cohen's classi cation [5].

Fortunately there is a further possibility to pursuethe task of making a Computer Algebra
System's power available to a Deduction System, which actual is to conmbine the integration
of a commercially available Computer Algebra System as an oracle and to attempt to close
the gap between preconditions and the oracle's result by means of a traceable Computer
Algebra System. In practical usethis requires the traceable Computer Algebra System not
to be as powerful as the commercial one, as there are many mathematical problems that
are complicated to solve, but the result is easyto test for correctnessby less sophisticated
algorithms. An example for this is the division of polynomials, which is complicated in
comparisonto cheding the result for correctness.This ched requiresthe Computer Algebra
Systemonly to be able to multiply polynomials, which is easier.

The choice to use an established Computer Algebra Systemthat is able to solve a wide
variety of problems as an oracleto nd the solutions of these problems and to justify these
results by a lesspowerful but therefore formalised and traceable Computer Algebra System
o ers both advantages: this way it is possibleto incorporate many results of an untrusted
Computer Algebra System and doing so neither to threat the resulting proof's correctness
nor having to spend the e ort to completely reimplemert suc a full range system. As this
conbination of both approadtespromisesto considerably widen the range of problems that
can be solved at a sensiblee ort to be spert, this approad is pursuedin the mega system.
The systemsin usein the mega prover are Maple in the role of the untrusted system, while
the results are establishedby the prototypical traceable Computer Algebra Systems CAS
by Sorge[71] and Mass. The Mass systemand its integration within mega is subject of
this work.

1.4 Contribution of this Work

The rst part of this work is dedicatedto the implementation of Mass and its integration in

mega, described in chapter 3. Mass is technically similar to Sorge's CAS. An increased
robustnessand applicability of the system has beenacdieved by redesigningthe algorithmic
library. Furthermore the application of the simple but veried Mass systemin cooperation
with the powerful commercial CAS Maple have beenevaluated. A feasibility study of such a
combination of Maple and CAS hasbeendescribed by Sorge[72]. The approac was now
pursued using the much more elaborated Mass systemand turned out to be a usabletool in
a considerably number of experiments.

Second, Taco, a mathematical authoring tool, is described in chapter 4. As pointed
out by Homann and Calmet [38], a common mathematical databaseis required for a proper
cooperation of a deduction systemand a CAS. Taco is atool to comfortably maintain suc
a databasefor an integration of Mass and mega.

During the dewelopmen of Mass and its integration in  mega some wouldn't it be be
easierif ...'“momernts resulted in seriousthinking about the interface to integrate computer
algebraand deduction systemsand related technical problems. The result wasa data structure
that could help solving some of the technical di culties of such an integration. This data
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structure is proposedin chapter 5.



Chapter 2

Intro duction to mega

The mega system|[70] is the deduction systemin the scenario. The mega proof develop-
ment systemis a mixed initiativ e ervironment for interactive and automatic proof dewelop-
mert and is the core of seweral related researt projects of the mega researt group. Its
modular architecture providesa variety of facilities for proof developmert, proof chedking and
proof presenation. Its ultimate purposeis to support mathematicians in theorem proving in
mainstream mathematics and mathematical education.

The mega system supports the developmen of proofs in mathematical domains at a
user-friendly level of abstraction, employing a certral data structure and seweral complemen-
tary subsystems.While it has many characteristics in commonwith systemslike NuPrl [22],
CoQ [75], HOL [33] and PVS [63], it diers from these systemswith respect to its focus on
proof planning as introduced by Alan Bundy for induction theorem proving [14]. In that
respect it is similar to the Clam and -Clam at Edinburgh [15. Further features of the

mega system include facilities to accessa number of dierent reasoning systemsand to
integrate their results into a single proof data structure, support for interactive proof dewvel-
opmernt with facilities for proof inspection and guidancein proof developmen, and methods
to dewelop proofs at a knowledge-basedevel.

2.1 Pro of Data Structure

Proof construction in  mega is basedon a higher order natural deduction (ND) variant of a
sorted versionof Church's simply typed -calculus[21], which is implemerted in the proof plan
data structure PDS [19]. The objects represened in the PDS are proof lines, also referred
to as proof nodes A proof line is of the form L: "~ F(J), wherelL is a unique label, "F a
sequen denoting that the formula F can be derived from the set of hypotheses, and (J)
is a justi c ation expressinghow the line was derived. In casethe line hasbeenintroducedto
the PDS but is not derived yet, i.e. it is a goal node, the value of this justi cation is open,
those lines are in the following referred to as open nodes or open lines.

Starting from an open goal node and a set of closedsupport nodes,a proof or proof plan
is dewveloped step by step. In a proof step a proof node is derived from a (possibly empty)
set of support nodes, and the derived node is attributed by a justi cation describing the
proof step that was applied and the support nodesand possibly further parametersusedin
this step. The PDS allows to represen and dewelop proofs at various levels of granularity
and abstraction, and accordingly there are di erent typesof proof stepsthat can be applied
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modify the PDS:

inferenae rules are part of the underlying ND calculus, and as suc they are used for

modi cation of the PDS at the lowest level of abstraction available in the mega

system, the calculus level. Proofs at calculus level can be cheded for correctnessby
mega's ND proof cheder.

tactics apply a sequencenf proof stepswithin a single step. They allow the developmert
and represenation of proofsat a higher level of abstraction and support the user-friendly
dewvelopmert of readableproofs. A tactic's applicability is de ned by a set of application
patterns or outline patterns

methas are, like tactics, proof stepsat a higher level of abstraction. Methods are repre-
sented in a declarative way and encade additional cortrol information for an automated
proof planner.

Tactics and methods can be usedto integrate complex proof techniques into the PDS,
including e.g. calls to external systems. Proof steps at a higher level of abstraction, i.e.
tactics and methods, canbe expandel. Expansionis the medanismto re ne the granularity of
represertation of a proof step, any complexproof stepcanbere ned down to its represenation
at calculuslevel, i.e. it can be transformed into a sequenceof inferencerules.

Tactics and methods are similar to LCF-style tactics [32] with respect to integrating se-
quencesof proof stepswithin a single steps, howewver technique and philosophy are di erent.
While at application time of a LCF-style tactic the actual sequenceof inferencestepsis ex-
ecuted, application and expansion of tactics and methods are technically independert: The
result of the application of a tactic or method is remodelled in terms of inferencerules by
the expansionmedanism, i.e. the correctnessof such a proof step can be chedked using the
expansionmedianism. Unlike in the constructive approadt of the LCF system, the applica-
tion of a tactic or method doesnot guarantee the correctnessof its results. This is important
especially when integrating results of external systemsinto a proof: The possibleincorrect-
nessof external systemsis prevented from threatening the proof's correctnesshy using the
expansionmedanism to remodel its computation as a sequenceof proof steps. An example
is the integration of an external CAS described in chapter 3, wherethe CAS protocol is used
to generatea chedable partial proof.

2.2 mega's Arc hitecture

mega is a modular system for automated and interactive proof developmert and provides
a number of independert modulesto modify, inspect and ched the proof being deweloped.
The PDS is modi ed interactively by the user, who is supported by the proof planner
Mul ti [55] and the suggestionmecanism ants [9]. Mul ti is an automated proof planner
using explicitly represetted cortrol knowledgeto nd high level proof plans, wheretraditional
proof planning is enhancedby using mathematical knowledge and multiple proof strategies
are appliedto nd proofs. ants is a suggestionmedanismto nd a setof possibleactions
in a speci ¢ proof state. By ranking these actions heuristically and executing the best rated
action, the ants medanism can also be usedin an automated mode.
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For proof inspection and represenation, mega features some non-standard facilities.
The PDS canbedisplayedin mega's graphical userinterfaceL Ul [69] in multiple cross-
linked modalities: a graphical map of the proof tree, a linearised presenation of the proof
nodesand a term browser. Moreover, natural languageexplanation of the proof is provided
by the P.rex [26] system, which is interactive and adaptive.

As mega's main focusis on knowledge-basedoroof planning, proof developmen is fur-
thermore supported by a mathematical database. Currently a setof mathematical theoriesare
available in  mega, further support is provided by the mathematical databaseMBase [27].

After a proof has been deweloped, it can be cheked by mega's proof chedker after
expanding high level proofs to the underlying ND calculus.

2.3 External Systems

One of mega's strengths is its ability to accessexternal systemsand to integrate their
results. mega provides interfaces to heterogeneousexternal systems such as computer
algebrasystems(CAS), higher- and rst-order automated theorem provers (ATP), constraint
solvers (CS) and model generators(MG). Their results are transformed and inserted as sub-
proofsinto the PDS, thus they can be accessedeamlessiyby mega's inspection and proof
cheing facilities. Furthermore they can provide corntrol knowledge for automated proof
seard.
Currently the mega systememploys the following subsystems:

CASs perform symbolic computation. mega usestwo types of systems: commercial
CASs provide complex algebraic computations to compute hints to guide proof seard

and to normalise and simplify terms. Currently the systemsMaple and GAP areused.
Unfortunately thesesystemsact like black boxes sothat their result may threaten the

correctnessof the resulting proof. The secondtype of CASs are white box systems,i.e.

systemsthat provide atrace of their computation that canbe evaluated and transformed
into a sub-proof in the PDS. Both types of systems are accessedvia the Sapper

interface [72]. The white box integration of computer algebra algorithms is addressed
in this work.

ATPs are employed to solve subgoals. mega usesthe rst order systemsBliksem ,
EQP, Otter , ProTeln , Spass and WaldMeister  and the higher-ordersystemsTPS
and LEO.

MGs are used to provide witnessesfor existertially quantied variables or counter-
models that show that somesubgoalis not a theorem. Among others, Satchmo and
SEM are currently used.

CSs are employed to construct mathematical objects with theory-speci c properties.
mega employs CoSl E [56], a constraint solver for inequalities and equations over the
eld of real numbers.

Obviously the integration of CAS results into mega's proof dewvelopmern is of special
interest to this work. As with other external systemsthe only requiremert to integrate a CAS
is the availability of a protocol of its computations that can be evaluated and transformed
into a sub-proof to be integrated in the PDS. Howewer the more knowledge about a system
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is available to mega, the better it can be integrated into the processof proof developmen,
especially with respect to automated proof seart and suggestionmecanisms. As CASs
are complex systemsthat are applicable for various purp oses,providing detailed information
on their capabilities for proof seart guidance and suggestionmecdanismsis crucial to the
exploration of the power of these systemsin proof developmen.

The implemenation of mega is basedupon the Keim [40, 6Q] library of algorithms and
data structures for automated theorem proving. It is implemented in Clos [42], which is an
object oriented extension of the Common Lisp [73] programming language.



Chapter 3

Traceable Polynomial
Normalisation In Mass

3.1 Motiv ation

In this chapter | will introduce the Mass system, which is a prototype computer algebra
system. The reasonto implemen the Mass system was the dewelopmen of a simple but
universally applicable algebra system that is fully traceable. Its functionality extends that
of the CAS systemdescribed by Sorge[71], and its integration into the mega systemis
likewisebasedon the sameinterface, Sapper .

The CAS system was the rst Computer Algebra System in the environment of the

mega system that was fully integrated and provided a trace of its computations along
with the possibility to remodel these computations in  mega's proof data structure. As its
purposehowever was to evaluate the operability of a closerintegration of Computer Algebra
and deduction through the Sapper interface, its abilities are restricted mainly to what is
neededto solve the examplesdescribed by Sorge[71], i.e. to addition, multiplication and
di eren tiation.

Thus the reasonfor the implementation of the Mass systemwasto overcomethe obvious
weaknessesfthe CAS systemin orderto obtain a morerobust and generally applicable tool
for automated theorem proving. To do so, the focus of the systemis not, like in the CAS
system, the execution of speci ed computations over polynomials in normal form, but in rst
line the normalisation of polynomials in any represenation, i.e. every computation by the
Mass system starts by normalising its argumerts. This improvemert turned out to remove
the biggestobstaclefor a usein practical theorem proving, asin everyday mathematics poly-
nomial expressionausually do not occur in a normalisedform and thusthe CAS systemwas
applicable to standardised problems only. Mass howewer is able to handle nonstandardised
polynomials, too, and furthermore the normalisation of polynomials is already a useful tool
in many situations, e.g. equality of two polynomials can be establishedby syntactic equality
of their normal forms.

A further improvemen is to allow occurrencesof non-interpreted function symbols, i.e.
function symbols that cannot be semarically evaluated by the Computer Algebra System.
By allowing thesenon-interpreted functions, it is still not possibleto solve problemsif special
semartic knowledge about these functions would be neededfor a solution, but there are
many caseswhere it is su cient or at least helpful to rewrite the argumert expressionsof
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sud functions. For an example,Mass doesnot useyet any special knowledgeof the function
log, sothe CAS is not able to verify the equation

log(1) = O;
but by manipulating polynomialsit is possibleto verify the equation

log(x®> y?) = log((x + Y)(X ¥))

Finally the applicability of the Mass system was enhancedemploying a further mode
of use. Its predecessorthe CAS system was in general used as the sole CAS to solwe
algebraic parts of the problems, and as sud it was responsible for both nding the result
of a computation and verifying it by providing the computation's trace that was translated
into mega's proof represenation PDS. A further approad is to usethe traceable CAS in
conbination with the commercially available Maple system. A feasibility study using CAS
is described by Sorge[72]. As both the robustnessand the applicability of CAS are very
limited, the feasibility has beenshown, but only few theorems could be proved in practical
use. This approact wasnow pursuedusing the new Mass system,and a considerableincrease
of the number of theoremsthat can be proved has beenachieved.

The capabilities of Maple , of course,go far beyond the capabilities of the experimental
Mass system, but Maple doesnot provide a formal justi cation of its computations. The
solution here was to sharethe task betweenboth systems: First the Maple systemis em-
ployedto nd the solution of a given problem, then this result is veri ed by making use of
Mass' white box behaviour. As it is in many casesmuch more dicult to nd the solution
to a problem than cheding this solution, this allows to use the power of the much more
e cient Maple systemwithout threatening the correctnessof the resulting proof nor having
to reimplemert the respective algorithms in a white box CAS. An exampleis the factorisation
of polynomials, which is a standard task for Maple and canbe justied by the much simpler
multiplication of the resulting factors by Mass.

The result of these improvemens was a robust systemwith a considerably widened ap-
plicability whosecomputations can be translated into partial proofsin mega's proof data
structure and thus are fully automatically chedkable. Mass is nhow available in the mega
environment and is used for various purposesthat require veri able algebraic support and
was usede.g. in the experiments described in [53] and [57].

Unlike its predecessor CAS, the developmert of Mass was badked by an authoring tool
to maintain the common mathematical knowledge base of CAS and deduction system. The
importance of this common knowledge base is pointed out by Homann and Calmet [3§].
During the dewelopment of Mass, the authoring tool Taco, described in chapter 4, was
employed.

Mass is a collection of algorithms for manipulation of polynomials. Mass o ers a set of
simple algorithms for polynomial manipulation suc as polynomial normalisation, polynomial
addition and subtraction, polynomial multiplication and to a limited extent equality testing.
It can be accessedy the mega systemyvia the Sapper interface [71]. Beneath the appli-
cation of algorithms Mass's secondmain goal is to make these computations fully available
to a deduction system, so Mass o ers not only the result of a computation, but is also able
to produce a trace of computational stepsthat were performed. This can be usedfor proof
extraction, soany application of a Mass algorithm can be reconstructedin terms of inference
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rules within a deduction systemand its results can be fully incorporated within a proof plan
without threatening the correctnessof the proof.

Mass is actually implemented as a standalone system. Its computations use a propri-
etary data structure which is adapted to the needsof e cien t polynomial manipulation, and
its functionality doesnot rely on any external resources. Howewer, as Mass's main bene t
is the capability to make algorithmic computations reconstructible while its e ciency and
computational power is weak comparedto commercially available computer algebra systems
as Maple , Mass's practical usehasto be seenmainly as a supporting system for a deduc-
tion system. Furthermore proof extraction from a Mass trace requires a closeinteraction
betweenboth the computer algebra system and the deduction system, especially a common
mathematical knowledge baseavailable to both systemsis necessary Therefore the current
implementation of Mass is accessibleonly through an interfaceto the mega system: Mass
can be accessedia the Sapper interface, and all input and output is translated from respec-
tively to Post syntax. The implementation of a dedicated front-end for the Mass system
was omitted.

The Mass systemwas implemented in Clos [42], which is an object oriented extension
of the Common Lisp [73] programming language. Furthermore the adaption of the Sapper
interface and the implementation of the translator to Post syntax makes use of the Keim
[40, 60Q] library of algorithms and data structures for automated theorem proving, and some
of the functionalities of the mega system.

3.2 Data Structure

All computations performed by Mass are basedon a proprietary data structure. As the main
purposeof the Mass systemis the manipulation of polynomials and asit is intended to be
usedin closeinteraction with the mega system,the focusof the designof this data structure
was laid upon two main aims:

First the data structure should adequatelyrepresen speci ¢ structural featuresof polyno-
mial terms, and the implemerntation of data accessand data manipulation should be adjusted
to the requiremerts of algorithms for polynomial manipulation, i.e. it should e.g. support an
e cien t sorting of sums.

Seconda crucial point of the interaction between Mass and mega is the translation
of terms. The underlying data structure of mega are terms in Keim that are represerted
in Post syntax, so a translation of Mass terms into Post syntax and vice versahasto be
provided. Mass terms represen polynomials in normal form, thus, while a translation of
Mass objects to Post syntax is quite straight forward, a translation of Post termsto Mass
objects is much more di cult and requiresthe useof Mass's algorithm library (seelater for
further explanation).

The result to ful | thesetwo aims is a data structure that models structural features of
polynomial normal forms, but is also basedon the useof Post primitiv es.

3.2.1 Structure

The focusof the Mass systemis on simple manipulations of polynomials. Generally a polyno-
mial is a sum of a product of powers of variables multiplied by a coe cien t, i.e. a polynomial
P can be represerted as:
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| class | attributes | semantics |
mass+term a list of mass+termatons | the sum of the elemeris of the list
mass+termatom| a mass+monom and m multiplied by c

a numerical coe cien't c
mass+monom | a list of mass+monatom | the product of the elemers of the list
mass+monatom| a function f unc and depending on f unc

a list of argumerts args

Figure 3.1: The Mass Data Structure's Object Classes

o
P= 7 (3.1)
=1 j=1

wherec; are coe cien ts of the monomials,which consistof the primitiv esby; , i.e. constarts
or variables, and e;; their appendart exponerts.

The Mass data structure is an object oriented implementation of this represetation of
polynomials. The componerts of this notation are mirrored quite straight forward by object
classesof Mass's data structure. A Mass term is composedfrom the following classeswith
their respective semartics:

Generally the classesmass+term mass+termatomand mass+monorare used to denote
a polynomial's structure, while the class mass+monatons the equivalent of the powers of
primitiv esin formula 3.1.

Sothe classegnass+term mass+termatomand mass+monoare mainly employed to model
computations involving commutativit y, assaiativit y and distributivit y over addition and mul-
tiplication, which can be implemented e.g. by sorting of lists, while the classmass+monatom
ful s seweral purposes.The function of a mass+monatoris determined by its attribute f unc,
which may have one the following values:

expt denotesthe simplest form of a power, where the baseis a Post primitive. To
avoid collisionsin variable and constart haming, Post primitiv esare employed at this
position without further modi cation. The applicability of commutativit y, assaiativit y
and distributivit y under addition and multiplication to these primitiv esis assumedas
a precondition.

The exponernt may be any term in Mass syntax.

power also denotesa power, but in this casethe basemay alsobe any Mass term. The
distinction betweenexpt and power is necessarybecauseierm simpli cation is Mass's
principal purpose,and the useof powerinstead of expt signalsa potentially simpli able
object when involved in further computation.

unknowndenotesthe application of a function on which no further knowledgeis avail-
able to Mass, e.g. the application of a logarithm. If encourtering any sud function,
Mass will encapsulethe function in a mass+monatorrbut will, if possible,simplify its
argumerts.
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| argumen t | result

mass+term(term:[]) 0
mass+term(term:[t]) rebuild(t)
mass+term(term:[t1 ... tn]) rebuild(tl) + ::+ rebuild(tn)
mass+termatom(coeff:1 monom:m) rebuild(m)
mass+termatom(coeff:c  monom:m) if rebuild(m) = 1:

c

otherwise:

¢ rebuild(m)
mass+monom(monom:[]) 1
mass+monom(monom:[t]) rebuild(t)
mass+monom(monom:|[t1.. tn]) rebuild(t1) ;o rebuild(tn)
mass+monatom(func:expt args:[al a2]) ai'2, where

a;2 = rebuild(a2)
mass+monatom(func:power args:[al a2]) a2, where

a;1 = rebuild(al) and

a;2 = rebuild(a2)
mass+monatom(func:unknow args:[f al ... an)) | (frarp::arn), where

fr = rebuild(f) ,

ar1 = rebuild(al)

arn = rebuild(an)

Figure 3.2: Rebuilding a Post Term from a Mass Object.

It is to be noticed, that the represenation of powers bﬁ}“ is somewhatmore complex than
denotedin equation 3.1, namely the byj is not necessarilya primitiv e but can be any term.
This meansthat, actually through the implemertation of the term+monatonclass,the Mass
data structure canberecursively nested,sothat Mass hasto be ableto cope with polynomial
structures at any position of a term.

Furthermore Mass terms can represern any Post term in a manner that will adequately
handle polynomial structures occurring in the respective term, but will leave anything else
untouched. In generalthe data structure will follow the paradigm of being useful without
being a nuissance,which meansthat the data structure should support an e cien t handling
of polynomials wheneer possible,but will not lead to critical behaviour of the Mass system,
when trying to translate anything non-polynomial to Mass represertation.

3.2.2 Translation

The translation of Mass objects to Post syntax is quite straight forward; it is implemerted
in the rebuild function. An application of rebuild to a Mass object will have the results
givenin gure 3.2.

To translate a Post term to a Mass object, howewer, requires considerably more e ort.
This is due to the fact, that the Mass system keepsthe normal form described above as
an invariant while operating on terms. So generating a Mass object, which is in normal
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form, from a Post term, which is in general not, makes already up a considerablepart of
the simpli cation performed by the Mass system, and thus the translation of a Post term
to a Mass object hasto make extensive use of the Mass algorithm library. The translation
is computed by the read function.

Tedhnically the application of the read function is basedon structural recursion: When-
ever read encourters a Post primitiv e, i.e. a constart, a variable or a number, in which case
we can assumethat it is in normal form, read generatesthe equivalert Mass object.

Whenewer encourtering an application of a function to its argumerts, read will make a
distinction on whether or not there is mathematical knowledgeavailable to the Mass system
on how to handle this function.

If the function is known to the system, read will be recursively applied to the function's
argumerts, i.e. the result will bea Mass polynomial in normal form. Then read will interpret
the function asa CAS command, e.g. if read is given the term p1 + po it will rst process
the arguments p; and p, and will then apply the appropriate algorithm, in this casethe
algorithm for polynomial addition, from the Mass algorithm library to the results of this
argumert preprocessing.

If the function is unknown to the Mass system, read will also processits argumerts
rst, but then it will encapsulatethe whole term in a mass+monatonso that the term will
be normalised as far as possible and correctly represerted in spite of the use of unknown
functions.

Considering the example translation of the term

(x+1) (x+1+log(2 (x+ 1))

to a Mass object, read will show the behaviour depicted in gure 3.3.

The result of this application of read is in normal form accordingto formula 3.1, and the
Mass algorithm library was employed seweral times to perform operations on normal forms,
like addition or multiplication of polynomials.

3.3 Algorithms

The power and e ciency of any Computer Algebra System,beit experimertal or commercial,
dependsto a great portion on the algorithms that are implemented at its core; the greater
the library of available algorithms is, the wider is the variety of problemsthat can be solved,
and the more careful their implementation is, the lessis the rate of errors and bugsthe CAS
will produce. Thus an implemenation of a Computer Algebra Systemshould be precededby
a careful consideration on what algorithms should be provided, how these algorithms should
be realized and how they will t in the overall system.

Unlike commercially available CAS, e.g. Maple, which are mostly very powerful all purpose
enginesand seta focuson broad applicability and high e ciency , the purp osethe Mass system
is designedfor comprisesa rather small area of operation and hasvery speci ¢ requiremerts.
Mass is designedfor an application in interaction with the mega system, and its duty
are typically simple manipulations of polynomials. The requiremerts set by this focus are
correctnessand reconstructible justi cations of the performed computations rather than high
e cency or awidespreadapplicability. Thuswe cana ord and have to restrict the algorithms
provided by the Mass algorithm library to a small and well speci ed classof algorithms.
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read((x + 1) (x+ 1+ log2 (x+ 1))

read(x + 1)
read(x)
) X
read(1)
) 1
apply addition
) x+1
read(x + 1+ log(2 (x + 1))
read (x)
) X
read(1+ log(2 (x + 1))
read (1)
) 1
read(log(2 (x + 1)))
read(2 (x + 1))
read(2)
) 2
read(x + 1)
read (X)
) X
read(1)
) 1
apply addition
) x+1
apply mutliplication
) 2 x+2
encapsulate
) log(2 x+ 2)

apply addition
) 1+log(2 x+ 2)
apply addition
) x+ 1+ log2 x+ 2)
apply mutliplication
) X2+ 2 x+x log2 x+2)+log(2 x+2)+1

Figure 3.3: Building a Mass Object from a Post Term.



3.3. Algorithms 23

To provide a frictionless interaction with the deduction system, the interface Sapper
and its functionality hasto be considered,too. A typical Sapper call of the Mass system
consistsof a CAS command along with its argumerts. The CAS command will be executed
by the Mass systemand the result will bereturned to the interface. Additionally the Sapper
interface may set the integrated CAS into a so called verbose mode, which meansthat the
CAS is forced to return not only a computation's result, but alsoa trace that can be usedto
reconstruct a logical justi cation of the outcome. The conceptpursuedby the Mass systemis
that of an abstract trace of the computation performedby the CAS. If setto verbosemode, the
CAS will log eadh computational step it performs, actually the CAS will in ead step output
an abstract represemation of what wascomputedin this step. This represertation consistsof
an identi er of the computational step that was performed along with its parameters, if there
are any. For an example think of the CAS sorting a sum, which usually can be justi ed by
repeated application of the rules of assaiativit y and commutativit y. If sorting e.g. the term
((z+ x) + y) to obtain (x + (y + z)), the CAS will cortinuously output the abstract identi ers
of the step it is actually performing. In the simple example shavn in gure 3.3 we seethe
abstract identi er of ead step next to the term that is obtained by applying the respective
computational step to its predecessor.

| term | CAS step |
(z+x)+y)
((x+ 2) +y) | commH1]
(x+ (z+y)) | assoc+ []
(x+ (y+ 2)) | commH2]

Figure 3.4: A Term Manipulation and its Trace.

In this casethe CAS trace is the list [comm+1] ,assoc+ [] ,comm+#2] ], i.e. it is a list
containing the abstract identi ers comm-and assoc+ and their respective argumerts denoting
an application of the rules of assaiativit y respectively commutativit y under addition. Along
with this identi er a single parameter is returned, actually the position within the term at
which the rule wasapplied. The objects of the trace are collectedby the Sapper interfaceand,
again step by step inserted into the deduction system's proof plan to Il the computational
gap left by the CAS application. To do sothe objects cortained in the trace are successigely
translated into proof stepsof the deduction system'scalculus,in the current implementation of
Mass into an applicable sequenceof mega tactics; actually ead identi er represens a xed
computational step that can be modelled by the application of an tactic or a xed sequence
of tactics within the deduction system's proof plan. This mapping of identi ers to tactics is
computed by the Sapper interface, which thus is able to mirror the computation performed
by the CAS in terms of proof stepsof the Deduction System. For further explanation seealso
section 3.5.

Concerning the deduction system's proof plan we will encourter the following situation
(without restriction of generality | will only considera forward application of the CAS, badk-
ward application of the CAS is analogous). Say the proof plan cortains a line L prep that
should be simplied using the Mass system, the formula in Lep is ( @) where a is the
subterm we want to be simpli ed by the CAS, and b is the result of this simpli cation. Soa
new proof line L cone Will be inserted into the proof plan:
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I-prep ( a)
I—conc ( b) CAS LpfeD

The justi cation of line L conc is the application of the CAS on line L prep With additional
parametersargs , i.e. whether L conc is a correct consequenceén terms of the logical calculus
underlying the deduction system depends of the CAS' implementation. Howewer, from the
abstract trace the Mass system supplieswhen in verbosemode, it is possibleto reconstruct
the computation at calculuslevel. To do sois the task of the Sapper interface. The Sapper
interface translates eady computational step in the trace together with its argumerts, if there
are any, into onetactic or a sequenceof tactics of the deduction system. A sequettial applica-
tion of thesetactics will now replacethe abstract justi cation of line L ¢onc in the proof plan.
This re nement of the proof's justi cations is performedby the mega proof line expansion,
which is also used to justify the result of a complex tactic by a sequetial application of
simpler inference steps. Supposedthe subterm a in our examplewas ((z + x) + y) and this
term was transformed to (x + (y + z)) by the CAS, which also returned the above abstract
trace, our example could be expandedto:

Lprep  (( 2+ %)+ Y)

L1 (( X+ Z) + y) COMM+ Lprep pOSjl
Lo (x+ (z+y)) ASSOC+ L pos
Leone ( X+ (y+2z)) COMM+ Lj;pog2

where COMM+ and ASSOC+ are tactics of the deduction system that justify a term
rewrite according to the rules of commutativit y and assaiativity. Besidesrelating the ab-
stract identi ers of the Mass trace to actual tactics, the Sapper interface also adjusts the
parameters of eadn computational step to the environment of the deduction system, in this
example we can seethat the relative position of the application of a computational step was
transformed into an absolute one, in this casethe position of the subterm that is passedto
the CAS, here pos, hasto be concatenatedwith the relative positions the CAS returns in its
trace.

Our approad to integrate algorithms within a logical environment is to return a result
that can be justied employing a step by step justi cation of the computation. Integrating
an algorithm this way includes that the implemertation in the Mass system requires to
keeptrack of the logical foundations of the algorithm during the computation, and at eadh
computational step we have to keeptrack of whenand how they have to be applied. The need
to involve the foundations of an algorithm into its implemenrtation can lead to a much more
complex and costly implementation than the coding of the bare algorithm. This typically
applies for e cien t algorithms that make use of implicit mathematical principles or whose
correctnesss basedon considerationon their runtime behaviour (e.g. if an algorithm is proved
to be correct using argumerts like 'this is the greatestnumber to ful | this predicate, because
if there was a greater one, the algorithm would have returned it in a previous iteration’, see
section 3.7 for further discussion). In other words there are algorithms that are suiting our
approad better than others.

Second,due to the interface we useand in favour of the standaloneidea, the trace output
is restricted to linearised term manipulation, i.e. the computation is expressedby a sequence
of rewrite steps,ead of which is applied to the result of its predecessorand all proof line man-
agemen is left to the interface respectively the deduction system. Sowe can keepthe Mass
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system'strace output independert from the data structure that is usedfor proof presenation
and thus obtain a high portabilit y when planning to usethe Mass systemin interaction with
deduction systemsother than mega; the simplicity of the output trace makesan adaption
to dierent systemsor logical calculi easy(seealso section 3.5).

Thus we can settle a standard on how to implement algorithms for the Mass algorithm
library. The algorithms provided by this library are independen from the deduction system's
logical calculus and the deduction system's mathematical knowledge base, but rely on set
of computational stepsthat are known to the Sapper interface and that can be modelled
and justi ed in the deduction system'scalculus (of coursethis set of computational step may
have to be expandedwhen expanding the algorithm library, seealso section 3.5). From the
logical point of view the role of the algorithm is to provide the cortrol of a computation, but
no property of the algorithm will contribute to the justi cation of the result. Furthermore
ewvery algorithm returns its result along with a sequenceof abstract computational stepsthat
can be translated into a sequenceof inferencerules respectively tactics that reconstruct the
computation in the context of the deduction system'scalculus.

In generalan algorithm can be denoted as a function f sothat an application to a term
X and possibly additional parametersarg will have the following result:

f(x;arg) =y [R1:::Rq]

where the translation of the trace can be integrated into a proof plan

I-prep ( X)

L conc ( y) CAS I—prep arg
such that

Lprep ( X)

L1 ( x1) RY
Lo (x2) RJ

L conc ( y) R 8

where R? are inferencerules that result from Sapper translating the abstract steps R j
and proof linesL1:::Lconc arejustied by the application of the respective inferencerule to
its predecessor.

The core of Mass' library of algorithms is a simple medanism for normalisation of poly-
nomials which implemented this way. It is basedupon a set of algorithms which implement
basic arithmetic operations on polynomials, e.g. addition or multiplication of two polynomi-
als, and return the result along with the accordingtrace. Apart from these basic operations,
Mass provides a medanism to lexicographically reorder expressions,e.g. to rewrite the ex-
pressionc+ a+ bby a+ b+ ¢, which again suppliesa trace of the necessarycomputational
steps. The normal form of a polynomial is computed recursively: If e.g. the head symbol of
the Post expressionto be normalisedis plus , its two argumerts are recursively normalised,
then Mass' algorithm for polynomial addition is invoked. The recursion is repeated until
the argumerts of the head symbol are primitiv e terms, i.e. variables, constarts or numbers,
which are by de nition in normal form. The result of Mass' basic arithmetic operationsis in
normal form again. The medanism for lexicographic reordering is usedto establish equality
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of subterms of the expressionif required, e.g. to normalise 2ab+ 3 ba, the subterm ba
is reordered, then the result 5ab can be computed by applying distributivit y and adding
the coe cien ts 2 and 3. Lexicographical reordering may furthermore be applied to establish
syntactic equality to solve equationshby re exivit y of the equality relation.

3.4 Arc hitecture

This section describesthe Mass system's componerts and their functionality as well as its
interaction with the interface Sapper . Note that although their is no proprietary front endto
accessMass, the ideawasto implement a quasi standalone systemthat can also be adapted
to interact with deduction systemsother than mega. However mega is the only system
Mass is interacting with at the moment, soit will seneto demonstratethe deduction system's
part of the architecture in the following.

The Mass systemis integrated into the mega systemvia the Sapper interface, which is
a genericinterface and can serwe asan interfaceto oneor sewral CAS that areto be accessed
by mega. The purposeof the Sapper interfaceis to provide the communication between
both systems;the Sapper interface allows this without requiring modi cation of neither the
logic usedin the mega systemnor the schemata of the algorithms implemerted in the CAS.
To adhieve this the interface has to play the role of a translator for terms and commands
that are passedfrom one systemto another, and it also hasto full the task of proof plan
manipulation that is neededto generatepartial proof plans from the abstract tracesthe CAS
outputs and to insert them into mega's proof in the right place.

From the deduction system's point of view Sapper provides an abstract represenation
of the CAS that are connectedto it, and there are two ways to usethese CAS: First they can
be usedas a black box, which meansthat Sapper will call the CAS to typically simplify a
term, and the CAS will return only the result of its computation, which is then passedto the

mega system. The secondway is called verlose mode and causesthe CAS to return also
a trace of its computation, which will be translated by the interfaceinto mega proof plans
and inserted to expand these stepsin the proof whosejusti cation is the application of the
CAS. Here the duty of the Sapper interface consistsof the following tasks:

passingPost objects to the CAS
passingCAS objects badk to mega
mapping of mega function symbolsto CAS commands

proof plan generation from abstract computation traces

The two main componerts of the Sapper interfaceto carry out thesetasks are the trans-
lator and the tactic generator (see gure 3.5).

The translator ensuresthe translation of Post argumerts that are passedto the CAS, and
it invokesthe appropriate CAS algorithm. The Mass system's purposeis the normalisation
or simpli cation of a given term, thus to nd the appropriate CAS algorithm to do so a
mapping of possiblehead function symbolsto CAS algorithms is employed.

The CAS, when called by the Sapper interface, will executethe commandit is given and,
depending on whether it is called in verbosemode or not, will either only return the result
of its computation or also output an abstract trace of the computational stepsit performs
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Sapper

call CAS ’ | call CAS

mega

return result - [ translata ] return result ‘ Mass
do expansion I

( tactic generato ] < retum trace

Figure 3.5: Functionality of the Sapper Interface.

doing so, which are then collected by the Sapper interface. Here the translator's duty is
the retranslation of the result to Post syntax and the appropriate manipulation of mega's
proof plan. The tactic generator, if the CAS is called in verbosemode, collects the abstract
computation trace stepsreturned by the CAS and eventually usesthis trace to expand and
justify the result of the CAS's computation within  mega's proof plan.

In the caseof the Mass systemthis is realizedby providing the module reader to translate
Post termsto Mass objects and the module rebuilder to translate Mass objects to Post
syntax, furthermore the Sapper interface is able to accessthe Mass algorithm library. To
simplify an Post function using Mass, the interface will map the function to the according
algorithm from the Mass library, which is then applied to the translated argumerts.

As already the creation of a Mass object from a Post term implies a simpli cation of
this term wherethe Mass algorithm library is involved, the Mass systemdoesnot only have
to provide a trace of the computation that is initiated by the command which is passedby
the Sapper interface, but it hasto provide the trace of the argumert's translation as well.
Thus a computation performed by the Mass system consistsof two cycles: in the rst cycle
(see gure 3.6) Mass will translate the argumerts of a function. This is done by the reader
module, which usesthe Mass algorithm library to normalise its input terms. While doing
so the algorithm library outputs a trace of its computation whenewer needed. This trace is
passedto the Sapper interface where it is evertually usedto expand and justify the term
simpli cation performed sofar.

The secondcycleis the execution of the commandthat is passedby the Sapper interface
(see gure 3.7). Now the appropriate algorithm from the Mass library is invoked by the
Sapper interfaceand is applied to its already preprocessedargumerts, which now are presen
as Mass objects in normal form. During this computation cycle the operation of the Mass
algorithm library is analogousto the cycle of argumert preprocessingwheneer an algorithm
is applied it will output an abstract trace of the computation it performs.

Furthermore the result of the algorithm invoked by the Sapper interface is passedto the
Mass rebuilder and is retranslated to Post syntax.

Note that every computational step that is performed by an algorithm from the library
is loggedin the abstract trace, be it during the translation of the argumerts or be it while
executinga command, and that the whole trace is neededto reconstruct Mass's computation
at calculus level
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Figure 3.6: Translation of the Arguments of a Mass Command.

3.5 Integrating Mass in the Sapper Interface

The Sapper module is the interface that connectsexternal Computer Algebra Systemsto
the mega prover. To provide a frictionless interaction between CAS and theorem prover,
the interaction hasto follow clearly de ned standards. While the concept of the interaction
has already beendescribed in section 3.4, this sectionwill give a more detailed description of
the actual functionality of the Sapper interface.

The purposeof the Sapper interfaceis rst to translate requestsfrom the mega theorem
prover and to passthem to the CAS. In generalthis requiresto

map the head function symbol of the term to be simplied to the appropriate CAS
command, and to

translate the argumert terms of this function from the theorem prover's represenation
to a represenation that is understood by the CAS.

Note that from the theorem proverspoint of view, a call to a CAS via the Sapper interface
has always the purposeto simplify respectively normalise a term, the kind of computation to
be executedto do sodependson the structure of the term that is passedby the theoremprover.
In the further proceedingit is assumedthat the term can be simplied by the chosenCAS
whene\er the Sapper interface can map the term's head function symbol to a corresponding
CAS command, e.g. if the theorem prover passesthe term (plus tl t2) to the Sapper
interface, this is interpreted asa call to the CAS's implementation of addition, if there is one,
applied to the argumerts t1 and t2 , where theseargumerts have to be translated rst.
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Figure 3.7: Execution of a Mass Command.

This should in generalcausethe CAS to start its computation and to return the resulting
term and a trace of its computation. Now the Sapper interface's duty is to retranslate the
CAS's output to make it available to the theorem prover. Again we have two tasks to ful I:

to retranslate the CAS's result term to a represetation that is understood by the
theorem prover

to translate the trace of the CAS to a sequenceof inferencerules that are represerted
in the theorem prover's knowledge base,and to apply these inferencesin the theorem
prover's proof plan. This is only required when a full expansionof the CAS's computa-
tion to an explicit sequenceof inferencerules is intended.

Apart from translation, the Sapper interface takes care of the proper integration of the
CAS's computation into the proof plan, i.e. the CAS's result is not only translated to the
theorem prover's represetiation, but the Sapper interface furthermore addsa new proof line
to represen this result within the proof. When expanding a CAS computation, the Sapper
interfaces again takes care of the administration of proof lines, e.g. to apply inferencerules
in the right order and to establishthe correct dependenciesbetween proof lines.

To make a CAS available via the Sapper interfacerequiresan abstract speci cation of the
CAS along with the algorithms it provides and the functions that translate Post syntax into
the CAS's proprietary data structure and vice versa. This speci cation provides the name of
the CAS and a mapping of Post functions to function namesusedfor the CAS algorithm
and the translation functions that have to be applied in the respective case. For Mass, this
speci cation looks like this:
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(ca~defsystem :MASS

(help "The MASSsystem")

(translations
(plus  (mass~plus (:mass-term :mass-term2 :mass-terml)))
(times (mass~times (:mass-term :mass-term2 :mass-terml)))
(minus (mass~minus (:mass-term :mass-term2 :mass-terml)))
(power (mass~power (:mass-term :mass-term2 :mass-terml)))
(div (mass~div  (:mass-term :mass-term2 :mass-term1l)))
(sgrt  (mass~sqrt (:mass-term :mass-terml)))
(mod (mass~mod (:mass-term :mass-term2 :mass-term1l)))
(= (mass~equal (:mass-term :mass-term2 :mass-terml))))
(call eval))

If a Post expressionas e.g. the head function symbol plus, the corresponding Mass
algorithm is looked up from the table. The Mass function which implemernts the normalisation
of an expressionwith head function plus is mass~plus. This function is called after its
argumernts have beentranslated. The indicators mass-term, mass-term1l and mass-term2
are usedto selectthe proper method of the translation functions. For Mass, the following
translation function methods are de ned:

(defmethod ca~build-object
(term (object (eql :mass-terml)) (system (egl :mass)))

(ca~output-method '((:forward . init-mass-f)
(:backward . init-mass-b)))
(mass~read term (pos~list-position 69));

(defmethod ca~build-object
(term (object (eqgl :mass-term2)) (system (egl :mass)))
(mass~read term (pos~list-position '2))

(defmethod ca~build-object
(term (object (eqgl :mass-term3)) (system (egl :mass)))
(mass~read term (pos~list-position '(3)))

Note that these function full, apart from translation, two further purposes: First an
initial method is required for correct integration of Mass's result into the proof plan. This
method is inserted into the trace of the computation by

(ca~output-method '((:forward . init-mass-f)
(:backward . init-mass-b)))

Second,further information that is required for remodelling the computation, in this case
the position of the subterm to be translated, are passedto the translation function. As the
normalisation algorithm of Mass is already usedin translation of the argumerts, the relative
position of the argumert hasto be passedto Mass. Here the indicators mass-term1 and
mass-term2 are used for subterms at the position of the rst respectively secondargumert
of an application.

The nal function to be de ned is the retranslation function:



3.6. Application Examples 31

(defmethod ca~rebuild-object
(term (object (eqgl :mass-term)) (system (eql :mass)))
(mass~rebuild term))

which completesthe abstract speci cation of Mass asit is seenfrom mega.

3.6 Application Examples

The Mass system can be applied in sewral modes in interactive proof developmert and
automated proof planning. In all modes Mass is accessedvia the Sapper interface that
provides di erent functionalities to make callsto a CAS from mega.

3.6.1 As a Standalone System

In interactive mode, Mass can be called by the userto simplify an expressionin a speci ed
proof line at a speci ed term position. In this case,Mass operatesas a standalone system
and is called onceto provide the result of the required computation, and a secondtime in
verbosemode to provide the computation's trace that is usedto generatea sub-proof during
the expansion. The commandin mega to call an external CAS in this way is

CALL-CAdSine pos system

whereline is the proof node that is to be simpli ed, pos is the relative term position of
the expressionto be simpli ed within the formula of line , and system is the symbol of the
CAS that is intended to be applied, in the following it will be mass
An exampleis the interactive proof of the binomial formula (a+ b)(a b) = a?2 b in
mega. The problem can be stated in a single proof line:

Binom . " ((A+B) (A B)) = ((A%2) (B"2) (Open)

Now Mass can be called to verify this line
CALL-CAShinom () mass

and yields the new proof plan
L1. T (A2)+( 1(BM2)) = (A"2)+( 1(B"2) (=Ref)

Binom . " ((A+B) (A B)) = (A%2) (B"2) (Cas L1)

In this case,the equation could be solved by Mass building the normal forms of the
expressionsat both sidesof the equation. In casea lexicographical reordering of the resulting
polynomials is required to establish syntactical equality, this is done by Mass, too. If Mass
succeeddo establish syntactical equality, the proof line can be closedby applying =R ef, i.e.
the re exivit y of the =-op erator. The actual computation performedby Mass in this example
is revealedwhen expanding the proof plan.
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L1. T (A)+( 1(B"2) = (A"2)+( 1(B"2)) (=Ref)

L21. T ((AM2)+( 1(B"2)) = ((A™2) (B™2)) (Plus2min us L1)

L20. T ((AM2)+(0+(  1(B™2)) = ((A"2) (B"2)) (O+In tro L21)

L19. T ((AM2)+((0 (AB))+( 1(BM2)) = ((A*2) (B"2)) (0*In tro L20)

L18. T((AM)+((( L(AB)+(AB)+( 1(B™2)) =  (Split-Monomials-Plus
((A%2) (B"2)) L19)

L17. T(AM)+H((( 1(AB))+(B AN+ ( 1(BM2)) = (C-Times L18)
((A%2) (B"2))

L16. T(AM)+H(( 1(AB))+ (B A( 1(BA2))) =  (A-Plus-Righ t L17)
((A%2) (B"2))

L15. T(((AM)+( 1(AB))+ ((B A)+( 1(B™2)) =  (A-Plus-Left L16)
((A%2) (B"2))

L14. S (((A)+( 1(A B))+ ((B A)+( 1(BN1+1))) = (Split-Monomials-Plus
((A"2) (B"2)) L15)

L13. (A 1(AB))+ (B AX( 1((BM)(BM))) = (Split-P ower L14)
((A%2) (B"2))

L12. T (((AM)+( 1(AB))+ ((B A)+( 1((BM)B)))) =  (Power-1-Elim L13)
((A%2) (B"2))

L11. T(((AM)+( L(AB))+ ((B A)+( 1(B B))) =  (Power-1-Elim L12)
((A%2) (B"2))

L10. T(((AM)+( L(AB)* ((BA+(B ( 1B))) =  (Split-Monomials-Times
((A%2) (B"2)) L11)

L9. T (((AM2)+( 1 (AB)+ (B (A+( 1B)) =  (Cummulate-Left L10)
((A%2) (B"2))

L8. T (((AR2)+(A ( 1B))+ (B (A+( 1B)) =  (Split-Monomials-Times
((A%2) (B"2)) L9)

L7. T (((AM2+L)+ (A ( 1B))+ (B (A+( 1B))) = (Split-Monomials-Plus
((A%2) (B"2)) L8)

L6. T (((CAM) (AM)+H(A ( 1B))+ (B (A+( 1B)) = (Split-P ower L7)
((A%2) (B"2))

L5. T((((AM) A+ (A ( 1B))+ (B (A+( 1B))) =  (Power-1-Elim L6)
((A%2) (B"2))

L4. T(((AA)A( 1B))+ (B (A+( 1B)) =  (Power-1-Elim L5)
((A%2) (B"2))

L3. T ((A(A+( 1B))+ (B (A+( 1B))) = ((A%2) (BM2) (Cumm ulate-Left L4)

L2. " ((A+B) (A+( 1B)) = (A"2) (B"2) (Cumm ulate-Righ t L3)

Binom . " ((A+B) (A B)) = (A%2) (B"2) (Plus2min us L2)

In this proof plan, every proof step corresponds to a computational step performed by
Mass. The elemertary proof stepsare tactics that do a term rewrite step accordingto the
laws of commutativit y (e.g. C-Times), assaiativity (e.g. A-Times) and distributivit y (e.g.
Cummulate-Left) or make use of the special role of the numbers0 and 1, (e.g. O+Intr 0) and
the tactics Simplify-Num and Expand-Num to rewrite simple numerical expressions.Besides
tactics that implement these basic laws of algebra, there are tactics that combine a sequence
of such tactics within a single proof step. An example is the tactic Split-Monomials-Plus,
used here to derive L18 from L19. In this example, the expression0 A B is rewritten as

1A B + A B in a single proof step in the following lines:
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L19. T ((AM)+((0 (AB))*+( 1(BM2))) = ((A%2) (B"2)) (0*In tro L20)
L18. T((AM)+((( L(AB)+(AB)+( 1(B™2)) =  (Split-Monomials-Plus
((A%2) (B"2)) L19)

This is expandedto:

L19. T ((AM2)+((0 (AB))+( 1(B™2)) = ((A*2) (B"2)) (0*In tro L20)

L24. T((AM)H((( 1+1) (AB)+( 1(BM2)) =  (Expand-Num L19)
((A%2) (B"2))

L23. C(A)H(( L(AB)+ (L(AB)+ ( 1(B2)) =  (Distribute-Righ t L24)
((A%2) (B"2))

L18. T((A)+H((( L(AB))+ (AB)+( 1(BM2)) =  (1*E L23)

((A"2) (B"2))

Two new proof lines have beeninserted here, and the computations of Split-Monomials-
Plus have beenreducedto a simple numerical rewrite, an application of distributivit y and
the elimination of the neutral elemen of multiplication. Note that some of the syntactical
peculiarities are encaded within the tactics and not within the CAS. While the expressions
A B and 1 A B have the samerepresenation in Mass's proprietary data structure, the re-
translation into the PDS will drop the leading 1. Possible eliminations or intro ductions of
the neutral elemer in this position are included in the implementation of the tactic. In this
casethe tactic Split-Monomials-Plus explicitly eliminates the neutral elemer if required.

After expanding these few special tactics, Mass' computation is completely remodelled
within  mega's PDS in terms of simple algebraic laws. The resulting proofs can be further
processedby mega's facilities for proof represettiation and explanation or, after expansion
to calculus level, proof cheding.

3.6.2 In Combination with Maple

The standaloneapproacd o ers a helpful tool in interactive proof developmern for automated
normalisation of algebraicexpressions.In this casee ciency is not ascritical asin automated
proof seard, and within its limitations, Mass is an easy-to-usemodule whosecomputations
are seamlesslyintegrated into the mega ervironment.

Mass however has its limits when it comesto nontrivial computations and issues of
e ciency . This is a major drawbad in automated proof seard. Maple , on the cortrary, is a
versatile CAS that o ers su cien t support to solve most algebraic problems occurring in real
world proof challenges,and operateson e cien t data structures and algorithms sothat it can
be reasonablyusedin automated proof planning. Like dierent further deduction systems,

mega provides facilities for interfacing to Maple and the system is successfullyinvolved
in automated proof planning for dierent domains. As Maple howewer acts as a black
box system, integrating its computations into mega's PDS without further verication
threatens the correctnessof the resulting proofs and makesit impossibleto verify them using
a proof cheder.

The solution proposedin this work is a combined application of Maple and Mass. This
allows to employ the power and e ciency of a full-grown CAS like Maple during proof
planning, and to usethe veri cation capabilities of Mass in  mega's expansionmedanism.
This approach allowed to Il the gapsleft by Maple in some experiments in the mega



34 Chapter 3. TraceablePolynomial Normalisation in Mass

Metho d: Solve-Equation
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Figure 3.8: The Solve-Equation Method.

group, e.g. on the exploration of the domain of residueclasseqd53] and in the domain of limit
theorems|[54]. A feasability study of such an approac is described by Sorge[72)].

On mega's side, the knowledge required to cortrol and coordinate the two CASs in
proof planning is provided by methods. A simple exampleof such a method is Solve-Equation
(see gure 3.8). An application of this method is very similar to the example described in
section 3.6.1. The di erences is rst that the method provides the cortrol for an application
in automated proof planning, and secondthat in proof planning not Mass, but Maple is
employed. In this method Maple is usedto test whether two expressions and are
equal, and if so,the previously open proof line L ; is closedand the justi cation delegatesthe
expansionto Mass. This approact makesuseof the greater e ciency of Maple during proof
planning and usesMass for veri cation only. If the method has cometo application, e.g.
to solve the example from 3.6.1, the expansionof the conclusionline has the sameresult as
in a standalone application of Mass. Only di erent lexicographical orderings of the normal
form produced by Maple may make a di erence, but theseare within a rangethat is easily
handled by Mass's capabilities to reorder expressions.The Solve-Equationmethod is applied
in examplesfrom the domain of residue classeg53].

A more interesting exampleis the Complex-Estimate method (depicted in simplied form
in gure 3.9), that comesto application in examplesfrom the limit domain [54]. The purpose
of this method is to estimate the magnitude of the absolute value of a complex term by
estimating its simpler factors. The factorisation is done using Maple and its two functions
quo and rem when the application condition k; | CasSplit(a ;b) is evaluated. Here the
polynomial division b=a is computed, the resulting quotient (computed by the function quo)
is bound to k and the remainder (computed by rem) is bound to |I. Both of the Maple
function employ the Euclidian algorithm to compute this polynomial division. If both of the
computations yield the correct result, then the equationb= k a + | holds. As the veri cation
of this equation can easily be done by normalisation and possibly lexicographical reordering
of polynomials, Mass can employed here to verify the results of the Maple computations.
This combination of Mass and Maple makesuseof the fact, that somecomputations, while
dicult to perform, are easyto verify given the result. In this casea polynomial division
(which is beyond the capabilities of Mass, but is easyin Maple ) can be veried using
multiplication of polynomials (this veri cation cannot be supplied by Maple , but is easily
computed by Mass). Maple is usedhere asan useful oracle, but it is not necessaryto treat
Maple asa trusted system.

An example where the Complex-Estimate method comesto application is the proof of
LIM+, whereit is proved that the limit of the sum of two functions is the sum of their limits.
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Metho d: Complex-Estimate
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Figure 3.9: The Complex-Estimate Method.

The problem is formalised in the following way:

Limit-F . Limit-F " 8E1.9D1.8X 1.[(0 < El) ) [(O < Dl) n [[(j(X1 A)J < (Hyp)
D)™ (i(X1 A)j>0)]) ((F(X1) Limit 1)j < Eq)]]]

Limit-G . Limit-G " 8E2.9D2.8X2.[(0 < E2) ) [(0 < D2)"[[(j(X2 A)j < (Hyp)
D2) " (i(X2 A)j>0)]) ((G(X2) Limit 2)j < E2)]]]

Thm . LimitF, tmitc ~ 8E.9D.8X.[(0 < E) ) [0 < D) ~ (Open)

[GX Ay < D) ~ (X A)j > 0]
(((F(X)+ G(X)) (Limit 1+Limit 2))j < E)II]

As the resulting proof in  mega is quite lengthy, the full proof is omitted here. It canbe
found in appendix A. At sometime during proof planning, the Complex-Estimate method
comesto application.

L32. Hy T (J(F(X) Limit 1)j < (E=2)) (Open)

L31. Hi "(M_Ex; (E=2M_M))) (Open)

L30. Hy (3 M_M) (Open)

L29. Hy T (jJ(G(M X32) Limit 2)j< M _Ey) () E L27,L26)
L28. H T (((F(X)+ G(X)) Limit 1) Limit 2)j< E) (Complex-Estimate

L29,L30,L31,L32)

Hi = LimitF, LimitG, L4, L8, L19

In this situation proof line L,g has already been derived, and L og has been closed by
the method Complex-Estimate From L,g and Log a and b can be instantiated as a =
(G(M _X3) Limity) and b= (((F(X) + G(X)) Limity) Limity). With theseinstan-
tiations, GetSubs(a;b) evaluatesto = fM X,! Xg, such that a = (G(X) Limity).
Furthermore Maple is called to compute the polynomial division, and CasSplit(a ;b) yields
k= 1landl= F(X) Limit,. Finally the three newopengoalsL 33, L31 and L 3, are inserted
into the PDS, and the processof proof planning is cortin ued.

While the processof proof planning integrates Maple 's results without further examina-
tion, the correctnessof thesecomputations are chedked by Mass when the proof is expanded.
In the actual example of LIM+, an expansionof L »g inserts a proof line to formally verify
the result of the Maple computation.



36 Chapter 3. TraceablePolynomial Normalisation in Mass

L67. " (( 1Llimit 2)+ (( 1Limit 1)+( F(X)+ G(X))) =  (=Ref)
(( 2Limit 2)+ (( 1Limit 1)+( F(X)+ G(X)))
L68. T (((F(X)+ G(X)) Limit 1) Limit 2) = (Cas L67)

(1 (G(X) Limit 2))+ (F(X) Limit 1))

An expansionof Lgg is analogousto the examplein section 3.6.1 and results in a re ned
subproof:

L67. " (( 1Llimit 2)+ (( 1Limit 1)+( F(X)+ G(X))) =  (=Ref)
(C 1Llimit 2)+ (( 1Limit 1)+( F(X)+ G(X)))

Lo1. T (C 1Limit o)+ (( 1 Limit 1)+( F(X)+ G(X)))) = (C-Plus L67)
(C 2Limit 2)+ (( 1Limit 1)+( G(X)+ F(X)))

L90. T (( 1Llimit o)+ (( 1Limit 1)+( F(X)+ G(X))) =  (Pop-Plus L91)
(( 1Limit 2)+ (G(X)+(( 1Limit 1)+ F(X)))

L89. " (( 1Llimit 2)+ (( 1Limit 1)+( F(X)+ G(X))) =  (C-Plus L90)
(( 2Limit 2)+ (G(X)+( F(X)+ ( 1Limit 1))))

L8s8. " (( 1Llimit o)+ (( 1Limit 1)+( F(X)+ G(X))) =  (Pop-Plus L89)
(G(X)+(( 1Limit o)+ (F(X)+ ( 1Limit 1))))

L87. T (( 1Llimit 2)+ (( 1Limit 1)+( F(X)+ G(X))) =  (A-Plus-Left L88)
(G(X)+ ( 1Limit 2))+ (F(X)+ ( 1Limit 1))

L86. " (( 1Limit 2)+ (( 1Limit 1)+( F(X)+ G(X))) = (Plus2min us L87)
((G(X)+ ( 1Limit 2))+ (F(X) Limit 1))

L85. T (( 1Llimit o)+ (( 1Limit 1)+( F(X)+ G(X))) = (1*1 L86)
(2 (G(X)*+(  1Limit 2))+ (F(X) Limit 1))

L84. T (( 1Llimit o)+ (( 1Limit 1)+( F(X)+ G(X))) =  (Plus2min us L85)
(@ (G(X) Limit 2))+ (F(X) Limit 1))

L83. T ((C 1Limit 1)+ (F(X)+ G(X))+ (1 Limit 2)) = (C-Plus L84)
(@ (G(X) Limit 2))+ (F(X) Limit 1))

L82. " ((( 1Llimit 1)+ (F(X)+ G(X))) Limit ) = (Plus2min us L83)
(@ (G(X) Limit 2))+ (F(X) Limit 1))

Ls1. T(((F(X)+ G(X)+( 1Limit 1)) Limit 2) = (C-Plus L82)
(@ (G(X) Limit 2))+ (F(X) Limit 1))

L68. " (((F(X)+G(X)) Limit 1) Limit ») = (Plus2min us L81)

(1 (G(X) Limit 2))+ (F(X) Limit 1))

As for the previousexamples,Mass's computation is now modelledwithin  mega's PDS,
and a expansiondown to calculus level is possiblewithout further participation of the CAS.
Therewith the correctnessof the computation can be veried by mega's proof cheder.

The approad of a combined application of Maple and Mass described here allowed
(within its limits) to make useof the algebraic power of the commercial CAS Maple without
having the proof's correctnessthreatened by possibly erroneouscomputations of the CAS and
without the necessiy to perform or remodel all computations that are involved within the
Deduction System'sformalism. Although this approac is limited to computations that are
possibly dicult to perform, but easyto verify (lik e the veri cation of a polynomial division
by meansof a polynomial normalisation), it helped to Il the gapsleft by Maple in the
experimens in the domains of residue classesand limit proofs[53, 54].

3.7 Conclusion

The implementation of the Mass system had mainly two goals. The rst intention wasto
dewelop a systemthat works in a similar style as Sorge's CAS [43], but with an increased
utilit y and a wider range of application. CAS is able to add and multiply polynomials and
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to compute their derivative, but hasthe major drawbadk that it can only handle polynomials
in normal form. As polynomials hardly occur in normalised form in real world problems,
the system's applicability was limited to a few example cases. In corntrast to CAS, the
functionality of the Mass system is based on a simple recursive algorithm for polynomial
normalisation. Further robustnesswasacieved by the allowanceof non-interpreted functions,
such that Mass is able to handle, if not to simplify, arbitrary expressions.

Equipped with this increasedrobustnessand utilit y, the secondgoal could be attacked,
the combination of the computational power of a commercial CAS like Maple to perform
nontrivial computations with the veri cation strength of Mass in simple arithmetics. This
approad was successfullyevaluated in the context of exploration of the domain of residue
classesand the limit domain [53, 54]. The employment of Mass in this context allowed a
expansion of the resulting proofs down to the level of mega's ND-calculus and therewith
to verify the proof using mega's proof chedker. This was previously not possible due to
Maple behaving as a black box systemfrom mega's point of view and due to the lack of
suitable meansto verify Maple 's computations within  mega's formal environment.

While this combination of white box and black box was successfullyintegrated into the

mega system, the experiments described above revealed the diculties of the approac
pursued here, too. As Homann and Calmet pointed out [38], a true integration of CAS
and Deduction System requires a common mathematical knowledge base. In the case of
the integration of Mass in the mega ervironment, this mathematical knowledge baseis
usedto remodel Mass's computational stepsas mega tactics. It turned out that even the
formalisation of the computations performed by a very simple system like the prototypical
Mass required a considerablenumber of tactics. Furthermore the exact synchronisation of
CAS stepsand tactics is critical to the successf the integration of both systems,the more
as some of tactics keep track of syntactical subtleties that are not necessarilyobvious in
Mass's proprietary data structure (e.g. 1a and a have the samerepresenation in Mass,
but are syntactically dierent in mega). Thus the implementation of suitable and correct
tactics in mega was a nonneglegiblepart of the developmen. Furthermore an extension
of a CAS that is integrated this way within an Deduction system requires not not only to
extend the CAS' algorithmic libraries, but in parallel to maintain the common mathematical
database. To easethe impact of this aspect, an authoring tool for tactics in mega was
deweloped, named Taco and described in chapter 4. Taco allows the generation of tactics
from abstract speci cation, automatically producing code for term manipulation and headers
of declarationsin Keim. To provide a comfortable environment for the developmern of tactics,
Taco is equipped with a graphical userinterface to provide a concisepresenation aswell as
facilities for le managemen

In the current implemertation of the systemthe simplicity of the interfaceimposesfurther
limitations on the applicability of the CAS. It mapsthe headfunction symbol of the term or
subtermto be processedo a CAS algorithm. This is appropriate asMass is currently applied
as an enginefor term simpli cation by meansof polynomial normalisation. Furthermore the
computations of the CAS asthey are remodelled within the PDS are restricted to linear term
rewritings, which again is suitable for currently implemented applications, as the computa-
tions required for polynomial normalisation canbe describedasa sequencef equivalenceterm
rewritings. While suitable for the simple prototypical CAS Mass, more elaborate algorithms
and algorithmic techniques are hard to implement this way. E cien t computational tech-
niques like divide-and-conquer strategies, where results of auxiliary computations are reused
in seweral placesand therefore require cross-referencingwithin the CAS-generatedsubproof,
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are hard to expressin strictly linear term rewriting. Other algorithms, like the Gaussianalgo-
rithm to solve linear systemsof equations,would be forced into a quite unnatural appearance
when requiring all information available to the CAS to be encaded within a single proof line.
Finally due to its simplicity, the interface can provide only little information to suggestion
mechanisms and method heuristics. A desirable solution here would be an abstract descrip-
tion of algorithms in the style of method declarationsin mega. Unfortunately, an extension
of the interface to handle method-like abstract outlines is a non-trivial task, asthe matching
of proof lines in possibly long proofs and abstract method declarations from a possibly large
databaseis a technically advanced challenge. The suggestionmedcanism ants [9] attacks
a comparable challenge for methods in  mega. In chapter 5 a data structure is proposed
which could o er the technical basisfor this kind of enhancemen of the interface. This data
structure furthermore provides a blackboard architecture that allows the interface to act as
a collector of constraints, comparableto CoSl E [56], i.e. a module to collect and evaluate
relevant information during proof developmernt and to suggestand invoke possibly applicable
CAS algorithms for further algebraic processing.
A nal fundamental limitation of the approad pursuedin the integration of Mass and
mega is imposedby the cortrol of the executionof algorithms beingplacedoutside mega's
formalism. Therefore the very natural approac of human mathematicians to verify the cor-
rectnessof an algorithm and properties of its results by an argumertation over the algorithm
itself is impossible. This makesit dicult to verify algorithms like the following algorithm to
determine the Greatest Common Divisor of two natural numbers:

fun GCD(a,b)
m:=a mod b;
if m=0then return b else GCD(b,m);

In this casethe property of the algorithm's result to be the greatestcommondivisor of two
numbersis easyto verify by an argumertation over the algorithm, but an integration within
the current implemertation of the Sapper interface would require to explicitly keeptrack of
a whole bunch of side-conditionsin ead step of the computation every time the algorithm is
applied. A thinkable solution here might be the implementation of a formalised macine that
can both be usedto execute algorithms during proof dewvelopmen and provides a basis for
an argumertation over algorithms. While for a rst evaluation a simple language providing
a small set of formalised cortrol structures and algebraic operations would probably do ne,
the researti on software veri cation, e.g. the formalisation of the Java Virtual Machine
respectively parts of it in Isabelle [66, 6, 62], could be a sourceof inspiration.



Chapter 4

Building a Mathematical
Kno wledge Base Using Taco

4.1 Motiv ation

As already discussedin the previous chapter, the applicability of a traceable CAS intended
to interact with a deduction system dependsheavily on the available common mathematical
knowledgebase. As for the CAS itself, this knowledge baseshould be easily extendable, and
the focus of this work is rather on nding genericways to do so than implemerting a xed
system.

The particles this common mathematical knowledge base, or rather the part of it that
is used for the interaction between Mass and the mega system, is composed from are
tactics. Tactics are the counterparts of computational stepsin terms of the Mass system,
and their purposeis to model the CAS's computation within the logical represenation of
the deduction system. Due to their certral role in the interaction betweenthe CAS and
the deduction systemthe selection of tactics to be usedin this cortext is of great in uence
on the overall outcome of the system, so the dewelopmert of tactics to be used here should
be carried out with great care. A sloppy selectionand implemertation of tactics may lead
to a whole bunch of problems: The granularity of the CAS's output trace dependson the
available set of computational steps and therewith on the available tactics, and the trace's
granularity imposedby the tactics used here may lead to a reduced e ciency of the CAS
and to an insu cien t readability of the resulting proof plan, if it is too ne, or, if it is too
coarse,to a disertanglemert of the CAS's trace and its mirror in the deduction system's
logical environment and thus may even threaten the correctnessof the outcoming proof plan.

Moreover during the developmert of the Mass systemthe implementation of tactics turned
out to make up a non negligible part of the e ort spent on coding, in most casesthe amount
of code produced to implement the tactics to model a certain algorithm exceededthe code
produced to implement the algorithm itself. This is due to the fact that rst tactics are
complex and exible tools to manipulate a deduction system's proof plan, and in fact they
have to be that exible and complexto be able to model a CAS's trace without requiring a
too ne granularity of this trace. Secondthe computation of an algorithm is a sequenceof
computational stepsead of which hasto be modelled by atactic, sothat the number of tactics
that have to be implemened exceedsby far the number of algorithms. The sameapplies for
a future extension of the algorithm library, asthe implementation of a new algorithm usually
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requiresthe implementation of seweral new tactics.

Thus, asthe implementation of tactics turned out to be a major part of the developmen of
atraceableCAS, it becamenecessaryto nd acomfortable way to implement and administrate
a library of tactics. As it furthermore appearedthat major parts of the implemenation of
a tactic, although the concept of tactics is very open, consistsof schematic code, a possible
solution is the useof an authoring tool for tactics in mega.

The result of these deliberations was the realization of the mathematical authoring tool
Taco. Taco is intended to provide a very user friendly way to implement and administer
tactics under mega without cutting the power of mega's conceptof tactics. The ideawas
to generateexecutablecode from high level speci cations of tactics, to keepfurthermore the
possibility to embed customised code within these speci cations, and nally to provide the
technique to composehigh level tactics from simpler ones,which meansthat Taco allows the
user to implement algorithms directly within a logical environment. Moreover, as the focus
of the conceptwas strictly laid upon usability, Taco provides a graphical user interface and
facilities for le handling and inspection.

The principle of Taco's functionality is that of a visual editing environment as it is
commonin many commercial systemslike visual HTML editors, e.g. Macromedia's Dream-
weaver [34], and visual programming environments, e.g. Borland's C++ Builder [41]. Similar
to these systemsTaco allows the userto work in a visual ervironment, which provides fa-
cilities for structured presenation of the subject of his developmen and reducesthe amourt
of code that has to be handwritten by means of automatic code generation. Here Taco
is responsible for the automatic generation of the basic skeleton of a tactic as well as the
necessarylLisp functions, which considerably reducesthe rate of typing errors and increases
the productivit y during developmen by providing a conciserepresenation and by freeingthe
user from that schematic part of coding that can easily be done mecdanically but which can
also be very tedious to a human programmer.

Beyond this the Taco ervironment provides a functionality that is special to the dewvel-
opment of tactics in mega. Tactics can be viewed as functions that produce new proof
lines from a set of given proof lines and possibly further parameters. Tednically these func-
tions are implemented in native Lisp code and referred to by the abstract speci cation of
the tactic. Thus the functionality of a tactic is limited only by the capabilities of the Lisp
programming languageitself, which is the basisfor the exibilit y of tactics in mega. The
full power of a programming languagehowewer is necessaryonly for comparatively small part
of the computations which are performedduring a tactic's application, while the rest of a tac-
tic's implemertation is in generalconcernedwith the decomposition of terms to provide the
suitable parametersfor the computation and with composition of terms to encade the results
of the computation in new proof lines. From the dewelopers point of view it is much more
comfortable to specify this task of term decomposition and term composition on an abstract
logical level, asit is the casefor mega methals, and have thesespeci cation processediy a
matching or uni cation algorithm. This proceedingis of coursemuch lesse cien t at runtime
than simply provide a native Lisp function that e.g. selectssubterms at a given position in
a given proof line that is required as a parameter for further computations. Possibilities to
apply a tactic as a proving step either in forward or in badkward direction, ead casemay
require additional functions.

In a developmert ervironment like Taco howewer it is therefore sensibleto provide this
facility of abstract logical speci cations. Thus the core of the Taco systemis a modied

rst order matching algorithm which is run only once when generatingthe code for a tactic
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and which produces native Lisp code that fulls the purpose of term decomposition and
composition as far asit is neededat application time of a tactic. To be noted here is that
only one of the two terms that are to be matched, namely the term in the tactic speci cation,

is known to the matching algorithm at runtime, and that the code that is producedre ects
the testing and branching that is dependert on the so far unknown term. This way the
execution of the matching algorithm is divided in two parts: First, one of the two terms to
be matched is analysed,and executableLisp code is generatedaccordingto the result. This
step is executedonce when the code of a tactic is generated,asthis happensonly during the
dewvelopmert of a new tactic, this stepis not critical to the e ciency of the deduction system
the resulting tactic is intended to be usedwith. In a secondstep, the code that has been
producedis usedto test and processterms in the context of actual proof developmern. This
code is executedevery time the tactic is applied in a deduction systemand thereforeit is time
critical, but the computations performed by this code are much more e cien t than running
a full matching algorithm at a tactic's runtime. This way Taco adieves both goals, rst

allow the deweloper to specify tactic's on an abstract logical level, and secondto usee cien t
straight forward Lisp code to implemert tactics.

4.2 Specication of Tactics

Tactics are tools to perform more or lesscomplex manipulations of proofsin a logical envi-
ronmert. The concept of tactics was introduced in the Edinburgh LCF system by Gordon,
Milner and Wadsworth [32] and was usedto implemert complexinferencerules. The concept
of LCF tactics was to schematically apply a sequenceof inferencerules and to provide the
cortrol for doing so, i.e. the concept of LCF tactics provides the corntrol medanisms of a
programming languageto examinea proof situation, to choosethe appropriate inferencerules
and to apply them to the proof. The useof LCF tactics madeit possibleto handle proof sit-
uations where goalsor subgoalscould be solved in a schematic way, but at a higher level than
that of inferencerules of the underlying calculus. As the programming languageelemerts of
this conceptonly provides the cortrol, while the proof manipulation itself is further on per-
formed by calculus level inferencerules, these tactics can be usedas a tool to schematically
nd the solution to certain proof situations by meansof a programming language without
endangeringthe correctnessof the proof.

The conceptof tactics in the mega systemis a descendah of this idea with similarities
and di erences. The main goal of the conceptof mega tactics is still to make use of the
advantages of a programming languageto solve these parts of a goal that can be solved
schematically, and to be able to justify the outcome of sud a strategy by an application of
a sequenceof inferencerules. The main di erence to LCF style tactics howewer is that, for
reasonsof e ciency, the application of a tactic to a proof situation was separatedfrom its
justi cation at calculuslevel, i.e. when applying a tactic to a set of proof lines the deduction
systemwill chedk whether its applicability constraints are met and will generate new proof
lines if necessarybut the justi cation of the proof linesthat are involved will remain abstract
until a more detailed justi cation is needed. This meansthe application of inferencerules is
omitted during the application of a tactic and is postponedto the time when the expansion
medanism is usedto generateare more detailed justi cation.

Thusthe implementation of atactic consistsof two parts. The rst part is the application
of a tactic. Tactics are inferencesteps, which can be represerned by a scheme of proof lines.
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This scheme of proof lines includes at least one conclusionline, i.e. proof lines that are to be
justied by an application of the tactic, and a number of premise lines (possibly zero), i.e.
proof lines that necessaryto derive the conclusionlines' justi cation. Additionally a tactic
may have an arbitrary number of parameters, e.g. terms or positions of subterms. Soin
generala tactic T is characterisedby an application schemewith conclusionlinesC; :::Cn,
premiselines Py ::: P, and parametersAj :::Ax:

P1:::Pn
T(AL:: AN . Cm

At the time a tactic is applied not all of its argumerts, i.e. in rst place premisesand
conclusions,have to be instantiated by existert proof lines in the current proof situation. It
is often su cien t if someof these proof lines are instantiated, while non-instantiated proof
lines can be generated during the application of the tactic and are inserted into the proof
plan afterwards. This is called partial argumert instantiation or PAI for short.

Due to the capability of handling a PAI situation, the application part of a tactic may
comprisenot only one,but seweral speci cations to apply atactic, which are called application
schemes. An application scheme de nes, which of the lines of a tactic speci cation have
to exist at application time and which not. Application schemesare de ned by outline
patterns, which are lists of the indicators existent and nonexistent . Thesedeclarewhether
a conclusionor premisehasto exist already or whether it can be generatedby the application
scheme. For example a possibleoutline pattern for a tactic with one conclusionline and two
premiselines is (existent nonexistent nonexistent) , which denotesthat in this scheme
is applicableif the conclusionline already existsin the proof plan, but the two premiselines do
not. In caseof an application of this tactic thesetwo premiselines are generatedand inserted
in the proof plan. In generalead application scheme of a tactic is separately implemerted,
where the implementation hasto provide appropriate functionality to instantiate the specic
missing lines.

In Taco afull speci cation of atactic comprises,apart from proof line schemata, param-
eters and outline patterns, additional slots for further constraints, help facilities and theory
symbols. A complete speci cation of the (simpli ed) tactic Split-Monomials-Plus, which has
beendescribed in section 3.6.1, has the following slots:

Variables; This is the slot for variable declarations.
phi z a

Theory Constants. This slot is usedto declaresymbols that are de ned in the mathe-
matical theory. These symbols can be looked up from the proof environment.

plus times div num
Parameters The tactic's parameters.
(pos position)

(x term)
(y term)
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Patterns: Outline patterns of the situations the tactic is applicable in.

(nonexistent  existent)
(existent  nonexistent)
(existent  existent)

Theory: The mathematical theory the tactic belongsto.

real

Premises Proof line schemata for the tactic's premises.

(I1 (formula phi (times z a) pos))

Conclusions Proof line stchemata for the tactic's conclusions.

(12 (formula phi
(plus (times x a) (times y a))

pos))

Constraints: Further side-conditionsof the tactic. Theseconstraints have two purp oses:
they restrict the applicability of a tactic, but can alsobe usedfor variable instantiation.
Brackets f and g are usedto mark Lisp code snippets, seesection 4.3 for details.

{and (data~primitive-p ?X)
(numberp (keim~name ?x))}
{and (data~primitive-p ?y)
(numberp (keim~name ?y))}
{and (data~primitive-p ?2)
(numberp (keim~name ?z))}
(z = {term~constant-create
(+ (keim~name ?x) (keim~name ?y))
?num})

Genenml Help: Describesthe purposeof a tactic.
Rewrite z*a=x*a+y*a where Xx,y,z are numbers and z=x+y.

Argument Help: Help for proof lines and parameters. The help strings are displayed in
interactive proving, when the useris prompted to specify argumerts for the application
of a tactic.

(2 "A Line containg x*aty*a")
(I1 "A Line containing z*a")
(pos "The position of the term")
(x "The first coefficient")

(y "The second coefficient”)
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Expansion: De nes the expansionof the tactic. It is a sequencef inferencestepsead of
which has an identi er, an outline and possibly parameters. Seesection 4.4 for details.

(inference  expand-num (I3 11)({pos~add-end ?pos 1} x y))
(inference  distribute-right (12 13) (pos))

4.3 Code Generation

Although the conceptoftacticsin mega is open concerningthe useof programming language
elemerts, there is in most casesa part of straightforward schematic term composition, for
example the replacemen of a subterm in a given position of a proof line's formula by the
result of somesort of calculation, required for the implementation of a tactic. This applies
for the implementation of functions to instantiate non-existing proof lines of the application
schemeaswell asfor the implemertation of applicability predicates,whosepurposeis among
others to test proof lines for speci ¢ structural properties.

The task to perform here is to match the proof lines in question against the patterns
of the tactic's speci cation. Thus, given a speci cation Cj:::Cy;Pn+1 i::Pm of proof line
patterns, the candidatesL:::Ly for a suitable argument instantiation (which have, with
respect to the application schemesprovided for this tactic, not necessarilyto exist already in
the current proof plan) have to be matched against thesepatterns C1:::Cn;Pn+1 :::Pm. TO
be noted is that in this context symbols occurring within the proof line candidates' formulae
are treated uniformly as constart, with no regardto them being constarts or variablesin the
proof's cortext. The notion of free variableswill be usedin the following to denote free meta
variables, that may occur only within the tactic's speci cation patterns C1:::Cpn;Pn+1 :::Pm.
The solution to the pattern matching is a substitution  sud that for every i2f 1::: mg the
following holds:

Li = G fori2f1l:::ngrespectively L; = P; fori2fn+ 1:::mg, if L; is an existing
proof line in the current proof plan, and

C; for i2f 1:::ng respectively P; for i2f n+ 1:::mg doesnot cortain any free meta
variables, if L; is non-existing.

This meansthat the algorithm hasto nd an instantiation for the speci cation scheme's
set of free meta variables such that neither conicts arisefrom matching multiple occurrences
against their respective occurrencesin actual proof lines nor that this instantiation is incom-
plete, preventing oneor more non-existing proof lineswith uninstantiated meta variablesfrom
being synthesised. Thus the technique of pattern matching is usedfor two purposes: rst to
chedk whether a set of proof lines ts the speci cation of a tactic and therewith whether a
tactic is applicable, and secondto complete the argumert instantiation of a PAI situation.

In the following | will describe an examplefor a tactic's speci cation and its application.
Considering the tactic

P:(A B+A C)

Distributivity Cri(A (B+Q)
1.

a matching of the premise'sspeci cation pattern P against the actual proof line
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Li:(2 a+2 b
would yield the substitution
=fA!l 22B! a;C! kg

which, applied to the speci cation pattern of the tactic's conclusionCgq, will result in the
newly generatedproof line

L2:(2 (at+ b)

In this casethe two conditions stated above are met: First the application of to pattern
P;1 equalsproof line L1, and secondthe result of an application of to pattern C; doesnot
contain any free meta variables. Thus the new proof line L, can be inserted into the current
proof plan and is justi ed by the inferencestep

Li:(2 (a+b)
L,:(2 a+2 b

Distributivit y

When howewer the samepattern P, is matched against the proof line
Li:(2 a+3 b

no suitable substitution will be found, as the free meta variable A in pattern P; occurs
twice and in the respective positions of L3 the two obviously di erent symbols 2 and 3 can
be found. Henceit is impossibleto nd a substitution to full the condition L3 = P4, sothe
tactic is not applicable here.

The type of matching usedin the current implementation of Taco is, although operating
on higher order terms, rst order style matching, i.e. a substitution sudc that T; = P;
or T; = C; denotesin the following a substitution sud that both sidesof the equation are
syntactically equalmodulo -conversion. Thusthe algorithm that is appliedto nd a suitable
substitution is a variant of Robinson's algorithm for rst order uni cation [67, 16]. It starts
on a set of equations of terms that are to be uni ed and with an empty substitution . The
algorithm selectsone equation from and modies and accordingto the following set of
rules depending on the structure of the selectedequation.

In detail the following rules may cometo application (note that the chosenequation is
always remaoved from ):

Deletion

Any equations of the form

t=1t

are removed from , the substitution stays unchanged.
Elimination

If the chosenequation hasthe form
F=t,
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where F is a free variable and has no occurrencesin t, then it is chedked wether F
occursin the domain of . If it doesnot occurin , then this equation is removed from
, the substitution fF ! tgis addedto and appliedto and ead equation from :

O=fF ! tg[[F! t]

O=[F 1 t{]

If alreadyfF ! tg2 ,then the equationis removed from while stays unchanged.
If fF! sg2 for somes6t, then fail.

Decomp osition |
If the chosenequation hasthe form
s(ap:::an) = t(by::: k),
then the equationis removed from , and equationsof the subtermsand their respective
counterparts are addedto , while stays untouched:

0—

O= [fs=tap=ly:::;an = g
Decomp osition 11
If the chosenequation hasthe form

Xss =yt
then the equation is removed from , and equations of the abstractions' ranges are
addedto , while stays untouched. To avoid clashescausedby naming of the bound
variable, their occurrencesin both subterms are substituted by the samenew variable.
This variable is to be treated asa constart in the following (i.e. in rst placeit should

not occur in the domain of
0:

O= [ X! VhewlS=[Y! Vnewlto

Failure

If the chosenequation doesnot t any of these casesor substitution fails the occur
che, then fail. This rule appliese.g. if trying to match two di erent constarts or two
di erent structures like an abstraction and an application.

Theserules are applied until = ;, i.e. until all equationsin  have beenprocessed.
As the actual task of Taco is howewer not to match concreteterms and possibly nd the

accordinginstantiations, but rather to produce executableLisp code that is ableto full this
task on an arbitrary input of terms, some adaptions have to be made. The generation of
code is basedupon the fact that, given a set of patterns that are to be syntactically matched
against concrete proof lines, the subterms that provide the actual instancesof terms to be
substituted for these patterns' free variables will occur in xed term positions, furthermore
the occurrenceof con icts concerningterm instantiation can alsobe decidedby chedking the
subtermsin constart positions of the candidate expressions.

The coreof Taco implements a two step procedure,whose rst part analysesthe tactic's

speci cation, which is, exceptfor someadaptions, rather similar to the uni cation algorithm
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discussedabove; the secondpart adapts the result of this analysisto the actual PAl-situation

and generatesthe appropriate Lisp codeto test the respective proof lines for a possiblefailure

of the uni cation algorithm (which is corresponding to the tactic not being applicable), to

compute a correct substitution and to apply it in order to instantiate missing argumerts.
To adapt the above uni cation algorithm, two main problems have to be tackled:

during analysis of the tactic:

Not all the terms that are to be unied are known at the time of code generation.
This a ects the algorithm asit is in particular unknown when the conditions of which
reduction rule are met so that this rule would cometo application. Furthermore the
result of an application of say one of the Decomposition rules to an unknown term are
also unknown. Therefore the analysis of the tactic's speci cation will rather provide
a scheme for a uni cation with respect to those argumerts of the algorithm that are
known at code generationtime.

when adapting the result to a PAI:

Depending on the application schemesthat are to be handled, someof the terms may
not be instantiated at all, and thus all computations the algorithm would perform on
theseterms becomeobsolete,which considerably a ects the resulting substitution.

To tackle these di culties requires some modi cations of the algorithm. In particular
some of the computational steps of the algorithm have to be performed virtually , which
meansthat if an unknown term is object of a certain step of the algorithm, there may be
se\eral possibilities of the algorithm to branch. In this casethese possiblebranchings along
with their respective side-conditionsare collected. The decisionwhich branch of the algorithm
comesto application is postponedto either the time of code generation or to the time the
tactic is applied.

At code generationtime the uni cation sthemeis adapted to de ned application patterns
of the tactic, these patterns de ne which of the tactic's argumert proof lines are already
instantiated when the tactic is applied. Depending on this additional information some of
the possible branches of the algorithm can be cut. At the time the tactic is applied, the
generatedcode will provide the appropriate control o w statemerts to decidewhich branches
of the algorithm are cut.

The actual modi cation to the above algorithm is rst line to collect possible computa-
tional stepsthat a ect the basic set of equations and the substitution to be constructed
rather than applying them. The collected stepsare stored in a Construction Graph that will
be explained in a more detailed discussionbelon. Apart from this the adapted uni cation
algorithm is executedas before except that

in an application of rule Elimination the resulting substitution is not applied to the set
of equations but is merely collected. Note that this doesnot necessarilyresult into a
unique substitution for ead variable of the domain of . Furthermore, asit is at analysis
time not clear which of the a ected variables will have to be treated as constant and
which as free variables as this dependson the proof lines that are instantiated before
a tactic is applied. In generalthere will be two possible substitutions for an equation
a= b namelyfa! bgandfb! ag.
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the application of the Decomp osition | and Il may be applied to a term that is

unknown at analysistime. In this casethe decomposition is performed virtual ly, which

meansthat new variables are introduced to handle the resulting subterms (e.g. the

function term of an application), their origin is stored in the Construction Graph, and

at the sametime possiblestructural properties that are required to actually apply this

rule are collected(e.g. when attempting to apply rule Decomp osition |, the necessary
structural property is that the respective term is an application).

as at analysistime it is not always possibleto distinct free variables from constants
it may be not clear whether rule Elimination , rule Deletion or rule Failure comes
to application. Therefore the distinction betweenthe Elimination case,the Deletion
caseand the Failure caseis omitted, the relevant terms are collected, and possible
clashesare resolhed later. Note that for this reasona collected substitution fa! bg
doesnot necessarilyrepresen an actual substitution, but may be aswell interpreted as
an equation a = bthat determinesfailure or successof the uni cation algorithm (see
below for details).

The result of an application of the modi ed algorithm is obviously not a unique substi-
tution but rather a collection of relations betweenvariables respectively structural properties
of variablesthat make up the Construction Graph. In the next step this collection is adapted
to a speci ¢ application scheme (which correspondsto a certain PAI situation and therefore
determinesthe property of being a free variable or a constant for ead variable in the graph).
This meansthat unused relations are dropped (if they refer to variables that are not used
in this particular PAI situation), and the useful onesare interpreted and assenbled to an
executablepieceof Lisp code. In this step the actual substitution is computed along with
the required preconditions for the uni cation algorithm to be successful. Furthermore am-
biguities are resolved that occur if there are seweral possiblesubstitutions for one particular
variable: If there are seeral substitutions for one free variable, then one of them is chosen
to constitute the substitution (which is equivalert to an application of rule Elimination ),
while the others are consideredsubject to rule Deletion or Failure depending on the terms
that are involved. Thus if the terms of these substitutions equal (syntactically) the one that
is chosenfor the construction, then the unmodi ed algorithm would have succeededijf they
do not, rule Failure would have cometo application, i.e. the algorithm would have failed to
nd a suitable substitution.

The matching in Taco is donein three phases. In the rst phase,the tactic's abstract
speci cation is analysedand the construction graph is built up accordingly. In a secondphase
this graph is usedto generatethe code to match actual proof lines against these speci cation.
For ead application case,i.e. for ead outline pattern, an applicability predicate and an own
set of functions for argumert instantiation is generated. The code generatedin this second
phaseis executedin the third phase,whenthe tactic is applied in a running deduction system.
Note that the potentially costly phasesone and two have to be computed only oncebefore an
actual proof seard. Thus the share of computations that have to be performedin an actual
proof seard are considerably reduced.

In the following | will give a detailed explanation of the data structures that are usedto
represen the Construction Graph and of the algorithm that is applied to build it from the
speci cation of a tactic.
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4.3.1 Construction Graph

In the rst step the speci cations of the tactic to be processedare examined for structural
dependenciesand requiremerts, i.e. in rst line it is evaluated whether terms that were
previously uninstantiated can be computed from any other given input or independertly.
The aim is to code these dependenciesinto a graph like structure that will be denoted the
construction graph, whose nodes are (possibly automatically introduced) variables that are
connectedby so called construction rules and possibly annotated by constraint rules which
represen structural properties that this variable hasto full. In this context all atoms of a
tactic speci cation, namely proof line formulae, tactic parametersand symbols, are treated
equally and are therefore uniformly denotedasterms in the following, furthermore every term
is represenied as a variable in the construction graph.

Construction Rules

Construction rules are usedto construct terms from other terms. Their structure is that of an
n-ary mapping, where the construction rule is characterised by its base which is a (possibly
empty) list of variables, and its target, which is a single variable that can be constructed using
this rule. Furthermore the construction rule features a piece of Lisp code that implemerts
the actual description how to construct the target from the base If we considerfor example
the term ¢ which say occursin the equation c = a+ b, ¢c canbe constructed from the function
symbol + and the list of the application's argumerts [a;b]. Taco will now introduce a new
variable for this argumert list, say vnew, Which will be treated separately and the following
construction rule is added to the construction graph:

construction_rule(target . C
base: [+,v_new]
code: 'data~appl-create  + v_new'’)

The code fragment (data~appl-create  + v_new) contains the Keim function to create
a new application term whosefunction is + in this caseand whoseargumerts are the terms
contained in the list Vpey.

When processingthis example, supposedthat + is a theory symbol, i.e. that it is al-
ready de ned in mega's mathematical database,two construction rules are added to the
construction graph that is generatedby Taco:

construction_rule(target Do+
base: 1
code: ‘env~lookup-object
+

(pds~environment omega*current-proof-plan )"

construction_rule(target ©v_new
base: [a,b]
code: list ab)

Thus we can construct the term c if a and b are known by constructing vnew with the
third rule. Then + canbelooked up in mega's proof ervironment via the secondrule, and
nally c¢ can be constructed by using the code fragment of the rst examplerule.
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Constrain t Rules

Besidestheserules to construct terms, Taco's construction graph cortains also rules to test
terms for speci ¢ structural properties, the constraint rules. Theserules are annotations to
a node respectively term in the construction graph and allow terms to be tested for e.g. the
property of being an application, an abstraction or a list.

In the above example, Taco will add the following constraint rules to its construction
graph:

constraint_rule(base: c
code: 'data~application-p c)

constraint_rule(base: V_new
code: 'listp  v_new)

constraint_rule(base: V_new
code: 'eqgl (list-length V_new) 2

which tests c¢ for being an application and vney for being list of length two, and all three
rules together test whether c is an application of arity two.

Graph Construction

The core of the processof construction graph generation is to decompose every useful term
given in the tactic's speci cation. At this point the modi ed algorithm for syntactical uni -
cation comesto application.

As described above the algorithm starts on a set of equations, which are in this case
extracted from the tactic's speci cation. For this purp osethe useful parts of this speci cation
are rst the proof line specications, where ead speci cation of the form (I n t) . This
denotesa proof line labelled | _n, whoseformula is t. When building the construction graph,
| _n is treated as a variable that is bound to the node's formula, and the speci cation (I n
t) is interpreted as an equation of | _n and the specied term t. Thus the proof line's
formula is always represerted by one symbol, while the specication t will in most cases
be a non-primitiv e term. For examplein the tactic Distributivity introducedin section 4.2,
these speci cation terms will bea * (b + ¢) anda * b + a * ¢c. As Taco also provides
the possibility to apply explicit constraints for a further speci cation of the tactic, this is
a secondsource of equations for the algorithm's starting set. These constraints are either
natively given in an equational form, in which casethey are added to the starting set, or
they are application of predicates (technically these are code fragmerts), which are directly
translated to entities of constraint rules (seebelow).

To compute the respective Construction Graph from a set of equations, these equations
are sequettially processedaccording to a set of rules that are described in the following.
The equations are chosenone after the other and removed from the set, then, depending on
the rule that comesto application, new nodes, i.e. new variables, and new edges,i.e. hew
construction rules or constraint rules are addedto the Construction Graph

Note that the distinction betweenfree variables, constarts and bound variablesis omitted
when talking about reduction rules to establishthe Construction Graph This is due to the
fact that at the time of graph construction it is not clear which of these properties can be
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establishedfor which symbol, the matter will however be consideredwhen generating code
for an actual application scheme. Furthermore variables of a tactic's speci cation are meta
variables and their namespaceis disjunct from the namespaceof the proof ervironment's
variables.

In detail following rules may be applied to the initial setof equations (as for the original
algorithm for syntactic uni cation, the chosenequation is always removed from set ):

Elimination

If the chosenequation is of form

a=b

then the following construction rules are added to the Construction Graph:

construction_rule(target: b
base: [a]
code: ‘a"

construction_rule(target: a
base: [b]
code: a"

In this caseneither new variables nor new constraint rules are introduced, and no new
equationsare addedto :
0-

The semariics is that both of the variables can be instantiated by their courterpart.
To do sono further constraints are required.

Virtual Decomp osition |

If the chosenequation is of form

a="f(b:::by)

then two new variables ghew and argspew are introduced. Furthermore the following
construction rules are added to the Construction Graph:

construction_rule(target: a

base: [g_new, args_new]

code: 'data~application-create g_hew args_new)
construction_rule(target: g_new

base: [a]

code:  'data~appl-function a")
construction_rule(target: args_new

base: [a]

code: 'data~appl-arguments  a")

The new constraint rule that is addedto the Construction Graph are:
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constraint_rule(base: [a]
code: 'data~appl-p a)

and nally two new equationsare addedto :

0= [ fOnew = fiargspew = [br:::by]g
The semariics is that an application can, given its function term and the list of its
argumerts, be constructed using the function data~application-create . If howewver
the function is known, it can be decomposedinto its function term and the list of its
argumerts, and to do soit hasto be cheded whether the term in question actually is
an application term, which is done by the predicate data~appl-p .
Virtual Decomp osition |
If the chosenequation is of form
a= xb
then two new variables Xnew and cpew are introduced. Furthermore the following con-

struction rules are added to the Construction Graph (the code si simpli es for better
readability):

construction_rule(target: a

base: [x_new, b]

code: 'data~abstraction-create X_new b")
construction_rule(target: X_new

base: ]

code: ..  newvariable ..."
construction_rule(target: Cc_hew

base: [X_new, a]
code: ' replace x by x_newin abstr-range a ...")

The new constraint rule that is addedto the Construction Graph are:

constraint_rule(base: [a]
code: ‘data~abstraction-p a"

and nally two new equationsare addedto :

0= [ fCrew = [X! Xnew]by
The semartics is that an abstraction can, given its range and domain, be constructed
using the function data~abstraction-create . If the abstraction is known, we can
extract its range. Note that, to avoid name clashes,the domain variable of the abstrac-
tion on either side of the equation is substituted by the new variable X pew for further
processingof the terms in question. Tednically this substitution diers at both sides
of the equation: the substitution that is applied to a is hard coded in a construction
rule and will therefore not be applied until the runtime of a tactic's application, the
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substitution at the equation's left side howewer is applied to the metaterm x:b at code
generationtime and will therefore leave no obvious tracesin the resulting code.

Here aswell asin the Virtual Decomp osition | rule the property of a actually being
an abstraction can be cheded using the predicate data~abstr-p  when needed.

To completethe implementation of the algorithm for syntactical matching describedabove,
the set of rules is extended by the Intro duction rule:

Intro duction
If the chosenequation is of form
a=b

where the expressionsat both sidesof the equation is a non-primitiv e term, then a new
variable xXnew is introduced. This rule adds neither construction rules nor constraint
rules to the construction graph, and the equation is split into two new equations that
are addedto :

0= [ fa= Xnew; b= Xnew9

The e ect isthat a possibleapplication of the Decomp osition | or || rule of the former
matching algorithm is reducedto an application of the Virtual Decomp osition | or
I'l rule of the actual implementation, asthe resulting new equationswill be subject to
one of theserules.

Note that this rule operates on non-primitiv e meta terms, i.e. terms whose structure
(at least at top level) is known at code generationtime. As the purposeof this rule is the
reduction of the former Decomp osition rulesto Virtual Decomp osition rules, the e ect
is a shift from a decomposition at code generationtime, which is performed at meta level, to
a decomposition at runtime of a tactic's application.

Although this obviously a ects the e ciency of the resulting code (as the decomposi-
tion hasto be performed ewvery time the tactic is applied), it newerthelessis advantageous
concerningthe maintainabilit y of the system. This is due to the fact that the geruine match-
ing algorithm is able to handle terms that are formed accordingto a quite simple syntactical
schemewhich allows a term to be either a primitiv e, i.e. a constart or variable, an application
or an abstraction, while the implemertation of a corveniert ervironment for the speci cation
of tactics requires a somewhatmore elaborated syntax. As the focus of the Taco systemis
laid upon usability, beneath these possible structures the syntax of Taco provides further
syntactical structures like lists or formulae that can be accessedat a given relative position
(seebelow for a detailed description). As Taco is preserily in a prototypical state and its
syntax and the structures comprised within it are probably subject to further changes,the
Intro duction rule provides a corveniert tool for a genericand uniform treatment of the de-
composition of all those structures. The e ect of this reduction of a meta level decomposition
to a decomposition at runtime is that the implementation of new syntactical structures has
only to be implemented for the runtime case,which usually can be done by the intro duction
of construction rules and constraint rules, while the meta level caseis generically subsumed
by the Intro duction rule. This doesnot only cut the e ort of an implementation of a new
syntactical structure, but also provides a consistert behaviour of the systemasit avoids dif-
ferencesin the result of sudh a decomposition between meta level caseand runtime case,as
they both are reducedto the samepiecesof code.
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Apart from the treatment of additional syntactical structures that will be discussedn the
following, the Intro duction rule completesthe implementation of the matching algorithm.
Obviously two of the former rules are abandoned,namely the Deletion rule and the Failure
rule. The wherealout of both of theseruleswill beclari ed in the following sections,wherethe
actual generation of code for argumen instantiation and applicability predicatesis discussed.

First however | will complete the list of reduction rules for the generation of the con-
struction graph. The following rules are concernedabout additional syntactical structures
provided by Taco.

List Decomp osition
If the chosenequation is of form

a= [bg;:::5bn]
then the following construction rule is addedto the Construction Graph for eah elemen
of the list:
construction_rule(target: b i
base: [a]
code: 'nth i a)

furthermore a construction rule is addedto construct the whole list from its elemers:

construction_rule(target: a
base: b1 ... b.n
code: list b _1.. b_n)

The new constraint rules that are addedto the Construction Graph are:

constraint_rule(base: [a]

code: listp a)
constraint_rule(base: [a]

code: '= (list-length a) n)

In the caseof the List Decomp osition rule the Intro duction rule is additionally
applied to ead non-primitiv e elemen of the list, i.e. if an elemen of the list has a
complex structure, a new variable will be introduced and the appropriate equation is
addedto :

0= [ fXnew = hQ

This newvariable xnew furthermore replacesall occurrencesof by, within the construction
rules and constraint rules described above.

The semartics is that a list can be decomposedinto its elemerts if it is known, and that
it can be composedfrom its elemerts, if theseare known. Furthermore to decomposea
list, it is necessaryto chedk whether the term in questionis a list of appropriate length.
Note that lists are essetial to deal with applications, as an application consistsof a
function term and a list of argumert terms.
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Num ber Elimination
If the chosenequation is of form
a=n

where n is an explicit number, then the following construction rule is added to the
Construction Graph:

construction_rule(target: a
base: ]
code: 'data~constant-create n num')

which meansthat a can be constructed by creating a number term of value n. Numbers
are treated specially as they are literally de ned constarts whosevalue is determined
by their symbol, which di ers from the behaviour of other constarts or variables.

Code Embedment

Besidesthe de nition of syntactical patterns, term manipulation under Taco can also
be performed by embedding native Lisp code. Thus may contain equations of the
form

a = piece-of-code (vi:::Xp)

where piece-of-code is a pieceof native Lisp code. This code can be straight forward
converted to a construction rule:

construction_rule(target: a
base: [v1 .. v.n
code: 'piece-of-code(v_1 ... v_n))

Taco provides furthermore the possibility to use meta variables within this piece of
code, sothat the baseof sud a construction rule is the set of meta variables corntained
in that code.

Form ulae
Formulae are usedto accesssubterms at a given position. They occur in the form
a = formula ( ;X; pos)

where is the term, x is the subterm and pos is the relative position of x in . As
X may be a non-primitiv e term, it is replacedby a new variable xnew. This construct
is usedfor term rewriting in given positions, i.e. constructing a from , x and pos by
replacing the subterm at position pos with x in :

construction_rule(target: a
base: [Phi x pos]
code: 'data~replace-at-position Phi pos x")
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Furthermore x can be constructed by looking up the subterm in  at position pos:

construction_rule(target: X
base:  [Phi pos]
code: 'data~struct-at-position Phi pos x")

To nd an instantiation for , a can be used:

construction_rule(target: Phi
base: [a]
code: a"

As the syntactical construct formula ( xpos) denotesa term that is known except for
position pos, Taco has to keep track of these de nitions. Therefore de nitions of
formulae are collected and later tests for equality are evaluated with respect to the
possibly di ering subterm at position pos. The introduction of the new variable is
recordedin :

0= [ fXnew = X0

This rule completesthe list of possibly applicable construction rules. The computation of
the construction graph is nished, if the set of equations is empty. If there are equations
remaining without an appropriate rule being applicable, the algorithm fails.

The construction graph however is only a rough skeleton of the term manipulation to be
done. The generation of executable code from the set of construction rules and constraint
rules, which depends heavily on the context of the actual application scheme of the tactic.
The main task of adapting the information represened in the construction graph to an actual
application stcheme is to select appropriate construction rules and constraint rules and to
apply them in the right place. How this is doneis subject to the following sections.

4.3.2 Argumen t Instan tiation

The instantiation of missing argumerts in a PAI situation is the major purposeof the Taco
algorithm. Regarding Robinson's algorithm for syntactic matching, the main di erences to
its implementation are in rst place that the analysis are separatedinto two steps due to
the lack of information at code generation time, as the actual terms to match are usually
not known until runtime of a tactic's application, and in secondplacethe separation between
nding asuitable substitution for uni cation and its application to actually instantiate missing
argumernts is abandonedfor reasonsof e ciency. A further reasonto do sois the dynamic
nature of the context to which the information brought about by the matching has to be
adapted to. Howewer although the dynamics of the context, e.g. the existence of seweral
application schemesand therewith the possibility of parts of the information gained by the
matching algorithm becomingobsoletein someof these cortexts, the data structure of the
construction graph allows to represett this information in a su cien tly dynamic form to keep
it adaptable to a changing corntext.

Oncethe construction graph is established,it is easyto extract the information neededto
cope with a speci ed PAI situation. Note that the construction graph the procedurerelieson
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is the samefor ead argumert in ead PAI situation that is processed.The information that
is extracted should result into the generationof executablecode, and this code should provide
the following functionality: code to instantiate missing argumerts from information provided
by a speci ed context and an applicability predicate to determine whether a uni cation is
possiblein this context at all. The functionality of instantiating a term from a given context
is essetial for the generation of instantiation functions as well as for the generation of an
applicability predicate.

The basic fragments which the generatedcode is assenbled from are the code fragmerts
given by the construction graph's construction rules. The semartics of a construction rule is
that the target symbol, say c, can be created by executing the rule's code fragment, and a
precondition is that there are no uninstantiated symbolsin the list given by the rule's base

construction_rule(target . C
base: [+,v_new]
code: '(data~appl-create + v_new))

Thus if all symbols from the base list are instantiated, the rule's code can be applied.
The resulting code to instantiate c is assenbled form both the code to instantiate its base
variables and the code snippet in the rule:

(let*  ((+ (... code to generate + ..))
(Vv_new (... code to generate v_new...)))
(data~appl-create  + v_new))

In this example,an application is createdfrom function symbol + and argumert list Vpew.
The result is ¢, which is the return value of the function here.

If howewver there are uninstantiated symbols left in this list, we can attempt to recursively
lookup construction rules to instantiate these missing base symbols. Thus the actual task to
perform to assenble the code for argumert instantiation is that of nding a directed acyclic
graph (DAG) within the construction graph with the following properties:

the argumert symbol that is to be instantiated is a node in the DAG. In the following,
this symbol is referred to asthe root of the graph.

all edgesin the tree are given by valid construction rules. Construction rules are n-ary
mappings of the target symbol and the set of supporting base symbols. If a construction
rule is applied in the DAG, all of its base symbols are nodesin the DAG. Note that
someconstruction rules, e.g. to look up theory symbols, have an empty base.

every symbol node in the DAG may support the base of seweral construction rules, but
it is the target of at most one construction rule.

all nodesof the DAG that are not the target of a construction rule are already instan-
tiated symbols; or technically it hasto be ensuredthat all variablesthat are usedby a
code fragmen have beenassigneda value previously. Practically this meansthat the
symbol in questionis either given from the context of the PAI situation, i.e. it denotes
the formula of a given proof line or one of the tactic's parameters.

The requiremert that this graph should be translated to executable code is the reason
why the graph hasto be a DAG:
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The graph hasto befree of directed circles,i.e. there is a path of construction rules that,
pursued from their baseto their target, connectsa variable to itself. The consequence
would be the attempt to recursively derive a variable from itself, which will not be
successfuhere.

Undirected cyclesare allowed and, from a technical aspect, reasonable:in this situation
a symbol supports the base of sewral construction rules and therefore has multiple
occurrencesn the resulting code. As it is however ensuredthat this symbol wasproperly
de ned previously, this doesnot a ect the correctnessof the resulting code.

The result is an algorithm that implements a depth rst badkward seart over the con-
struction graph. The argumens of this algorithm are rst the symbol x that hasto be
instantiated and secondthe set | of variables that are already instantiated and a set P of
variables that are pending, i.e. a construction to instantiate them has beenfound, but the
seard for an appropriate well founded DAG is not completed yet; when starting the pro-
cedure, | is initially the set of variables that occur in the actual corntext and are therefore
already instantiated, P is empty.

The value of the call instantiate( X, |, P) iscomputedaccordingto the following rules
and either returns a DAG that meetsthe requiremerts stated above or fails, furthermore the
procedurereturns | © a modi ed versionof | where all variables that have beeninstantiated
during the processare added.

If x 2 1 then terminate, asx is already instantiated. The DAG that is returned is the
single node DAG whoseroot is x. No new variables have beeninstantiated, thus | 0=,

If x 21 and x 2 P then fail. In this casethere was an attempt to construct a DAG
that contains a directed cycle.

If x 21 and x Z P, then lookup the list fc; ::: c,g of available construction rules whose
target is X. Find the rst rule ¢ that can be successfullyapplied, which is determined
by the following recursion:

Let fby:::bywg the baseof ¢i. A rule ¢ can be successfullyapplied if for none of

its base symbols the procedure instantiate( b, 1;, P [ fxg) fails. To construct

by, the procedureis called with 1 = I; %for j2f2:::mg and I; = I, the set of
variablesthat have already beeninstantiated beforetrying to instantiate x. This way, a

double construction of variables that have already beeninstantiated after constructing

by:::y 1 is avoided.

If there is no sud rule then fail, elsereturn a DAG whoseroot is X, the sub-graphsat

depth 1 are thosereturned by the procedurecalledto the basesymbols of the successful
construction rule, which furthermore represerts the edgesbetweenroot and sub-graphs.
The set of variables that have beeninstantiated sofar is | °= 19[ fxg, i.e. the set of
variables that have beeninstantiated after having processedhe last basesymbol of ¢;

plus x.

When sudch a DAG of symbols and code fragmerts is found, the only thing left to dois to
translate the result from its DAG structure into a linear list of code fragmerts. The property
that hasto be presened when doing sois the ordering given by the DAG: if a node is a child
of another node, then its occurrencein the list should be placed before the parent's node.
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Premises
(I1 (formula phi (times z a) pos))
Conclusions

(12 (formula phi
(plus (times x a) (times y a))

pos))
Constraints:

{and (data~primitive-p ?X)
(numberp (keim~name ?x))}
{and (data~primitive-p ?y)
(numberp (keim~name ?y))}
{and (data~primitive-p ?2)
(numberp (keim~name ?z))}
(z = {term~constant-create
(+ (keim~name ?x) (keim~name ?y))
?num})

Figure 4.1: A Part of the Speci cation for Tactic Split-Monomials-Plus.

This is necessarybecausethe DAG structure represens the dependenciesbetween symbols:
a symbol is instantiated by applying a speci ed code fragment to its child nodes, therefore
these have to be instantiated previously. Regarding the linear ordering of the list howewer
it is uncritical to place further code fragmerns betweenthe instantiation code of a symbol
and that of its children which it dependson. In the example tactic Split-Monomials-Plus,
specied in gure 4.1, Taco nds the DAG depictedin gure 4.2to instantiate proof line |1
from 12 and the parametersx, y and pos in the PAI situation that is given by outline pattern
(existent  nonexistent)

The nal step of code generationis the translation of the resulting list to executableLisp
code. As the elemerns of the list already contain code fragments that are ready to use, the
task to perform hereis simply to padk them in linearised form into a valid let* statemert.
The result is depictedin gure 4.3.

Note that the result of this procedureis only the code to generateone speci ed argumert
of a tactic from a specied context. In generalthis is only a fraction of implementational
work to specify a whole tactic, asatactic usually contains seweral application schemes,ead of
which specifying another PAI situation. Furthermore ead of thesePAI situations may feature
seweral uninstantiated argumerts, and for ead of these uninstantiated argumerts there has
to be an implementation to generateit from its speci ¢ context. Thus this procedurehas to
be repeated until the code for instantiation of all of theseargumerts is generated.
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x2:(data~struct-at-posit ion 12 pos)

/

x3:(data~appl-arguments  x2)

\

x6:(nth 1 x3)

\

X7:(data~appl-arguments  x6)

num:(env~lookup-object  :num)

\

z: (term~constant-create
a:(nth 1 x7) (+ (keim~namex )
(keim~namey )) num)

/

times:(data~appl-functio n x6) x1:(list Z a)

\ /

x0:(data~appl-create times x1)

\

I1:(data~replace-at-pos iti on |2 pos x0)

Figure 4.2. The Code DAG to instantiate |1 in pattern (existent nonexistent) with
parametersx,y and pos.

4.3.3 Applicabilit y Predicates

Apart from the generation of code to instantiate previously uninstantiated argumerts of an
PAI situation, the code for the appropriate applicability predicate hasto be generated. The
purposeof an applicability predicate is to analysea PAI situation to examinewhether it ts
the speci cation of a tactic and therewith whether a speci ed tactic can be applied in this
situation.

From the technical point of view the code that is automatically generatedby Taco hasto
ful | two purposes:First it hasto ensurethat the argumerts and parametersfound at the time
of a possibleapplication of a tactic match the meta speci cation of a tactic de ned in Taco.
Second, as the code generated to instantiate missing argumerts in a specic application
scheme respectively PAI situation relies on properties of the processedobjects which are
guaraneed by the meta speci cation, it preverts the code of instantiation functions from
crashing. In other words a PAI situation that is determinedto t atactic's speci cation by
an applicability predicate should causeno crasheswhen being processedby an instantiation
function. An exampleis list decomposition: Applying the Lisp function nth to a non-list
object causesan error.

Critical points that have to be consideredwhen implemerting such an applicability test
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(let*
((x2
(data~struct-at-position 12 pos))
(x3
(data~appl-arguments  x2))
(x6
(nth 1 x3))
(x7
(data~appl-arguments  x6))
(a
(nth 1 x7))
(num
(env~lookup-object  :num
(pds~environment omega*current-proof-plan )))
(z
(term~constant-create
(+ (keim~namex ) (keim~namey )) num))
(x1
(list z a))
(times
(data~appl-function X6))
(x0
(data~appl-create  times x1)))
(data~replace-at-position 12 pos x0)))

Figure 4.3: The Code DAG of gure 4.2in linearised Form.

are mainly to ensure structural properties of the formulae in question and to ensure the
equality of all occurrencesof a symbol if it is usedin sewral placesof the speci cation, e.g.
if within the speci cation of a tactic occursthe expressiona+ a, the applicability predicate's
code should ensurethat the structure of the respective object is that of an application with
arity two, and that both of its argumerts are equal.

The procedure of generating the code to implement an applicability predicate is based
on the same construction graph that is usedto generate code for argumert instantiation.
Howewer constraint rules, while ignored in the previous section, come to application here.
Now the construction graph hasto be examinedto nd and handle the critical points in a
tactic speci cation, i.e. structural properties of symbolsand equalitiesof di erent occurrences
of the samesymbol. The necessaryinformation can be extracted from the construction graph
accordingto the following principles:

Structural prop erties of symbols are explicitly given by constraint rules, i.e. if a
symbol is related to one or more constraint rules, the execution of the code fragmerts
of theserules determineswhether or not this symbol meetsthe structural requiremerts
of the tactic's meta specication. These constraint rules are generated, as already
discussedby the procedurethat analysesthe tactic's meta speci cation.

Equalit y of dieren t occurrences of a symbols can be examinedby analysis of the
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construction rules of the graph. If the symbol has seweral occurrencesthat are relevant

in a speci c PAI situation, then there are seweral construction rules that can be used
to instantiate this symbol (note that a construction rule contained in the construction

graph only becomesrelevant to a PAI situation if it actually is applicable, i.e. if all

symbols of its base can be instantiated). Thusto ensurethe equality of all occurrences
of the samesymbol it hasto be chedked whether the execution of the code fragments

of all relevant construction rules have the sameresult.

Note that the occurrence of such critical points is not limited to symbols that are in-
stantiated at the time a tactic is applied, but may as well originate from symbols whose
instantiation is done by the code that is generatedby Taco. Thus to verify the applicability
of a tactic in a specied proof situation, not only symbols which have obvious occurrences
in the starting situation are examined, but also those symbols that can be instantiated by
Taco's algorithm. All symbols that are reacable via a path of construction rules from the
starting situation can be instantiated. For all thosesymbolsit is examinedwhether they meet
the requiremerts of the tactic's speci cation.

For this reasonsymbols are not only examinedby the Taco procedureto generateappli-
cability predicates,but may alsobe instantiated by this procedure. As the aim in this caseis
di erent from that when attempting to instantiate one speci ed symbol, which was the aim
in the previous section about argumert instantiation, the algorithm, although relying on the
sameprinciple and the samedata structure of the construction graph, is di erent in this case,
too. The actual di erences now are rst that the objective is to examineall symbols rather
than instantiating one of them. The consequencés that the type of seard that is applied to
examinethe construction graph is a breadth rst seard that is applied in forward direction,
i.e. the task is to determine which new symbols can be instantiated from a given set of known
symbols by forward application of a construction rule in the construction graph, while the
instantiation of one special symbol rather suggeststhe use of a depth rst badkward seard,
i.e. it hasto be determined whether there is a construction rule whosebaseis constructible
and whosetarget is that special symbol. Second,unlike the code resulting from the procedure
for argumert instantiation, the code of an applicability predicate is intended to operate in
a somewhatinsecure area, i.e. no symbol has any guaranteed property like e.g. being an
application. The consequences that to prevent the code from crashing it is necessaryto
test symbols for the properties that are required for further processing,e.g. decomposition of
non-primitiv e terms should be precededby an examination of the property of being a non-
primitiv e term of appropriate type. Thesecheds will becomeobsoletein a later execution of
code for argumert instantiation, as we can assumethat an applicability predicate has been
applied prior to the actual tactic application, but the cheds are required in the right place
to produce applicability predicatesthat comeup with a negative result rather than crashing
in situations in which the tactic is not applicable

The consequenceof these deliberations is an algorithm that implements a breadth rst
forward seard over the construction graph while keepingtrack of the properties of a ected
symbols that have to be cheded prior to further processing.The algorithm proceedsin two
alternating cycles: rst all constraint rules that are not depending on variables that have no
instantiation yet are evaluated, then all applicable construction rules whose base variables
have no pending constraint rules are usedto instantiate new variables. If constraint rules are
applicable that can be usedto construct variables that already have an instantiation, both
instantiations have to be equal. thesetwo cyclesare repeated until no more constraint rules
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can be evaluated and no construction rule can be applied to instantiate new variables. To
produceexecutablecode, the result is processedimilar to the instantiation of argumerts. The
results of a cycle to evaluate constraint rules are collected in an and statemert, applicable
construction rules of the next cycle are padcked into a let* statement, whoserange is the
next cycle of constraint rule ewaluation and which is the last argumert of the previous and
statemert. Thus the resulting code hasthe form:

(and constraint cycle 1
(let* construction cycle 1
(and constraint cycle 2
(let* construction cycle 2 ...))))

The applicability predicate to determine whether Split-Monomials-Plus is applicable in
outline pattern (nonexistent existent) is thus computed as follows: In a rst cycle con-
straint rules that do not need variable instantiations other than given by parameters and
available proof lines are evaluated in an and statemert:

(and

(and (data~primitive-p X )
(numberp (keim~name x )))

(and (data~primitive-p y)
(numberp (keim~namey )))

In this case,the two embedded code constraints from the speci cation are evaluated. x
and y are parameters,sothey are already instantiated at the time the applicability predicate
is evaluated. The last argument of this and statemert is a let* statemert which is the result
of the computation in following cycles. The rst cycle of construction yields:

(let*
((x0
(data~struct-at-positio n il pos))
(num
(env~lookup-object  :num
(pds~environment omega*current-proof-pla  n)))
(times
(env~lookup-object  :times
(pds~environment omega*current-proof-pla n))) )

The theory symbols are looked up here, and the subterm of |11 at position pos is bound
to x0. Theseinstantiations are again usedin the next constraint cycle:

(and
(data~appl-p  x0)
(term~equal times
(data~appl-function x0))

Here the structural property of x0 being an application and having the function symbol
times is assured. The next construction cycle yields:
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(let*
((z
(term~constant-create
(+ (keim~namex ) (keim~namey )) num))
(x1
(data~appl-arguments  x0)))

The variable z was instantiated using the code snippet from the tactic's constraints, and
x1 is instantiated as the list of argumerts of the expressionx0. This is used in the last
constraint cycle:

(and
(and (data~primitive-p  z )
(numberp (keim~name z )))

(listp  x1)

(:
(list-length x1)
2)

(term~equal z

(nth- 0 x1))))))

In this casethe embeddedcode snippet to test whether z is a number is evaluated, and x1
is tested to bea list of length 2. Furthermore two ways to instantiate z have beenfound, and
both instantiation aretestedto be equal. The rst isto add the number valuesof parameters
x and y and create a term from the result (as donein the last construction cycle), and the
secondis to analysell and lookup z accordingto the position it should occur in (here the
rst argumert of the application x0 found at position posin I1).

4.3.4 An Example

The purposeof Taco is not only to generate executable code for term matching, but also
to bring it to application. This meansto produce system-speci ¢ declarations and function
headers.In its current implementation, Taco is able to generateall code that is required to
make a tactic ready for usein mega. Furthermore the codeto de ne an mega commandis
generated,suc that the tactic can be usedfrom mega's commandline in interactive proof
dewvelopmert. Further use of the abstract tactic de nition deweloped in Taco is thinkable,
e.g. the de nition of agerts within the ants mecdanism [9] could be automated.

In its current implementation, Taco produces from the tactic specication of Split-
Monomials-Plus (see gure 4.1) the following code:

First the tactic is declaredalong with its outline patterns and parameters. Outlines are
mapped to the respective implemenrtation of their application schemes.

(infer~deftactic split-monomials-plus
(outline-mappings
(((nonexistent  existent)
split-monomials-plus-1)
((existent  nonexistent)
split-monomials-plus-2)
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((existent  existent)

split-monomials-plus-3)) )
(expansion-function  taco=expand-split-monomia Is-p lus)
(parameter-types  position term term)
(help "Rewrite z*a=x*aty*a where x,y,z are numbers and z=x+y."))

A mega commandis de ned to usethe tactic from mega's commandline in interactive
proof developmert.

(com~defcommandsplit-monomials-plus
(argnames 12 11 pos X y)
(argtypes ndline ndline position term term)
(arghelps "a line containg x*a+y*a"

"a line containing z*a"

"the position of the term"

"the first coefficient"

"the second coefficient")
(function  taco=split-monomials-plu )
(frag-cats  tactics)
(defaults)
(log-p t)
(help "Rewrite z*a=x*at+y*a where Xx,y,z are numbers and z=x+y."))

(defun taco=split-monomials-plus

(12 11 pos x vy)

(infer~compute-outline 'split-monomials-plus
(list 12 11)
(list pos x y)))

Then the code for ead outline pattern is generated. Declarations of functions are su xed
by a number that refersto the order in which outlines have been declared. The sux 1
refersto the rst outline pattern (nonexistent existent) . First the tactic is de ned for
this pattern.

(tac~deftactic split-monomials-plus-1 split-monomials-plus
(in real)

(parameters

(pos pos+position "the position of the term")
(x term+term "the first coefficient")

(y term+term "the second coefficient"))
(premises 1)

(conclusions  12)

(computations

(12

(taco=split-monomials-plu ~ s-1- 12

(formula 11)
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pos X Y)))
(sideconditions

(taco=split-monomials-plus  -1-p

(formula 11)

pos X Y))

(description  "Apply tactic split-monomials-plus
to pattern (nonexistent existent)."))

In pattern (nonexistent existent) the premisell is already existert in the proof plan,
while conclusion|2 is not. Thus a function to instantiate 12 from line 11 and parameters
pos, x andy is required to apply the tactic. In slot computations this function is declaredto
be taco=split-monomials-plus  -1- 12 . Furthermore a predicate function is neededto test
whether the tactic is applicable in a given context. In slot sideconditions this is declared
to be taco=split-monomials-plus  -1- p. In the following the code of thesetwo functions is
generatedaccordingto the algorithm describedin sections4.3.2and 4.3.3. Variables have the
pre x taco- to avoid name clashes.The instantiation function is thus

(defun taco=split-monomials-plus  -1- 12
(taco-I1  taco-pos taco-x taco-y)
(let*
((taco-x0
(data~struct-at-position taco-I1 taco-pos))
(taco-x1
(data~appl-arguments  taco-x0))
(taco-a
(nth 1 taco-x1))
(taco-x7
(list taco-y taco-a))
(taco-times
(data~appl-function taco-x0))
(taco-x6
(data~appl-create  taco-times taco-x7))
(taco-x5
(list taco-x taco-a))
(taco-x4
(data~appl-create  taco-times taco-x5))
(taco-x3
(list taco-x4 taco-x6))
(taco-plus
(env~lookup-object  :plus
(pds~environment omega*current-proof-plan )))

(taco-x2
(data~appl-create  taco-plus taco-x3)))
(data~replace-at-position taco-I1 taco-pos taco-x2)))

and the predicate function is

(defun taco=split-monomials-plus  -1-p
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(taco-I1  taco-pos taco-x taco-y)
(and
(and (data~primitive-p taco-x )
(numberp (keim~name taco-x )))
(and (data~primitive-p taco-y )
(numberp (keim~name taco-y )))
(let*
((taco-x0
(data~struct-at-positio n taco-I1 taco-pos))
(taco-num
(env~lookup-object  :num
(pds~environment omega*current-proof-pla  n)))
(taco-times
(env~lookup-object  :times
(pds~environment omega*current-proof-pla n))) )
(and
(data~appl-p taco-x0)
(term~taco-equal taco-times
(data~appl-function taco-x0))
(let*
((taco-z
(term~constant-create
(+ (keim~nametaco-x ) (keim~nametaco-y )) taco-num))
(taco-x1
(data~appl-arguments  taco-x0)))
(and
(and (data~primitive-p taco-z )
(numberp (keim~name taco-z )))
(listp  taco-x1)
(:
(list-length taco-x1)
2)
(term~taco-equal taco-z
(nth 0 taco-x1)))))))

The same procedureis repeated for patterns (existent nonexistent) and (existent
existent) . For these patterns, apart from the tactic's declaration, the following functions
are generatedfor pattern (existent nonexistent)

taco=split-monomials-plu  s-2- |1 (taco-I2 taco-pos taco-x taco-y)

taco=split-monomials-plu  s-2- p (taco-I2 taco-pos taco-x taco-y)
and for pattern (existent existent)

taco=split-monomials-plu  s-3- p (taco-I2 taco-l1 taco-pos taco-x taco-y)
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Note that the argumert lists of these functions are adapted to the corresponding PAI
situation. For pattern (existent nonexistent) , proof line 12 is already instantiated, for
pattern (existent existent) both prooflinesll andI2 are instantiated. All further argu-
merts are parametersof the tactic and therefore available for all of the patterns. As all proof
lines are already instantiated for pattern (existent existent) , no instantiation function
hasto be generatedand only a predicate function is required. The complete code generated
by Taco can be found in appendix B.

While this code example can be reasonably considereda deterring example, its adaption
to amodi ed functionality is easyin Taco. As already mertioned, this is a simpli ed form of
Split-Monomials-Plus. Unlike the \real" tactic, the coe cient 1 is not suppressedf it occurs.
In Taco, this feature can easily be added by changing the de nition of the premisefrom

(12 (formula phi
(plus (times x a) (times vy a))
pos))

to

(12 (formula phi
(plus
{if (= (keim~name ?x) 1)
?a ?(times x a)}
{if (= (keim~name ?y) 1)
?a ?(times y a)})
pos))

where both coe cien ts x and y are examinedand occur in the new instantiated line only
if they do not equal 1. The according code is generatedin an instant by Taco.

The generation of the expansionfunction is omitted here, becauseit is the subject of the
following section 4.4.

4.4 Expansion of Tactics

In the previous sectionsthe generation of the code for a tactic with respect to its application
was described. Howewer to apply a tactic developed this way without threatening the logical
correctnessof the resulting proof, a logical justi cation of the result hasto be provided, too.
To do so, the conceptof tactics asit is usedin the mega system consistsof two parts: rst
the application of atactic, i.e. the functionality of analysisof a proof situation, the generation
of new proof lines and their correct insertion into the proof plan; secondthe medanism to
generatea justi cation for the application of the tactic. In generala tactic application can
be justied by the application of a sequenceof lesscomplex inferencesteps, or, vice versa,a
tactic is usedto padkagea more or lesscomplex algorithm that is basedon a set of inference
stepsinto the single ertity of an inferencestep.

The medanismto establisha logical justi cation of the results brought about by a tactic's
application is called expansion. Expansion meansthat the mega systemre nes the justi -
cation of proof lines by tactics: starting with the original outline of the tactic, the expansion
mechanism, which is a tool to make a proof plan hierarchical, starts an algorithm that results
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into a subproof that justi es the conclusionsof the outline and whose premisesare those of
the outline. Within the mega systemsud expansionalgorithms are implemened in native
Common Lisp.

The approacd usedby the Taco systemto simplify the implemertation of these expan-
sion algorithms and thus to provide an easieraccessto the developmert of provably correct
tactics is to basetheir implementation on a simple procedural syntax to describe a sequence
of inferencesteps, along with the possibility to implement conditional branching. Apart from
the adaptions to be madeto t the corntext of proof developmernt, this syntax hasthe char-
acteristics of a simple imperative language. Such an abstract exgnsion is described by the
following grammar:

ex@nsion = stepj step exmnsion

step = inference j conditional

inference = (inference infer outline [parameters])

conditional := (case term case*) j (if cond exmnsion exmnsion)
case = (term exmansion)

where term denotesa Post expression,cond can either be an embedded code fragment
or an equation of the form term = term, which is analogousto conditions within a tactic's
speci cation described in 4.2. A single inferencestep is speci ed by the name infer of the
tactic to be applied, outline denotesthe outline of the tactic and the optional argumert
parameters is usedto specify additional parameters.

The inference steps of such an expansion algorithm are to be executed sequettially. In
caseof an inference statemert the respective inferencestepis applied, in caseof a conditional
statemert the condition is evaluated and an expansionsequences chosenaccordingly. The
purposeof Taco in this context is to translate the abstract speci cation of an expansion
algorithm to Common Lisp respectively Keim code. In detail this requires Taco to adapt
ewvertually applied inferencestepsand their outlines and parametersto an application within
an actual proof plan and also to extract information neededto instantiate meta variables
that are required to evaluate conditions in conditional statemerts. When doing so, the name
spaceof meta variables is the same as for the speci cation of the tactic's application, i.e.
variablesusedto de ne an expansionalgorithm canreferto variablesusedin the speci cation
described in section 4.2.

Concerningan application of aninferencestep, an adaption to an actual proof plan requires
to cortrol the instantiation of abstract proof lines in the speci cation with proof plan nodes.
In generalwe can assumean initial set of abstract proof lines | ¢ to be instantiated, i.e. a
node in the actual proof plan is assignedto ead abstract line | 2 1 9. When applying a
sequences = [infer 4;:::;infer ;] of inference steps, eat step infer ,, may produce additional
instantiations. Since ead step infer ,, is applied in a PAI situation, someof the lines of its
outline O, may already have instantiations, somemay not. According to the setl , ; of
linesthat are instantiated prior to application of infer ,,,, an application schemeis chosen,and
its application completesthe instantiation of abstract linesin On,. Thus the set of abstract
lines that have an instantiation after stepinfer ,, canbe determinedby | n = Iy 1[ Om, and
furthermore for ead sequenceof expansionstepss, given an initial set of instantiated proof
lines | g, the set of lines | 5 that have an instantiation after execution of this sequencecan be
determined.

While this stheme applies for sequencesof inference steps, some adaptions have to be
madefor conditional statemerts. When a conditional statemert is processedthe condition of
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the statemert is evaluated and one of the conditional expansionsequencess;:::;s, is chosen
accordingly. Note that ead of these sequencesnay lead to dierent setsl s of proof lines
that have instantiations after processingthe whole conditional statemert. As this makes
it dicult to analysethe expansionalgorithm, the following restriction is imposedto the
use of conditional statemerts: the set of proof line variables that are not instantiated in all
branchess;:::s, of a conditional statemert are required to be distinct from the set of proof
line variablesusedin following statemerts (this is furthermore of imp ortance whenreusingthe
expansion algorithm to create code for argumert instantiation and applicability predicates,
seesection 4.5). The consequencas that all variablesthat are usedin later statemerts can
be consisternly tested for being instantiated yet.lor not. To do sothe intersection of the set of
instantiated proof lines of all branches! ¢ong = [L; | 5 is determined. Now for all proof line
variables| in later statemerts applieseither | 2 | cong, in Which casethe | has an instantiation
after processingthe conditional statemert, or | 2 | gng, in Which caseit hasnot (or the above
restriction has beenviolated).

Therefore for ead occurrenceof a proof line variable | it can be determined whether or
not an instantiation is computed previously, the argumerts for ead inferenceof the tactic's
expansioncan be supplied in a straightforward way: If a line has not yet beeninstantiated,
nil is supplied, the instantiated proof node otherwise.

Thus the expansionde nition of Split-Monomials-plus, given by:

(inference  expand-num (I3 I1)({pos~add-end ?pos 1} X y))
(inference  distribute-right (12 13) (pos))

canbeprocessedn astraightforward way. In the tactic's declaration a function is declared
that implemerts the expansionsteps. Its argumerts arethe tactic's outline and its parameters.
Within this function, the expansionis initialised by the function tacl~init  and ended by
tacl~end . Inbetween,tactics are applied using the function tacl~apply , its argumerts are
the outline the tactic is applied to and its parameters. For Split-Monomials-Plus, the following
function code is generated:

(defun taco=expand-split-monomia Is- plus (outline parameters)
(let*  ((taco-12  (nth O outline))
(taco-I1  (nth 1 outline))
(taco-pos (nth 0 parameters))
(taco-x (nth 1 parameters))
(taco-y (nth 2 parameters)))
(tacl~init outline)
(let*  ((outlinel (tacl~apply ‘expand-num
(list  nil taco-11)
(list (pos~add-end taco-pos 1) taco-x taco-y)))
(taco-I3  (nth 0O outlinel)))
(tacl~apply ‘'distribute-right
(list  taco-I2 taco-I3)
(list  taco-pos)))
(tacl~end)))

In this function, ead proof line in the outline and ead parameter is bound to a variable
rst. Then the expansionis initialised by tacl~init . Then the tactics in the expansion
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declaration are sequetially applied. As the result may be usedto instantiate new proof lines
for further processing,all of these tactics are applied in a let* statemert. Only the last
tactic will certainly not produce an outline that hasto be processedany further. Here the
tactic ex@nd-num computesproof line taco-I3  which is then selectedfrom the new outline of
expnd-num and usedto apply distribute-right. Finally the expansionis endedby tacl~end .

In general,the code of the expansionfunction that is generatedby Taco will be of the
following form:

(let* variable instantiations
(tacl~init)
(let*  ((outlinel apply tactic;)
process outlinel
(outline2 apply tacticy)
process outline2
e )
apply tacticp)
(tacl~end)

Here alternately a tactic is applied, then the computed new outline is usedto instantiate
the proof lines for the application of further tactics. The outline computed by the last
application of a tactic, tacticy, is not processedany further and is therefore placed in the
body of the let* statemert. Variable instantiations meanshere not only the instantiation
of proof lines and parameter variables from the tactic's outline and the list of its parameters,
but can alsoinstantiate further variablesthat have occurrencesin the expansiondeclaration.
Variables can occur here either in parameter speci cation for expansion tactics or in the
condition of a conditional statemert.

An exampleis the expansionof the modi ed tactic Split-Monomials-Plus with the addi-
tional feature of 1-elimination. The expansiondeclaration is now:

(inference  expand-num (I3 I1)({pos~add-end ?pos 1} X y))
(inference  distribute-right (14 13) (pos))
(if {= (keim~name ?x) 1}
(inference  1*e (I5 I4)({pos~add-end ?pos 1}))
(inference  same (I5 14)))
(if {= (keim~name?y) 1}
(inference  1*e (12 15)({pos~add-end ?pos 2}))
(inference same (12 15)))

In this casetwo conditional statemerts are addedto eliminate a multiplication by 1 using
tactic 1*e. If the coe cien t doesnot equal 1, a no-operation tactic Sameis employedto avoid
a violation of the requiremert that all branchesof a conditional statemert have to instantiate
the sameset of proof lines. This requiremert allows to treat a conditional statemert like
a tactic, where the set of possibly instantiated proof lines corresponds to the outline. In
code generation, the code schema of the expansionfunction asdescribed above is modi ed to
encade conditional branches. The computed new outlines are usedto assenble the outline of
the whole branch. The modi ed code sthemais the following:
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(let*  ((outlinel apply tacticq)
process outlinel
(outline2  apply tacticy)
process outline2
)

(outline _n apply tacticy)
processoutline _n
assemblebranch outline)

Toimplement the whole conditional statemert, a code fragmert accordingto this schemais
generatedfor ead conditional branch, the correct branch is selectedby the Lisp conditional
if respectively cond (to implement case statemerts), which is then inserted like a tactic
application using tacl~apply . For the modied example of Split-Monomials-Plus, Taco
translates the conditional statemert

(if {= (keim~name ?x) 1}
(inference  1*e (I5 I4)({pos~add-end ?pos 1}))
(inference  same (I5 14)))

to the code fragment

(if (= (keim~nametaco-x) 1)
(let*  ((outlinel
(tacl~apply 'l*e
(list  nil taco-14)
(list (pos~add-end taco-pos 1))))
(taco-I5 (nth O outlinel)))
(list taco-I5 taco-14))
(let*  ((outlinel
(tacl~apply 'same
(list  nil taco-14)))
(taco-I5 (nth 0 outlinel)))
(list  taco-I5 taco-14))))

which canbe usedlike a tactic application in the exampleof the simpli ed versionof Split-
Monomials-Plus. Outline and parametersof tactic applications are instantiated analogously
to the previous example, and the whole if statemert returns a new outline, here (taco-15
taco-14) . In the generated code, these conditional statemerts can occur in any place a
statement of the form (tacl~apply tactic outline parameters) may occur, i.e. its return value
can be usedthe sameway to instantiate proof lines for further processingin the expansion
function.

4.5 Development of Algorithms

The automated dewvelopmert of algorithms is basedon an idea that was rst presenred at
the Calculemus conferenceby the author and Sorge[76]. The level of abstractnessin the
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implemertation of expansionalgorithms described in the previous sectionis higher than that
provided by an implementation in native Common Lisp. This allows, to a certain degree,to
usethe information gained from the analysis of such implementations not only to generate
code to expand a tactic, but also for the generation of code for the application of a tactic.

To do so,it is necessanto understand the di erences of the typical circumstancesand the
purposesof a tactic's expansionon the one hand side and of its application on the other. In
generala tactic's outline is fully instantiated at the time the tactic is expanded. Therefore the
expansionalgorithm can be executedin a straightforward way, i.e. the inferencestepsof the
algorithm are applied in the order they are given, with respect to the correct branching when
processingconditional statemerts. The expansion of a tactic therefore resenbles in many
aspectsthe sequetial execution of a programming language. Additionally , of course,aspects
of proof construction and represeniation have to be respected, for instance new proof lines
that are generatedduring the processof expansionhave to be correctly inserted into the proof
plan and it is necessaryto keeptrack of dependenciesbetween proof lines. Neverthelessthe
generationof executablecode from an abstract speci cation of atactic's expansionmedanism
is still straightforward.

When generating executable code for a tactic's application, however, someuncertainties
in the context have to be dealt with. In rst line it is in generalnot assuredthat all proof
linesin the tactic's outline exist in the current proof plan at the time a tactic is intended to be
applied. As furthermore the applicability of particles from an abstract expansionalgorithms,
in generalthe (conditional) application of an inference step, requires someof its argumerts
to beinstantiated before,the order of application of theseparticles is critical and dependson
the tactic's application schemethat hasto be constructed.

In this approac the construction of code for a tactic's application from an abstract
speci cation of its expansionis basedon two premises: First the inferencestepsin a tactic's
expansionspeci cation that are usedto construct the code for its application are restricted to
tactics generatedby Taco. This restriction allowsto useinformation about implementational
matters, that are naturally available to the Taco systemat the time theseinferencestepsare
generated. Not only is the set of application schemesthese inferencestepscan be applied to
known, but Taco's standardisation of function nhaming makesinternal LISP functions in the
generatedcode also available when generating code for complex conmbinations of suc tactics.

Secondthe adaption of particles of code to di erent application schemescan be under-
taken by Taco's algorithm for code generationthat hasbeendescribed above. To bring both
foundations together it is necessaryto t the particles of code gainedfrom an expansionspec-
i cation into the schemeof constraint rules and construction rules described in section4.3.1,
which is explainedin the following.

A simple exampleis the implementation of an algorithm to add two natural numbersin
Peanoarithmetic. It is basedon two rewrite rules:

Peano-Plus-Step: s(x)+y! X+ s(y)
Peano-Plus-End: 0+ y! vy

In Taco, thesetwo rules are implemerted astactics. The accordingabstract declarations
are for Peano-Plus-Step

Premises

(11 (formula phi (plus (s a) b) pos))
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Conclusions

(12 (formula phi (plus a (s b)) pos))
Parameters

(pos position)

Patterns:

(existent  nonexistent)
(nonexistent  existent)

and for Peano-Plus-End:;

Premises

(11 (formula phi (plus 0 a) pos))
Conclusions

(12 (formula phi a pos))
Parameters:

(pos position)

Patterns:

(existent  nonexistent)
(nonexistent  existent)

When Taco hasgeneratedthe tactic's code accordingly, the Lisp functions to implement
argumernt instantiation and applicability predicates are known by name. Function naming
under Taco is schematic, function namesconsist of the name of the tactic and a sux to
specify their purpose. This sux is composedfrom the number of the outline in the order
outlines are declared,followed by \-p", if the function implemernts an applicability predicate,
or the name of the proof line to be instantiated by this function. Arguments of thesefunctions
are the formulae of all proof lines that already have an instantiation in the respective outline
and the tactic's parameters.

In tactic Peano-Plus-Step the function to nd an instantiation for proof line 12 in outline
pattern (nonexistent existent) , the secondpattern in the declaration, will thus be named
taco=peano-plus-step-2-1 2 (I1 pos), the applicability predicate function for Peano-Plus-
End in pattern (existent nonexistent) will be named taco=peano-plus-end-1-p (12
pos). To make use of these functions in Taco's algorithm for code generation, these func-
tions are treated like code snippets. For the two above functions, the according construction
respectively constraint rules are inserted into the construction graph:
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construction_rule(target .
base: [11,po0s]
code:  'taco=peano-plus-step-2- 12 (I1 pos))

and

constraint_rule(base: [12,p0s]
code: 'taco=peano-plus-end-1-p (12 pos))

Except for conditional statemerts, this is all that hasto be doneto extend Taco's code
generationalgorithm to make useof a tactic's expansiondeclaration. As prooflines, likel2 in
the above example,are variablesthat represen the formula of the proof line, the integration of
functions for argumert instantiation and applicability predicates ts naturally in Taco's code
construction. Furthermore, this medanism may be used recursiwvely, i.e. instantiation and
predicate functions of the tactic currently processednay be usedaswell. This allowsto de ne
a tactic Peano-Plus by its expansiondeclaration to repeatedly apply tactic Peano-Plus-Step
If its the expansiondeclaration is

(inference  peano-plus-step (I3 11) (pos))
(inference peano-plus (12 13) (pos))

where the outline of Peano-Plus is (I2 1) , its only parameter is pos, and the outline
pattern currently processedis the secondpattern (nonexistent existent) , the following
code will be generatedto instantiate 12 :

(let*  ((I3 (taco=peano-plus-step-2- 12 (11 pos))))
(taco=peano-plus-2-12 (I3 pos)))

The predicate function's generationis analogous:
(and (taco=peano-plus-step-2 -p (I1 pos))
(let*  ((1I3 (taco=peano-plus-step-2 -2 (11 pos))))
(taco=peano-plus-2-p (I3 pos))))

As this tactic implements an in nitely repeated application of tactic Peano-Plus-Step
it will not be applicable in any proof situation. To implemert the tactic to end with an
application of Peano-Plus-End requiresa conditional branching. The speci cation of Peano-
Plus modi ed this way is now:

Premises

(11 (formula phi a pos))
Conclusions

(12 (formula phi b pos))

Parameters
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(pos position)
Patterns:

(existent  nonexistent)
(nonexistent  existent)

Expansion:

(case a
((plus (s x) )
(inference peano-plus-step (I3 11) (pos))
(inference  peano-plus (12 13) (pos)))

((plus 0'y)
(inference  peano-plus-end (12 1) (pos))))

In this casethere is a branching of the tactic's application depending on the expression
found at position pos in proof line 11 is of the form (plus (s x) y) or (plus 0 y). As for
the expansionfunction described in section 4.4, ead branch of the conditional statemert is
treated like a singletactic, i.e. it is assignedan outline and a list of parameters. The outline
is again the intersection of the outlines of all branches,here (12 11) . The parametersare all
variables usedfor evaluation of the condition or required to supply parametersfor a tactic's
application within the statemert. There is furthermore a scope mecanism which allows to
uselocal variables, here x and y. All variablesthat are not declaredin the tactic's variable
declarations are consideredlocal, thus x and y should not be declared here. The remaining
variables or constarts and therewith parametersof the conditional statemert are in this case
a, s, 0, plus and pos. The proceedingis now similar to code generation for tactics: The
condition of ead branch is evaluated using the algorithm to generateapplicability predicates,
i.e. in the rst branch of the above example this predicate function has to assurethat
the equation (a = (plus (s x) y)) holds, which is done by chedking the structure of a
and cheding whether plus and s occur at the right positions. Furthermore the applicability
predicatesof Peano-Plus-Stepand Peano-Plus have to be evaluated (in the way it is described
above). As there is no explicitly de ned set of outline patterns for the conditional statemerts,
ewvery possible outline is tested, i.e. here the outline is (I2 11) , thus code generation is
attempted for patterns (nonexistent  existent) , (existent nonexistent) and (existent
existent) . If this code generation for a given outline is successfulfor ead branch of the
conditional statemert, i.e. instantiation function for every non-instantiated parameter can
be constructed, the outline is considereda valid outline pattern of the statemert. Now the
algorithm producesthe accordinginstantiation and predicate functions for ead valid outline
pattern. These functions are then inserted in form of construction respectively constraint
rules in the construction graph. In the example of Peano-Plus, the following rules will be
generated,where x0 is a variable introduced by Taco for the numeric constart O:

construction_rule(target N V4
base: [11,p0s,a,s,x0,plus]
code: 'instantiation function for (nonexistent existent))
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constraint_rule(base: [11,p0s,a,s,x0,plus]
code: 'predicate  function for (nonexistent existent))

construction_rule(target Cl

base: [12,pos,a,s,x0,plus]

code: 'instantiation function for (existent nonexistent)’)
constraint_rule(base: [12,p0s,a,s,x0,plus]

code: 'predicate function for (existent nonexistent)')

constraint_rule(base: [12,pos,a,s,x0,plus]
code: 'predicate  function for (existent existent)")

For pattern (existent existent) , no construction rule hasto be generated,as there is
no argumert to be instantiated. The schema of the code generatedfrom a case statemert is
for construction rules:

(cond (( predicate code for branch 1
instantiation code for branch 1)

( predicate code for branch 2
instantiation code for branch 2)

( predicate code for branch n
instantiation code for branch n))

where the code of every branch dependson the sameset of variables. The code schema
for constraint rules is:

(or predicate code for branch 1
predicate code for branch 2

predicate code for branch n)

which assuresthat at least one branch of the case statemert is applicable. In code
generation these constraint rules come to application whene\er it is possibleto apply the
construction rule of the respective conditional's outline in a given context, becauseboth rely
on the sameset of variables.

The proceedingfor if statemerts is analogous. Nested conditional statemerts can be
processed,too, by executing the above procedurerecursively. Integrating construction and
constraint rules from conditional statemerts as described above, Taco's code generation
algorithm can be employed to construct the tactic's code in the usual way.

Code generation basedupon expansiondeclarationsis a switchable feature in Taco, i.e.
to avoid the generation of redundant code, the integration of expansiondeclarations in the
processof code generation has to be explicitly activated. While this way of tactic design
is not suitable to implemert tactics whose application is not syndironous to its expansion
(e.g. to use more e cien t programming at application time, where the expansiononly has
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to verify the result) nor is it possibleto integrate tactics other than those generated by
Taco, it is a very comfortable way to rapidly dewvelopmert algorithmic approadesin tactics
by combining lower level tactics and the cortrol structure provided by Taco's syntax for
expansiondeclaration. This is of specialinterest for the implemenrtation of commonknowledge
basesfor the integration of a CAS, asit helpsto decouplethe CAS algorithms from their
veri cation. This is desirablewhenewer a CAS algorithm makesuseof e cien t programming
techniques where the computation is hard to remodel in a formal and readable way. In
these casesparts of the computation's remaodelling can be bridged by a reasoning-orietiated
reimplemertation of thesealgorithms in Taco.

4.6 Graphical User Interface

Figure 4.4: The Taco User Interface.

The focus of the Taco systemis to provide an easyto use support for the developmert
of inferencerules. The way to reac this aim is to provide a schemeto specify theseinference
rules that is mostly independent of the underlying implementation, this schemeis described
in the previous sections. The core of this philosophy is to hide away implementational matters
and to have the user confronted with nothing but a speci cation in a syntax that is closeto
that of the calculususedin the targeted deduction system;the consequencef this philosophy
of an easyto usetool is to provide a graphical userinterface (see gure 4.4).

The graphical userinterface (GUI) provides a structured ernvironment to dewelop tactics.
Each slot of a tactic's abstract speci cation asdescribed in section4.2 correspondsto a text-
box in the GUI, equippedwith editor featureslike a ched for matching brackets. Apart form
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this the GUI provides a pageto view and edit the original Lisp code producedby Taco. This
page consistsof two sections,one for generatedcode, which is overwritten ead time Taco's
code generation engineis started, and a secondso called protected area which is part of the
tactic's speci cation and is not overwritten. This part is usedto include Lisp code that is
usedin embeddedcode snippets, e.g. userimplemented function de nitions.

Beyond a structured represenation of tactic speci cations, the GUI provides le man-
agemen facilities. In general sewral tactics are implemented in a single le, which makes
it sometimeshard to keep an overview over tactics stored in a le. Taco's GUI provides
a facility to selectthe tactic to be revised from a list presenation of tactics stored in the
respective le.

To bring a tactic to application from the specication deweloped in Taco's GUI, the
tactic is storedin a le. This le is loadedin the mega system. Abstract speci cations
and applicable Lisp respectively Keim code are stored in the same le. The speci cation is
written to le asLisp commerts, structured by special tags. The speci cation is therefore
readablefor the GUI, but isignored by mega.

4.7 Conclusion

Taco turned out to be a usefultool during the dewvelopmert of the prototypical CAS Mass
and its integration into the mega system. Its main strength is rapid developmert of simple
inference steps,here mega tactics. Taco allows the developmert of tactics at an abstract
level and thus frees the unexperienced user from the necessiy to be corversart with the
underlying system architecture. Instead of programming at system level, which meansin
the caseof mega at the level of the underlying Keim library, tactics are deweloped at an
abstract level, in which howewer Lisp or Keim code snippets can be integrated to implement
special functionalities. All actual implementation, i.e. amongothers the coding of headersto
declare new tactics and the de nition of commandsfor usefrom mega's command line in
interactive proof developmert, is left to Taco and generatedautomatically. This considerable
reducesthe dewelopmert time for a tactic to be ready for usein a running system.

A further aspect of decoupling the de nition of inferencesand system architecture is of
courseportabilit y. In the current implementation of Taco, only embeddedcode snippets are
dependert on the underlying system architecture. As otherwise the major part of adaption
of abstract speci cations to an actual deduction systemis automated, an adaption to other
reasoningsystemslike Isabelle should be possiblewith reasonablee ort, allowing tactics to
be ported from one systemto another. But even within a single systemthe dewelopmert of
inference mecanisms at an abstract level could help to avoid multiple implemertations for
di erent purposes. Such multiple implementations are both costly and a possible source of
errors.

A think able further dewvelopmert would beto make Taco compatible to existing standards
for the description of mathematical objects, like OpenMa th [1,17] and OMDoc [45]. Hereit
would be desirableto make the abstract de nition within Taco independert of a speci ¢ sys-
tem, although the code snippetsthat canbe embeddedin Taco provedto be are very helpful
feature. Thusto make Taco declarations free of systemdependert elemerts, a standardised
and possibly formalised simple programming language, as already advocated in section 3.7,
could be a solution for system independert implementation of non-standard features. An
exampleis again the formalisation of the Java Virtual Machine in Isabelle [66, 6, 62]. The
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non-formal attempt to integrate programming language elemerns in a formal ervironment
by using the control structures of expansion declarations to dewelop complex tactics (see
section4.5) is a small step in a similar direction.

The dewelopment of formal-methods in a semi-formal environment which is type-free,
employs snippets of native Lisp code and outputs native Lisp code may call forth the question
for formal correctnessof the approad. Howewver Taco provedto be a workable solution. An
exampleof similar character is PHP, a programming languagefor web applications [49]. PHP
istypefree,and PHP codeis usually a mixture of native HTML code and PHP code fragments
that are processedoy the websener. Thesecode fragmerts are usedto produce HTML code,
with the only requiremert of being interpretable by a Browser. This meansthat it is possible
to use PHP code to produce HTML code with embedded JavaScript [13] functions, whose
execution again modi es the resulting web page. While the certainty given by strict type
systemsin programming languagesis lost, PHP is very easyto use, setsvery few boundaries
on its applications and is one of the most widespread languagesfor web applications. In
the caseof Taco, the open characteristics of the dewelopmert ervironment proved to be
an advantage concerning usability, too. Especially the lack of a type systemis reasonable:
First, in a real application all issuesof type system and formal correctnessare badked by
the underlying deduction system and its type cheder or proof cheker. Seconda type free
environment and simplicity of description is an advantage for portabilit y.

Of theoretical interest is the represenation of abstract speci cations in a graph asit is
usedin Taco. Concerningrelated approacesto represen terms in graph structures, Lafont's
Interaction Nets [46] and term indexing techniques as described by Stickel [74], which are
widely usedin automated theorem provers, e.g. E [68], and have been adapted to higher
order logic by Pientka [65], are to be mentioned. A possibleapplication of similar techniques
for interfacing purposesis described in chapter 5. In Taco, the implementation of a rst
order matching algorithm is basedupon a graph structure. By assaiation of the resulting
graph represertation of terms and their relations with programming language elemerts for
term analysis and syrthesis, it is possibleto implement a two phase matching algorithm
that automates the adaption of a matching to dierent situations. In a rst phase, the
abstract speci cation of a tactic is analysedand represenied in a graph structure. This graph
represeration is usedto automatically generatean e cient implemertation of a matching
of these speci cation against actual expressionsin native Lisp respectively Keim code. This
allows to considerably reduce the amount of code which has to be executed during proof
dewelopmer, asthe possibly costly analysisof the matching speci cation hasto be performed
only once and hefore, not during an actual proof seard.



Chapter 5

Reactiv e Behaviour on Shared
Terms

5.1 Motiv ation

While the subject of the previous chapters was mainly the integration of parts of proof
generatedby a Computer Algebra Systemafter its computations have beenexecuted,i.e. the
translation of computations into partial proof plans, this chapter will presen somethoughts of
functionalities that an interface hasto provide before an integrated Computer Algebra System
is invoked. As already described the Sapper interface providesthe functionality to invoke an
integrated CAS on various levels of mega's proof architecture, and CAS generatedproofs
can be integrated in various ways into the proof data structure PDS. Howewer, Sapper has
its limitations and there are still functionalities lacking that are desirable for an integration
of Computer Algebra algorithms into a state of the art mixed initiativ e theorem prover,
especially during interactive use of the theorem prover.

In detail the Sapper interface provides the following featuresfor an integration of a CAS
into the mega environment:

An abstract represertation of a CAS along with the algorithms it provides.

A medanism to translate and passsuitable argumerts and further relevant information
(e.g. the term position where a CAS rewrite step is applied) to the CAS

A suggestionmedanismto determine whether and how a CAS may be applied to handle
a focusedgoal

The functionality of the Sapper interface asit is provided by its current implementation
allows the rewrite of one term or subterm at a time. An abstract represemnation of a CAS
has to provide a mapping of function symbols as dened in mega's theories to native
CAS commandsrespectively algorithms along with suitable translation functions to translate
expressiondrom Post syntax to the CAS's native syntax and vice versa. Using this abstract
represenation, a suggestion medanism which employs the Sapper interface can lookup
occurrencesof function symbols that can be processedby an external CAS. When the CAS
is called to evaluate the respective expression,a rewrite step is applied replacesthe original
expressionby the CAS result or, in verbosemode, a linear sequencef inferencestepis applied
to justify this result.
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Howewer, this strategy imposesconsiderablerestrictions to the type of algorithms that can
be encaded: the preconditions of a CAS invocation have to be encalded within a single expres-
sion, and the restriction to linear rewriting hampersto someextent e cien t computational
methods like the reuseof partial results asit is usede.g. in a variety of divide-and-conquer-
style algorithms and furthermore improvesthe readability of the resulting proofs. Especially
the implementation of a suggestionmedanism could prot from a re ned description for
external systemsand their algorithms. A desirable solution is a description of preconditions
for an algorithm in the style of a tactic's outline asdescribed in chapter 4. Of coursethis ap-
proach requiresa technically much more complex architecture, the payo howewer is a variety
of additional featuresand possibilities.

In the following | will describe an interface medanism that meets the requiremerts of
such an approad. It is basedon a variant of the coordinate indexing and path indexing
method described by M. E. Stickel [74] which is usedto implement a blackboard architecture
that allows a number of external systemsto interact with a deduction system and among
ead other. The blackboard is implemened as a databaseto store terms and requestsand
provides the capability to match both.

The medanism allows the speci cation of an algorithm's applicability preconditions as a
setof rst order formulae with meta variables. This extendsthe functionality of the interface
from rewriting a single expressionto more complex algorithms which require seweral precon-
ditions which have not necessarilyto be made available in a single proof line. The interfaceis
therefore not only capableto establishthe communication betweenthe deduction systemand
external subsystems,but can also store constraints until the set of preconditions to invoke a
given algorithm is completed. The combination of a deviceto collect constraints and a CAS
has already beenshowvn to work well in experiments where the constraint solver CoSIE was
usedand supported by external CASs (Maple and Mass) [57].

Apart from collecting constraints until su cien t information to invoke an external CAS
is available, such a blackboard architecture o ers a further possibility for the interaction
between deduction system and CAS: allowing to specify a set preconditions of a CAS call
instead of a single precondition can not only be usedto wait for this set of preconditions
to be fullled, but alsoto chedk sudc a set for lacking parts of information. This can be
usedto introducetheseparts of a speci cation asnew subgoalsto be solved either by passing
them to another CAS, or by using another algorithm that is speci ed in the blackboard, or by
returning thesesubgoalsto the deduction system,such that their communication o ers mutual
support in both directions. Furthermore the re ned speci cation of evertually applicable CAS
algorithms allows a better suggestionmedanism that, basedon an e cien t implementation
using indexing techniques and running as a badkground thread, meetsthe requiremerts of
complex multi-threaded and modular deduction systemslike mega.

The reasonto choosea variation of path indexing respectively coordinate indexing asthe
technical basisfor such an architecture wasin rst line its overwhelming successn rst order
theorem provers. Almost all state of the art rst order theorem provers are basedon these
techniques, like the award winning theorem prover E [68], Waldmeister [37] or SPASS [78].
Term sharing and indexing technigues considerably increasedthe e ciency of these systems
and are responsible for a huge speedup. For a deduction systemthat operateson a high level
of abstraction, like the mega systemhoweer, the requiremerts that a matching algorithm
hasto meet are di erent. While the application of this technique is mainly focusedon fast
retrieval of terms matching a given request, the challengefor a highly abstract and complex
systemthat o ers a variety of applicable strategies, methods and subsystemsis rather to nd
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a suitable method to tackle a given focusedpart of a proof. Thus the requiremen that a
matching algorithm hasto meet hereis rather to nd requeststhat match a given term. In
the following | will introduce an adaption of coordinate and path indexing, that opensthe
fast and e cien t technique of indexing and term sharing to a complex high level deduction
system.

A benet of sharedrepresenation of terms is the uniquenessof represetation within the
data structure, i.e. syntactically equalterms have a single represenation. Thus, assaiating
aterm with a single xed nodein the represenation graph, allows to quickly retrieve all data
related to that special term and to identify supertermsin which this term occurs. A further
advantage is the reduction of cost to evaluate properties of terms, e.g. for type cheding, as
sudh evaluations have to be computed at most oncefor ead syrntactical structure. Finally a
shared graph represenation of terms allows to de ne a mapping of all syntactical structures
that are currently in useto a set of natural numbers, which dramatically cuts the cost for
term passingand especially for (syntactical) equality testing. Many operations on terms can
be reducedto operations on setsof natural numbers, for which very e cien t algorithms exist.
An actual examination of terms can be avoided in most cases.

Apart from this, a reduction of costis obtained by the employment of a positional tree for
coordinate indexing. It is especially helpful to identify supertermsin which speci ed terms
occur and to identify terms accordingto the occurrenceof speci ed syntactical structures in
particular positions, asit provides direct access,.e. accessat constart cost, to information
related to a speci ¢ term position, e.g. all syntactical structures that have occurrencesin this
position within someterm. An assaiation of syntactic structures and related information
hasnot to be actively established,but is a geruine part of the represenation, which is similar
to the conceptof assaiations in human thought.

A third aspect of this work is the developmert of a reactive database,i.e. a database
which reacts when terms meeting a given term pattern are inserted. The purposeful lled
by such a structure is of interest to the resort of mathematical knowledge managemen
Similar functionality has been implemented using ageni ed approaces where agens are
autonomously searting a databaseaccordingto term patterns. Unlike active agerts howeer,
the reactive behaviour of a databaseis basedmainly on passiwe data, actual computation is
triggered by insertion of suitable structures, and operation on unsuitable terms is therefore
reducedby a considerabledegree.

5.2 Data Structure

The conceptof term sharing preseried in this work is basedupon the idea of consideringterms
asrelations of symbols rather than strings or syntax trees. Assuming symbols beingidenti ers

of unique and constart objects, an occurrence of a symbol in a term can be considereda
referenceto this object. As theseobjects are constart, not only symbolshavea x semarics,
but so do any terms build around these symbols. Thus we can assignan identi er to sudc
a term and consider its syntactical structure the object that is denoted by this identi er.

Furthermore an occurrence of this term as a subterm in a superterm can as well as for
symbols betreated asa referenceto this object. The consequencés that any possiblesubterm
occurring in a set of terms to be represened has a unique identi er. Using these identi ers
are the nodesof a graph, the structure of the terms is represerted in the edgesof this graph.
An edgedenoteshere the relation of a subterm and its superterm. The consequencas that
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multiple occurrencesof the samesyntactical structure have only a single represenation, i.e.
any property of this structure hasto be analysedat most once,and, provided that the edges
of this graph can be seartied in both directions, all occurrencesof this structure in a whole
set of terms can be e cien tly looked up.

In the following | will introduce a data structure that implements this concept along
with basic operations a term databaseshould support, i.e. databaseoperations like adding,
deleting or nding terms aswell asterm manipulations like copying or modifying terms. The
term structure employed here is the most basic notion of expressions: every expressionis
either a symbol or it is constructed from other expressionsoy -abstraction or application. A
similar represertation is employed in OpenMa th asthe most generalstructure to represert
mathematical objects. All further speci cation of terms, e.g. typing of terms or discriminating
constarts and variables, is omitted. This lax handling of type system and semaric issuesis
reasonableasit presenesthe data structure's opennesgor various purp oses.lIt's applicability
rangesfrom a deviceto Iter terms for interfacing purp osesover blackboard architectures to
databasesfor proof objects, and if needed,all operations can be backed by a type cheder or
an examination of semairic issues.

Howewer an important requiremert for a speci ¢ term systemis the uniquenessof notation,
i.e. identical objects are denoted by identical terms.

5.2.1 Notation

To begin, I will give a quick overview of symbols that are usedin the following.

The main structure of the conceptis a graph structure, or accurately two graphs, whose
nodes are labelled by elemerts from two sets of identi ers IDg to identify term nodes and
IDp to identify nodesof the indexing tree. IDg is furthermore composedfrom the following
subsets: denoting the alphabet of symbols, T denoting the set of non-primitiv e terms and
X denoting the set of bound variables.

52.2 Terms

The set of terms is de ned over an alphabet of symbols fspjn 2 IN g, this is the set of
all symbolsthat may have occurrencesin a term. The set of terms F is inductiv ely de ned:

every symbol is a term.

8s2 :s2F

an application of terms is aterm. Note that an application is n-ary, i.e. it is constructed
from a function term and n argumerts.

8f;ay;nan 2 Fif(ag;ian) 2 F

A further notation of an application is

apply, (f;as; an) = f(ag; s an)

where both notations are equivalert. Note that the arity of an application (which does

not necessarilyequalthe arity of the function denotedby the function term), is explicitly
speci ed here.

an abstraction of a term is a term. Unlike the common notation of abstractions, a
lambda binder doesnot specify a bound variable, but the mapping of bound variables
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to the appropriate binder is determined by the name of the bound variable, seebelow
for details.

8a2F::a2F
and

elemerts of the set of bound variablesx 2 X = fx,jn 2 INg are terms

8x 2 X:x2F

To obtain a uniform represenation of abstraction terms and their subterms, bound vari-
ables are denoted by numbered special identi ers x,. One of the special strengths of the
data structure is bottom-up seard, i.e. the e cient identi cation of superterms of a given
expressionin the database. This requiresa uniform notation of expressionswith occurrences
of bound variables. The solution is a deBruijn-lik e numbering of bound variables [25]. The
numbering of the bound variable denotesherethe distance of variable and binder in terms of
scopes. Considering the expression

a o(b: 1(c 2d));

eahh ,, is the scope of one of the -binders. Thus all occurrencesof ain ¢ arein the
direct scope of the binder a and therefore the scope distanceis 0. For occurrencesof x in
1, there is one binder b betweenthe variable and its binder, thus the scope distance is 1.
Analogously the scope distanceincremerts to 2 for », thusthe correct transformation of the
above expressioninto anonymous notation is

o(: 1(: 2(x2):
Considering the expressionsin anornymous notation

ol 1(: 2(x2)
and

o(: 1(: 2(x2));

both have the common subterm (x»). This structure has the same represeration
independert of the superterm in which it occurs. Therefore this notation is suitable for term
sharing.

5.2.3 Shared Terms Graph

The nodesof the graph are denoted by either symbolss2 [ X orbyidentiers id 2 T =
fthjn 2 INg, i.e. the set of possibleidenti ers is

IDg= [ X[ T:
Thesenodeshave the following meaning:

symbolsin F, i.e. symbols from the alphabet or identi ers of bound variabless2 [ X
denote themselves and have no special attributes.
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nodeidenti ers t2T denotenon-primitiv eterms. Their attributes consistofa ag whose
valueis either abstraction , in which casea further attribute isthe identier id 2 IDg of
the respective subterm in the range of the abstraction, or application , which requires
as further attributes a number m denoting its arity and a list [id o;:::;;id m] 2 ID@
denoting its function and argumert subterms.

A further attribute that is commonto all node identi ers is a list of direct supertermsin
which the respective term occurs and in caseof an application a numbern 0 denoting its
position in the superterm. The lists of subterms and superterms of a nodeid will be denoted
id :Tsyp respectively id :Tsyper in the following.

The result is a structure that is similar to the syntax tree of the represened term with
respectto unique represeniation of subterms,i.e. if a subterm hasmultiple occurrenceswithin
the term to be represerted, the resulting structure is not a tree, but a graph.

An interesting sidee ect isthat in nite term structures canbe easilyrepreserted by cyclic
graphs. As this however may not necessarilybe useful, but may also be extremely harmful
to the properties of the graph, the consequencesf an application of suc structures should
be evaluated carefully before using them.

Adding new Terms

When adding new terms to the graph, the invariant of having only a single represeration for
ead distinct syrtactical structure hasto be carefully kept, as a violation of the uniqueness
of term identi ers threatens the correctnessof the concept. The procedureadd : F ! IDg
takesoneargumert f 2 F and returns a possibly new node identier id 2 IDg, furthermore
it performs all necessarymodi cations to the graph.
When beginning to encale a set of terms, the nodes of the graph is the set of symbols
[ X, and the graph featuresno edges.A graph represeting a setff 1;:::;f,g of terms can
be constructed by sequetially adding theseterms to an empty graph. The procedure add
has the following e ect if applied to graph and argumert f 2 F:

if f 2 [ X,i.e.if the term is a primitiv e, then add(f) = f. is not modi ed.

if f 62 [ X, i.e. if the term is a non-primitiv e, then add(f) = t, wheret 2 T is
either a node of the graph or a new node that is then inserted in the graph, depending
on whether f is already represerted in the graph. To test whether a non-primitiv e
term is already represened in it is recursively added, e.g. for an n-ary application
application, (fo; :::;fn), where f o denotesits function term and f q;:::;f, its argumerts,
eadh subterm is added by evaluating add(f;). An abstraction abstractior(f o) is treated
analogouslylike an application of arity 0. If the term f is already represened, then it
is, due to the uniguenessof term identi ers, the only elemert in the intersection of the
subterms' setsof superterms:

8 T
ts if Lo add(fi):Tsuper = ftr g
§ with respect to relative positions
of subterm and superterm
t=

L T

thew Iif in=0 add(fi):-l—super =3
again with respect to
the relative positions
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Cheding the relative position of superterm and subterms is hecessaryto avoid a con-
fusion of permutated terms, e.g. the term identi er t denoting the term apply,(+ ; a; b)
can be found by intersection:

t2 + :Tsuper \ a:Tsuper \ b:Tsuper

In this caseignoring the relative positions of subterms and superterms, i.e. that a
really is the rst argument of the application denoted by t, may causea confusion of
apply,(+ ; a;b) and apply,(+ ; b;a). Further confusionsmay be provoked by ignoring the
arity of the application in question.

If the returned identier t denotesa new node, then t has nally to be addedto the
subterms' list of pointers to their superterms, and the type ag of the new node hasto
be setto denote either an abstraction or an n-ary application.

This procedureis not only an algorithm to insert new terms, but alsooneto nd terms.
The conceptof tracking the syntax tree bottom up allows somere nement for e cien t lookup
of nodes. The number of necessaryintersectionsof setsof node identi ers e.g. canbereduced
by choosing subtermsthat occur in few superterms and therefore require intersection of small
sets. If the set of candidate identi ers of somepoint of the syntax tree can be narrowedto an
empty set, then a newnode hasto beinsertedand sohave all identi er nodesofits superterms.
Strategies for an e cien t seard of the graph and the properties of this represetation of a
term databasewill be subject to a later section.

In the following somefurther databaseand term manipulation operationswill be outlined,
where the main strategy of the algorithms will also be somekind of navigation through the
graph.

Rebuilding Terms

Rebuilding terms is a retransformation of a node in the graphto aterm f 2 F. Todo soa
simple procedureget : IDg! F is used. This procedurerecursively rebuilds a term starting
from the root of its syntax tree denotedby t 2 IDg.

The procedureget (t) is de ned asfollows:

if t2 [ X then the node denotesa primitiv e and the identi er itself is returned.
get(t) =t
ift 2 T and its type ag's value is (application ;n) then the node represens an n-

ary application. Let t:Tgu = [tro; i tin] the list of its subterms, then an application
application, is returned.

get(t) = apply, (get(tro); :::; get (tn))

ift 2 T andits type ag's valueis abstraction then the noderepreserts an abstraction.
Let t:Tgup = tio its subterm then an application abstractionis returned.

get(t) = : get(tro)

In this casethe graph is only tracked down, which is always deterministic and requiresno
seart. In further operations both upward seart and downward tracking is applied, which
increasesthe complexity of the algorithms.
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Deleting Terms

To delete a term, the corresponding node is remaoved from the graph, and so are recursively
its subterms. Note that this is only possibleand necessaryif the term in question is not a
subterm of other terms, which can be chedked by examining its list of superterms.

The procedureto do sois delete :IDg! ;, wheredelete (t) hasthe following e ect:

ift2 [ X,ie. iftisa primitive, then the node is removed if it has no occurrences
in any superterm, in this caseis t:Tsyper = ;. If this is not the case,the graph stays
unmodi ed.

ift 2 T andits type ag's valueis (application ;n), thent isremovedfrom its subterms'
superterm lists, i.e.

8tn 2t:Tsub . tn:TSOU[Er = tn:TSU‘Er t.

Furthermore all subterms whose list of superterms has been emptied this way are
deleted:

8tn2t:Tsup : (tn:Touper = ;) ) delete (t,)

ift 2 T and its type ag's value is abstraction then it is processedn the sameway
as a O-ary application.

Note that apart from nodesbeing subtermsof other nodes,somenodesmay be of \external
interest”, i.e. they may be referencedto from outside the system. In this casethese nodes
should not beremoved either, and an implemertation should keeptrack of external references.

When using the graph to implement deductional purposes,then the delete procedure
should be usedto avoid underperformance causedby information overload. It probably will
pay o to focuson a selectionof proof lines that is cleanedup and updated regularly.

Copying Terms

Within the graph, it is not necessaryto copy terms, it actually is even explicitly forbidden,
asit would violate the uniguenessof represetation.

When using a shared terms graph within the context of a reasoning system howeer, a
selectionof term identi ers will be referencedfrom outside the graph. Multiple referencesto
a single identi er may occur in this case,but the e ort necessaryto copy and pasteterms is
reducedto constart cost, asthis only requiresto operate on the term identi er.

Substituting  Subterms

Substitution is a potentially costly operation, as it requires to identify a path of unknown
length betweentwo nodes, actually the path from the term's root to the subterm that is to
be substituted. In caseof multiple occurrencesof this subterm one path hasto be processed
for ea occurrence,and attention hasto be payed to possibleintersections of these paths.
The coststo identify these paths can be considerably cut if using indexing techniques.

Givenapath [tq;:::;t,], wheret; is the direct superterm of the subtermtg to be substituted
and t, is the root of the term, then the subterm of the a ected position of ead node t;
is substituted by the new identi er, and if there is no node in the graph that equals this
substituted node, then a new node is created.
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to : app,

AN

t1:app, t2:app

el

Figure 5.1: An example Term.

Let t8 be the term to be substituted for the former subterm to, ti:Tsup = [ti0; 55 tim ]
the list of direct subterms of t; 2 [t1;:::;tn] and j the position at which the substitution
takes place, then at ead node t; of the path the next step of the substitution is iterativ ely
computed:

ti°= add(application,, (ti.o; :::; ti; 1;ti° st +15 05 tim))

Finally the modied root node tQ is returned where this node denotesthe substituted
term t = [to ! t8]tn.

In caseof an -abstraction, the procedureis executedanalogouslyto a O-ary application,
symbols cannot occur on the path.

A special caseof substitution is global rewriting where only the pointers betweenall direct
superterms and the subterm in question have to be modi ed.

Searching for Occurrences of Expressions

One of the main advantages of a shared represenation of terms is the speed up that is
obtained when searting speci ed terms in a database. Seardiing a term in this context
meansto chedk whether a term f 2 F has beenadded to the data structure. Apart from
fully specied terms, e.g. P(a) _ Q(a), terms that have occurrencesof meta variables may
be of interest, like P( ) _ Q( ) with meta variable . In both caseswe can make use of the
uniquenessof the represertation, i.e. we can start a seard for expressionsas those given
above at the graph nodesthat represen occurring symbols P, Q or _. As theseare uniquely
represerted, all nodesthat represen expressionsn which thesesymbols occur can bereathed
by a path starting in the corresponding node.

Thus the basic elemeris of any seart are either tracking down the graph from a node to
its subterms or searding the graph upwards by following pointers to superterms. In caseof
an upward seart the result of the operation is in generala set of nodesrather than a single
node. If the task isto nd a substructure in the graph, there is usually a selection of nodes
that are known to be contained in the graph and easyto locate, e.g. symbolss 2 . These
are suitable points to start a seard.

Apart from the symbols occurring in an expressionthat is searded for, the queriesmay
cortain application nodes and abstraction nodes. For eat of these nodes a corresponding
node of the graph hasto beidenti ed. This can be incremenrtally done by following pointers
from neighboured nodes. In caseof an upward seart, not a node is identi ed, but rather a
set of candidate nodes. Such sets of candidate nodes can be narrowed for nodesthat denote



90 Chapter 5. Reactive Behaviour on Shared Terms

n-ary applications with n 1 by intersection of the candidate sets. These candidate sets
can furthermore be used for downward tracking analogouslyto a single node, the di erence
is that this operation is not of type IDg! IDg, but rather P(IDg) ! P(IDg), i.e. argumerts
and results are elemerts of the power set of IDg.

The complexity of such a seard dependson the structure of the graph and of the strategy
that is applied, e.g. the order in which candidate setsfor expressionnodesare chosenfor in-
tersection, furthermore it hasto be consideredunder which circumstancesdownward tracking
of a candidate set hasto be preferred to upward seart from a node or upward seard from
a candidate set, which is potertially the most expensiwe strategy.

Usually it payso to chosesmall candidate setsto cortinuethe seard rather than big ones.
If the setof candidatesfrom a speci ed node narrows to the empty setthen the corresponding
term is not represetted in the graph, and unlessit is intended to add the term in question to
the database,the seart for the whole expressionwill fail. Therefore the attempt to narrow
candidate setsto the empty set can be chosenas a seard strategy to quickly bring about
negative results.

As an example, | will describe the seard for atermt=a b+ a c. The represeration
of t within the term sharing graph is sketched in gure 5.1.

Nodesdenoting symbols, here+, , a, band c, can be immediately identi ed, then candi-
date setsfor superterms can be narrowed step by step. Candidate setsC for t1 and t, can be
determined by intersection, as candidateshave to be a direct superterm of all of it subterms,
wherein this caseall subterms are symbols:

Ci,
f tsuper j(tsuper; @pplication  ;2,0)2  Tsyperg

\' ftsuperj(tsuper; application ;2;1)2a:Tsyperd

\' ftsuper(tsuper; application ;2;2)2b:Tsyper g

and

Ci,
ftsuperJ(tsuper ; @pplication ;2;0)2  Tsyperd

\' ftsyperj(tsuper; application ;2;1)2a:Tsyperd

\' ftsuper(tsuper; application ;2;2)2c:Tsyperd

In the next iteration, the candidate setsCy, and C;, are propagatedto narrow Ci,:

Ci,

tstsuperj(tsuper ;application ;2;0)2 + :Tsyperg
\ gt2 Ctlf tsuper J (tsuper ; @pplication  ;2; 1)2t:T syper g
\ t2 Ctzf tsuper J (tsuper ; @pplication  ;2;2)2t:T syper g

Note that in this example the query cortains no meta variables. The candidate set Cy,
therefor narrows either to a singleton set or to the empty setin casethere are no occurrences
of the term. If aterm is not fully speci ed, i.e. it corntains meta variables, the samealgorithm
is applied. As in this casehowever some of the superterm setswould not be available, the
narrowing of the set of candidatesmay yield a greater number of terms.

Having identied the node that represens a term, all superterms can be looked up by
simply following all superterm pointers upwards, which is usefulto nd terms speci ed by a
given subterm. Note that in generalonly a selectionof terms found this way is of relevanceto
the user, e.g. terms that represen a proof line's formula. These nodesshould be attributed
by additional marks, and generallyit is usefulto Iter the result with respectto thesemarks.
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5.2.4 Positional Tree

The data structure preseried so far should be useful for an e cien t term sharing and will
speed up some of the operations it implemens. However some of the procedure are costly
and sometimespossibly more expensive than in a non-termsharing implementation. Mainly
a seart from a node upwards to identify a special superterm may causeconsiderablee ort.

An attempt to cure this is the application of positional treesthat allow to identify setsof
terms by structural properties. In the following | will describe a positional tree to e cien tly
look up terms by using their pre xes as keys (unlike an upward seart in the term sharing
graph in which the su x is usedas a key).

The aim is to maintain a tree that provides enoughextra information for a considerable
speedup of operations with an acceptableconsumption of spaceand time for its maintenance.
Thus a newdiscrimination node is createdno sconerthan the rst term is addedthat actually
featuresthe corresponding position. The tree is maintained wheneer terms are addedto or
deletedfrom the represenation graph. The tree's structure and how to maintain it is described
in the following.

Each of the tree's nodesrepresens a position in a terms syntax tree and can be usedto
accessall identi ers that denoteterms in which this special position exists. The information
about theseterms is kept as pairs of term identi ers, onedenoting the root node of the term,
the other denoting the subterm in that special position, i.e. assumingthe term (a+ c) + b
has beenaddedto the graph and is denoted by note t;1, and the term (a+ ¢) is denoted by
node t,, then the node of the positional tree that corresponds to the rst argumert of an
application that is the topmost structure of a term is assaiated to the pair (t1;t2) denoting
that term t; hasan occurrenceof term t, in this special position.

The pointer to the subterm is bidirectional again, i.e. not only term nodescan be accessed
from a specied position node, but also nodes of the positional tree can be accessedrom
term nodesthat are related to it. The set of positions the terms occursin is recordedin the
additional term node slot t:D s .

Furthermore ead of thesenodesis either the root of a positional tree that canbe accessed
using the subtermsin this special position askeys, or in caseof symbolss2 [ X, s is kept
in this position.

Nodes of positional trees will be denotedby d 2 D = fdyjn 2 INg in the following,
where dp is the root of the tree denoting root position . Every node d has the attributes
d:Tiis = f(t1;Ke); 0 (tm; Km)g to denotethe terms related to the node, a pointer to its parert
node d:Dsyper = dsyper and a mapping

d:Dsub 2
[ X [ fabstractiorg[ fapplicationm;n)jm;n 2 INg
D

that is usedto map the topmost structure of the key term to an accordingchild node, when
accessingthe positional tree. In caseof an application the mapping discriminates according
to its arity m and the position n of the function or argumernt subterm that is usedas a key
term in the next iteration.

Figure 5.2 shows an example of a discrimination tree. The tree is result of an empty
graph in which the terms :f (Xg), f (a+ b), and f ((a+ b) + ¢) have beenadded. The graph
represeration of theseterms is alsoshavn in gure 5.2. A node
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a graph represetation of :f (Xg), f (a+ b), andf ((a+ b) + ¢):

to:abstr ty:app ts:app

the according positional tree:

abstr app;.o appi1 appzo appzi appez

/// \\\

app;;o appi;1 appo.g appz1 appz2 Xo appy.o app1 appzz2 a
d; ds do dio di1 di2 diz dia
f Xo + appy.o appz1 appzz a bc + a b
dis dis di7
+ a b

Figure 5.2: An example Positional Tree
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dn
ko:::kn

consistsof its identi er dn, and the setof all valid keyskg:::kn at this position. Every node
in the tree denotesa unique position, and the set of valid keysis the set of all possiblehead
symbols that occur in any term at this position, e.g. we can seefrom in gure 5.2 that dy
denotesthe function term of a 1-ary function that is the range of an abstraction. The only
subterm that has occurred so far in this position is the symbol f .

The complete list of the sets of pairs (t; k), wheret is the root term and k the key used
in this special position, is the following:

do:Twis = f(to;to); (t1;11); (t2;12); (t3;t3); (t4;ta); (t5;t5)g
di:Tiis = f(to;t1)g

d2:Tinis = F(t2;f); (taif)g

d3:Tinis = f(t1;X0); (t2;13); (tarts)g

da:Timis = f(t3;+);(ts;+) g

ds:Tiis = f(t3;a); (ts;t3))d

de:Tinis = f(t3;0);(ts;0)9

d7:Tiis = f(to;f)g

dg:Tinis = f(to;X0)g

do:Tinis = f(t2;+);(ta;+) g

di0:Tinis = f(t2;a); (ta;t3)g
d11:Twis = f(t2;b); (ta; 0)g
di2:Twnis = f(ts;+) 9
d13:Twis = f(ts;@)g
d14:Tinis = f(ts;0)g
dis:Tinis = f(ta;+) g
di6:Tinis = f(t4;@)9
d17:Twis = f(ts;0)g

The position of occurrencesare furthermore recordedin term nodes:

to:Dinis = fdog

t1:Dis = fdo;d1g

t2:Dhis = fdog

t3:Dinis = fdo; ds; ds; d1o9
t4:Dhis = fdog

ts:Dnis = fdo; d3g
X0:Dnis = fd3;dgg

f:Dis = fdz; d7g

a:Dihis = fds; d1o; di3; die0
b:Dihis = fds; d11; d14; d16g
C:Dinis = fde; d110

Note that the positional tree's root node dy featuresthe set of all terms that have been
inserted so far. Note further that adding a term to the positional tree is fully recursive, i.e.
not only the term itself is added, but also eat of its subterms.



94 Chapter 5. Reactive Behaviour on Shared Terms

Assuming an empty set of terms is represerted by a tree consisting of an empty tree,
i.e. a singleroot node for position attributed with do:Twis = ; to signal that there are no
terms related to this position, and dg:Dgyp = ;, asno subtreeshave beeninserted yet, then a
positional tree can be constructed by sequetially adding terms.

Although the maintenance of this positional tree causesconsiderablecost, it pays o
when searding terms in a database. The insertion of all possiblesubtermsis justied by the
advantage gained from this extra information when cheking the occurrenceof subtermsat a
non-speci ed position, asit is required e.g. for e cien t application of substitutions.

Adding Terms

To add a newterm to the positional tree, | de ne a procedured_add. The argumerts of a call
to d_add are the term to add, the keyto nd the appropriate position node to do so and the
current node. When calling d_add, term and key are identical, while dg is the starting node,
then the key is sequettially processedoy recursively calling d_add.

A call to the procedure d_add(t; k; d) with term t, key k and discrimination node d will
have the following e ect:

in any case(t; k) is added to the set of terms related to the discrimination node d,
AT = dniTinis [ (L K)g.

if the key node is a symbol, i.e. k2 [ X, then the procedureterminates this branch,
asthere are no further subterms accordingto which a discrimination is possible.

if the key node is an application, i.e. k 2 T andt's type ag is (application ;n), then
ead of t's subtermsis inserted into d:Dgp:

For ead nodet; in t:Tsyp = [tsub:0; i35 tsubn] it is chedked whether d:Dgyp cortains a pair
(application(n; i); dsup).

If the key applicatior(n; i) is pointing to a discrimination node dgyp, then the procedure
is recursively called:

d_add(t; tsup;i; dsub)

If there is no sudh pair, a new discrimination node dnew iS created, the mapping is
updated

d:D2,, = d:Dsu [ fapplicatior(n;i); dnewd

and the procedurerecurses:

d-add(t; tsup:i; dnew)

According to this schemethe positional tree will insert a new discrimination node only
if aterm is addedthat actually featuresthe corresponding position.

if the key node is an abstraction, then the proceedingis the sameas for a 0-ary appli-
cation.

The procedureis called ead time a new term is inserted into the term graph. As a term
t can only be inserted after all of its subterms have beeninserted, the procedured_add has
already beenexecutedfor these subterms at the time t is inserted.
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Having added a number of terms to the positional tree, the tree will have a node d for
ead position that occurs in someterm that has beeninserted. A unique key to accessa
discrimination node is a single path in the syntax tree of an arbitrary term. The target
position correspondsto the position in which the path ends.

In generala term t is added to the positional tree by inserting it at root node dp with
itself asthe key: d_add(t; t; do).

Therefore do: Tyis is always the list of all terms that have beeninserted sofar, actually a
pair (t;t) 2 do:Tinis exists for ead term t that is representied in the graph.

Looking up of Sets of Terms

The positional tree allows an e cien t lookup of terms accordingto three criteria. The rst
criterion is the occurrenceof a given expressionsat a speci ed position. To lookup a term
of the form f( + ), where and are meta variables, in the positional tree depicted in
gure 5.2, the proceedingis the following:

The term position and the according position node of all symbols that are no meta
variables are determined, heref and +. The according position nodesare d, for f (i.e.
the function of aunary application) and dg for + (i.e. the function of a binary application
which itself is the argumert of a unary application). Although in this examplesonly
symbols f;+ 2 occur, this can be extended to occurrencesof terms t; which have
already represenations in the term graph.

The according root term is looked up. In d:Tyis, there are two entries wheref is the
key symbol, namely (t2;f) and (t4;f). The root symbols herearet, and t4. For +, the
corresponding entries are (to; +) ; (t4; +) 2dg: Tihis -

The sets of root symbols are intersectedto nd the root terms that have all symbols
in the right position. Here the set of root terms is for both symbols ft,;t4g, thus this
is the set of terms that t the pattern f( + ). This is correct, ast, = f(a+ b
and t4 = f ((a+ b) + ¢) match the query term. The according instantiations for meta
variablesare[ ! a; ! bl respectively [ ! t3; ! ¢], wheretz= (a+ b).

The lookup procedure can be implemented very e cien tly, as all operations on sets of
terms can be reducedto operations on setsof natural numbers.

The secondcriterion is the occurrenceof the samemeta variable at seeral term positions.
In this the set of candidate terms is further reducedby examining the relevant term positions.
The equality test can again be reducedto equality testing on natural numbers. If the pattern
in the above exampleis changedto f ( + ), the set of matching terms is reducedto ;, as
none of the terms found above have the sameinstantiation for and

A special feature is the third criterion, the e cient lookup of terms that have the form
( x) for someexpressionx that occurs at a non-speci ed position. This is useful for CAS
operations that perform rewrite stepsat someposition within terms. To lookup e.g. all terms
that match pattern ( a+ b), the procedure consistsof two steps:

First the pattern a+ bis looked up accordingto the procedurefor the rst criterion.
The only term to match this pattern is t3. Although there are no meta variables in
a+ b, this is no necessaryrestriction. Occurrencesof meta variables are treated in the
sameway as described above.
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Then in all position nodesrecordedin t3:Dis = fdo;ds; ds; digg, the according pairs
(ti;t3) are looked up. The record d:Tyis in the according position nodesyields:

(t3;t3) 2 do:Tinis
(t2;t3) 2 d3iTnis
(ts;t3) 2 ds5:Tinis
(ta;t3) 2 dio:Teis

Thus the the set of terms matching ( a+ b) is fto;ts;t4;tsg respectively ff (a+ b);(a+
b);f((a+ b+ c);((a+ b+ og.

This third criterion can furthermore be conmbined with the rst, wherethe occurrenceof
a given subterm hasto be below a given position. A pattern which combines both criteria is
f (( a+ b)). Now the procedurefor the rst criterion is applied to pattern f ( ), the according
candidate terms are fty;t4g. If there is a suitable term for f (( a+ b)), then ( a+ b) has
to occur at the position corresponding to d3. Thus there hasto beaterm t; 2 fty;t3;t4;t59
(i.e. the result for the lookup ( a+ b)) where (ti;t;)2d3:Tinis for someterm t; 2 fto;t49. In
this casethere are two suitable records(t,;t3); (t4;t5)2d3: Tihis . Thus the result for the query
f(( a+ b)) is fty;tsg respectively f (a+ b) and f ((a+ b) + ¢). The combination of criteria
oneand three requirestwo further intersection of sets,namely the intersection of the result of
the third criterion with the set of key terms t; that occur in somepair (t;;tj)2dy:Tinis , Where
dk is the position of , and secondthe intersection of the set of according superterms t; with
the result of criterion one.

Of courseall of the criteria can be combined, too. In this case,the procedureto conbine
criteria one and three are followed by a chedk whether all occurrencesof the same meta
variable have the samevalue.

In generalthe order in which setsof terms are intersectedhas no e ect on the result, but
on the performance. Thus an e cien t implementation of the data structure should make sure
that small setsare intersected rst.

5.2.5 Reactiv e Behaviour

The basic idea of a reactive database of terms is to store not only terms in the database
but also requests. Instead of nding suitable terms for a given request, the task is now to

nd a suitable requestfor a given term. This functionality is useful for the implementation

of interfacesin heterogeneoudogical ervironments like the mega system, where external
systemshave to be coordinated. In suc a databaseof term requeststhe actual computation

of term matching is triggered by syntactical evernts like occurrence of a common subterm
within a term and a possibly matching request.

As the operations on the term sharing graph aswell ason the positional tree are basedon
somesort of havigation through the graph, there are always nodesthat are explicitly travelled
when doing so. This allows to attach reactive nodesto the graph to enablethe data structure
to show somekind of reactive behaviour, as ead node can be marked to cast a signal when
visited. Thus a term that is added to the databasecan be matched against a number of
term patterns, where the matching is triggered by graph nodesthat are visited when doing
so, and the considerationof a particular term pattern in the matching processis triggered by
insertion of matching subterms.
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This o ers a possibility to trap terms matching a speci ed pattern at the time they are
addedto the data structure. To do sothe nodesd; of the positional tree can be extendedby
a new attribute

di:R  f(tj;my)jj; k2 INg

to specify a meta nodesmy that is noti ed whenewer a new pair of terms (t;; t;) is inserted
at this node. The messagehat is sert to m; is of the form notify (di;t)), i.e. for every meta
node my the root term t; that featuresthe respective subterm t; at the speci ed position d;
is passed.

This trigger mechanism can be usedto implemernt a reactive version of the rst criterion
of the lookup medanism in section5.2.4. In the following | will describe someexamplesof
reactive term matching in the graphsin gure 5.2. To enable a reaction whenewer a term
matches pattern f( + ), a new meta node m1 is introduced, and the respective seart
requests are added to di:R at the according positions. In this example, the consequence
is that (f;mq) is added to dy:R and (+;m;) to dg:R. In casea suitable term, say tg =
f (c+ c), isinserted to the term graph, m; receivestwo noti cations, namely notify (dy;te)
and notify (dg; tg).

Each meta node my is attributed by the list of positions

my:D = fdy; 5 dng

that have to send a noti cation for a complete identi cation of a suitable term, here
my:D = fdy;dgg. As now all position nodesin m1:D have sent a noti cation with the same
term tg, tg can be identied asa suitable term for the pattern represerted by mj.

The secondcriterion, the consistenceof meta variable instantiations, is applied analogously
to section5.2.4. The description of meta nodesis extended by an attribute

m:V = f(vq;fdg; 5 d, 9); 0 (v fdg; i di, 9)9

to record meta variablesand their respective positions. In casethe rst criterion is ful lled
by a term t, meta variables are evaluated. If the term t, which has beenfound accordingto
the rst criterion, hasfor ead (vi;fds;:::; dg, 9)2m:V the samesubterm tg,, in all positions
dq; 5 di,, t matchesthe pattern represened by m and for meta variable v; the instantiation
tsup has beenfound.

To implement the third criterion of section5.2.4,a further meta node attribute is required
to record terms and meta variable instantiations. This attribute is given by

m:l = f(ti;f(veita); i (Vs ta)@)ii;n 2 INg
where t; is the matching term and tq;:::;t, are instantiations found for meta variables
V1;::5;Vh. Each time an instantiation hasbeenfound a new instanceof (t;; (vi;t1);:::; (Va;th))
is addedto m:l . The meta node attributes are completed by the list of supertermsthat have
to be noti ed if a new instantiation has beenfound:
M:Msyper = fMy; 5 myg;

and the list of subterms and their positions:



98 Chapter 5. Reactive Behaviour on Shared Terms

M:Mgup = F(m1;d1); 5 (Mn; dn)g;

If now a meta node mg,, where mgyp:Msyer 8 ; nds a matching term for the pat-
tern it represens, it will notify all nodes Msyper 2Msyp:Msyper. If @ meta node mgyper has
received a noti cation from all of its subnodesm; (i.e. all meta nodesthat have a record
(mj; di)2msyper :Msyp), the evaluation of the third criterion is executed analogouslyto sec-
tion 5.2.4: For eadh of the subnodesm; it is evaluated whether it occursin a suitable position.
The evaluation is triggered by msyger and not by mg,,, becausethe purposeof ead mgyy, is
to match a subterm of the term matched by mgyper, and thus mgyper Will be the last node to
be triggered by a new term.

At the time mgyper is triggered by a term tsyper, someof the subterm nodes mgy, may
have found sewral instantiations (t; f(v1;t1);::5(Vn;th)g)2msun:l . Among these, suitable
instantiations, if there are any, are identi ed:

The meta variable instantiations are consistern. Thusfor ead instantiated variable v; it
is evaluated if an instantiation hasbeenfound by mgyper, too, and if both instantiations
are consistert. Inconsistert instantiations are dropped.

For ead of the remaining instantiations (t; f (v1;t1);::; (Vn;th)0), it is evaluated if there
is a term tq sud that (tg;t)2d:Trhs for some d2t:D this , where (tsyper;td)2tq:Dhis
i.e. if t is a subterm of tsyer below the specied position d. This is done by two
intersections of term sets analogousto section 5.2.4, respectively one intersection and
one menmbership test, becauseone of the setsis the singleton ft4g.

For an example, the pattern in the above example is modied to nd in the graph of
gure 5.2aterm matching f (" (( ' (a; )); )), i.e. aterm f (' () ; )) where somewherein
there is an occurrenceof the subterm ' (a; ), where the function symbol ' is the samein
both occurrences.The matching is implemented by the following setting:
A rst meta node m; is employed to wait for the whole term. f is the only symbol that
is no meta variable. It hasto be found in position d»:

m;:D = fdyg
d2:R = f(f;myg

The meta variables ' , denoting a binary function, and can be instantiated by the
subtermsin positions dg and di;:

my:V = f('; fdeg);( ;fd110)g

Finally a subterm to beidentied by a secondmeta node m, hasto occur below position
dloZ

M1:Mgyp = f(m2; d1o)g

This secondnode m, hasthe purposeto identify a term matching ' (; ). Its supernode
ismi:

my:M super — fmag
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Symbols and variables are de ned analogouslyto mq, here a hasto occur in position ds,
'"indg and in dg:

m-:D = fd5g
ds:R = f(a;my)g
my:V = (' fds0);( ;fdsg)g

If the suitable term ty4 is inserted, it is trapped by m; and m,. The node m, will be
be triggered by t3, becausea is inserted in node ds with root term t3. Thus ds sendsa
noti cation notify (ds;t3) to m,. As this is the only position m; is waiting for, the variables
are instantiated accordingto m,:V:

ma:l = f(ts3; f(; +):;( ;bo)g

Furthermore m1 is noti ed that m, hasfound a matching term. Later m; will betriggered
by t4. Hered, will sendthe noti cation notify (d»;ts). Asd, isthe only position m; is waiting
for, variables are instantiated here, too:

my:l = f(ta;f(; +):( ;009

As furthermore the only subnode m, hasalready sert a noti cation, it is evaluated whether
the instantiation found by m, is suitable. First the variable instantiations are cheded, ' is
the only variable that is instantiated in both nodes, and it is in both casesbound to the
symbol +.

Thus it is evaluate whether t3 is at a suitable term position in ts. The term tz occurs
in positions dg, ds3, ds and dig, the root terms which are recordedwith key term t3 in these
positions are t3, ty, ts and t4. As m» is assaiated with dig in mq, the subterm of t4 in dig
hasto belooked up. It is t3, and ast32f t3;t,;ts;t40, the term identied by m; is obviously
a suitable subterm in a suitable position. Thus m; hasidentied a term matching pattern
f("(("(a )); ) alongwith the suitable meta variable instantiations:

(ta;f (5 +):( 505 ( 500

In casea term doesnot match, asfor t, = f (a+ b) in gure 5.2, the matching will fail at
somepoint. For t,, both nodesm; and m, will betriggered: m; by t, and m, by t3 = (a+ b).
The variable instantiations are consisten, asagain' will be bound to symbol +. The last
step however, in which it is determined if t3 is at a suitable term position, will fail, because
there is no entry (a;t3) at any position d2t3:Dhis With root term a and key term tg, i.e. t3
is no subterm of a. This is the worst caseof a failing matching, in generalthe unsuccessful
branches of the algorithm should be cut at earlier stages.

The reactive mecanism for term matching here has two characteristics that makes it
suitable for the identi cation of possibly applicable inference steps: it is lazy and it is ex-
haustive. Every time a new term is inserted into the graph structure, it is matched against
every pattern that is encaled in meta nodes, but unsuccessfubranches of the matching are
cut early or are even not executedat all.

A reasonableextension to usethe graph structure, e.g. for interfacing purposesin an
environment like mega are nodesthat encale logical gates. Inferencestepsthat are de ned
by an outline of proof lines could be encaded by combining seeral meta nodes. AND gates
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can be assignedseeral input nodes and can passa tuple of instantiations if the variable
instantiations are consistert, and OR nodes can pass ewery instantiation that is supplied
by one of its input nodes. A combination of both can implement a mega tactic that is
applicable for a set of di erent PAI situations.

5.2.6 E ciency

The strength of this data structure is the speed of matching a number of terms against
speci ed patterns. The most expensive operations are those who require an update to the
positional tree, but this is reasonableasusually complex operations like matching are replaced
by a number of simpler operations to maintain the order of the graph.

As pointed out by Stickel [74], a detailed analysisof the complexity of indexing techniques
is di cult, astheir performancedependsheavily on the structure of terms in the database.
Thus an overall evaluation of the complexity is omitted here.

Howewer the complexity of parts of the computation can be analysed. For a term of length
n, the depth of the syntax tree dependson its branching rate. Assuminga xed branching
rate greaterthan 1, the depth of the syntax tree will be O(logn). Basedupon this assumption,
the complexity of basic operations can be estimated:

to add terms to the term graph, O(n) intersections of terms have to be evaluated to
ensurea perfectterm sharing. This hasto be repeatedfor subtermsat ead level of the
syntax tree. As the syntax tree is of depth O(logn), O(nlogn) intersections of term
setshave to be evaluated.

to add terms to the positional tree, for ead of its elemens two node entries have to be
updated. This is again recursively repeated for ead of the subterms. The complexity
of the update of the positional tree is therefore O(nlogn) erntry updates for a term
of length n. Updating of both the term graph and the positional tree, which is both
necessaryto insert a term into the graph structure, still hascomplexity O(nlogn) node
ertries.

to lookup a pattern requiresthe intersection of m term sets,wherem n is the number
of xed symbols or subtermsin a xed position. For ead occurrenceof a subterm at
a unspeci ed position, two further intersectionsof term setsare required. Furthermore
k n equality tests have to be evaluated to ensurethe consistenceof variable instanti-
ations. As equality tests can be performedin constart time, the complexity of a term
lookup is that of O(n) intersections of term sets.

the reactive behaviour requireslittle extra computation. Each time a position node is
updated, which happens O(nlogn) times when inserting a term of length n, a mem-
bership test hasto be performed and all meta nodeshave to be noti ed. The number
of meta nodesthat are to be noti ed in eat node dependson the term structure. For
ead noti ed nodeit is tested whether all necessarynoti cations have beenreceived and
the record of noti cations is updated. This requires constart time, assumingthat the
maximum number of subnodesin eath meta node is xed. In casea meta node and all
of its subnodes are triggered, for ead sub node one intersection and one menbership
test have to be performed.
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Hard to predict elemeris in this estimation are the set sizesfor intersections and meta
node noti cation. The size of setswhich are accunrulated in somenode ertries are heavily
depending on the structure of terms in the database. In the worst case,setswill be of size
O(n), wheren is the number of meta nodes.

Howe\er, all intersectionsof term setsand equality and membership tests can be reduced
to operations on natural numbers. Thus an equality test is computed in constart time,
and there are e cien t algorithms for set operations. Implementations of integer sets as bit
vectorsin LEDA [59] are of complexity O(1) for membership tests and insertion of elemers,
intersectionsof setsand similar operations are of complexity O(b a+ 1), where set elemerts
arein arangela::b.

5.3 Reference

The following section gives a short overview of the objects of the data structure, i.e. in rst
line types of graph nodes and their attributes. After a summary about graphs and their
semartics, an overview of the operations on these graphs will follow

5.3.1 Graphs

The set of possibleidenti ers ID is composedfrom a number of subsets,ead of which has
a number of attributes. Apart from the standard attributes that are listed here, arbitrary
additional attributes can be used for purposeslike typing of terms. Actually ID itself can
be expanded,too, to increasethe expressienessof the system, e.g. by introducing reactive
nodes as mentioned above. If doing so, care has to be taken of the paradigms required to
maintain the system'scorrectness.

Standard node identi ers, attributes and membership in one of the two main structures,
i.e. term sharing graph or positional tree, is listed here. The setsof nodesof the term sharing
graph and the positional tree are denoted as IDg respectively D.

alphab et symbols

= fspjn 2 INg is an alphabet of symbols. There is always a mapping ! IN,
therefore can be reasonablyidenti ed with a set of natural numbers, furthermore is

subject to dynamic modi cation, as symbols may be introduced to or deleted from
the ervironment at arbitrary time.

The alphabet is a subsetof the term sharing graph IDg.

Theseare the standard attributes of a nodes 2 :

{ S:Tsuper T is the set of direct superterms. Note that s:Tsyper can be classi ed
accordingto a set of key symbols f abstraction g[ f(application ;m;n)jm;n 2
IN g, denoting the type of the superterm t, and in caseof an application its arity
and the position of the occurrenceof s in t.

{ s:Dwis D is the set of discrimination nodeswhoseset of related terms features
a pair (t; s), i.e. a node in which s hasbeenusedas a key when inserting a term
to the discrimination tree, seebelow for details.
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bound variables

X = fxpjn 2 IN g is the setof bound variables. The sematriics of the index n de nes the
relation betweenoccurrenceof x, and its binder; the binder can be found by ascending
the term tree n scopesupwards.

Node functionality of a node x 2 X is the sameas for alphabet symbols and so s its
graph membership X 2 IDg and its attributes:

{ XTsuper T and
{ X:Dthis D.

non-primitiv. e terms
T = fthjn 2 IN g is the set of non-primitiv e terms.

T IDg is also part of the term sharing graph, anodet 2 T hasthe sameattributes
as primitiv e terms,

{ tTsyper T and
{ tDwis D,

and apart from thesetwo further attributes:

{ tTew 2 T" is the list of subterms ordered accordingto their position.

{ tType 2 fabstraction g[ f(application ;n)jn 2 INgisthe node'stype ag. Note
that the list length of t:Tg,, must equal 1 in caseof value abstraction andn+ 1
in caseof (application ;n).

Therewith the list of standard types of nodesin IDg is completed. Every node in IDg
represens a unique term, i.e. there is a bijective mapping IDg ! F with respect to terms
that have beenaddedto the data structure.

The secondmain data structure is the positional tree D, whoseelemerts are discrimination
nodes.

discrimination nodes
D = fdnjn 2 INg is the set of discrimination nodes.
A node d 2 D hasthe following attributes:

{ dTmnis T T isthe setof pairs(t;k) 2 T T whereterm t has beeninserted
at discrimination node d with key remainder k.

{ d:Dgyp K ID, where
K= [ X[ fabstraction g[ f(application ;m;n)jm;n2 INg
is the set of possiblekey symbols.

{ d:Dsyper 2 D is the pointer to d's parent node.

A specialdiscrimination nodeis dg 2 D, the root node of the positional tree. It is assigned
to the root position of a term.
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5.3.2 Pro cedures

The following is an overview over proceduresfor generalgraph maintenance. This comprises
proceduresto add and to delete terms. Furthermore a procedureto implement substitution

for terms in the graph structure is intro duced. Proceduresto processqueriesto the database
are omitted in this place, becausetheir implemertation is non-trivial. Processingof queries
requiresin generalthe intersection of term setswhere the order in which theseintersections
are computed has an e ect on the performance. Thus it is reasonableto employ elaborated
mecanismsto guide the computation, which would be outside the scope of this work.

adding a term

The procedureadd : F ! ID adds a term to the graph and returns its identier id.
A term f 2 F is recursively inserted, while pointers to subterms and superterms are
updated, and all newnodesare addedto the discrimination tree. This is the full function
de nition:

function add(f)
case f 2 [ X
then return f
case f 2 fapplication,(fo;:::;;fn)jn 2 IN;f; 2 IDg
then declare
subterms: ID"
temp: ID
for each [fg;:::;fn] do
temp := add(f;)
subterms(i) = temp
nd for
if Lo ftsuperj(tsuper; application ;n;i) 2 subterms(i):Tsyerg = ftg
then temp = t
else temp := new node tpew
temp. Tgp = subterms
d_add(temp,temp, dp)

end if

for i=0 to n do
subterms(i). Tsuyper := subterms(i). Tsuper [ f(temp;application ;n;i)g
end for

return temp
case f 2 fabstractior(fo)jfo 2 IDg
then declare temp:ID

subterm := add(fo)

if (t; abstraction ;0;0) 2 subterm:Tsyper

then temp = t

else temp := new node tpew
temp. Tgyp = [subterm]
d_add(temp,temp, dp)

end if

subterm. Tsyper := subterm. Tgyper [ f(temp; abstraction )g
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return temp

The combination of add and d_add still o ers possibilities for optimisation.

looking up a term

This is the code of the procedureget : ID! F that is usedto lookup the term f that
is denoted by an identier id . This function recursively follows subterm pointers until
the leaves of the term's syntax tree, actually symbols, have beenfound.

function get( t)
caset2 [ X
then return t
case t2 T
then if (t:Type == (application ;n))
then return application, ([get (t:Tsup:0); ::5; g€t (t:T sup:n)])
else return abstractior(get (t:Tsuyp:0)

deleting a term

The proceduredelete (t) removesaterm t from a graph. Terms can only be removed
when unused.

function delete( t)

if tTsuper = ;

then for each id 2 t:Tgypn do
id :Tsuper = id Tsyper ftg
delete(id)
end for

d_delete( t;t; do)

remove node t

end if

adding a term to the positional tree

The procedure(d_add)(t; k;d) addsaterm t 2 IDg to a discrimination noded 2 D using
key k 2 IDg. This includes alsothe mecanism to expand the positional tree wheneer
needed.

function d_add(t; k; d)
d:Tinis = diTmis [ f(t; K)g
case k2 [ X
then d:Dsyp(K):Tinis = d:Dsun(K):Twis [ f(t; )g
case t2 T
then if (t:Type == (application ;n))
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then for each id; 2 t:Tgyp
if 9dsup 2 D:((application ;n;i);dsup) 2 d:Dsup
then d_add(t;id;; dsup)
else declare temp := new node dpew
temp. Dsyper = d
d:Dgyp := d:Dgyp[ f(application ;n;i);temp)g
d_add(t; id j; temp)
else declare id = k:Tgup
if 9dsyp 2 D:(abstraction ;dsup) 2 d:Dgyp
then d_add(t;id ; dsup)
else declare temp := new node dnhew
temp. Dsyper == d
d:Dgyp := d:Dguyp [ f(abstraction ;temp)g
d_add(t; id ; temp)
end if

deleting terms from the positional trees

The procedure (d_delete )(t; k;d) deletesa term t 2 IDg from a discrimination node
d 2 D using key k 2 IDg. This is the inverseto d.add. Whenewer possible, the
positional tree is cortracted.

function d_delete( t; k;d)
for each i n do, wheren is the arity of k
delete( t; K:Tsyp;i; Onext), Where ((K:Tiype;N;i); dnext) 2 d:Dsyp
end for
d:Tinis = d:Twis  f(t K)g
it (d:This == )
then d:Dsyper:Dsub := d:Dsyper Dsun  f( ;d)g
remove node d
end if

nding paths between subterms and superterms

As sometimesan uninformed seard in the set of superterms of an identi er may cause
considerablecost, there are tasks where it is reasonableto considermore e cien t tech-
niquesto bring up a solution. An exampleis nding a path from the root of a term tg
to a speci ed subterm tg,,, asit is required to substitute subterms.

For this purposea proceduresniff (tsyp;to) : ID ID! ID" is usedthat \snis" the
path from the subterm to the terms root by following a non-brancing trace on the
positional tree:

function  sniff( tgup; to)
if  (to;t) 2 tsub:Dinis :Dsuper ‘Ttnis
and (to; tsub) 2 tsun:Dihis ‘Tthis
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then return append(t,sniff( t;tp))
end if

The procedureterminates in sniff (to;tp) where (to;to) is categorisedin the root of the
positional tree, (to;tp) 2 do:Tinis Where dg has no parert discrimination node.

substitution

The substitution of subtermsis a fundamertal operation in a term system. In the fol-
lowing | will describetwo proceduresfor rst global rewriting and secondthe application
of a substitution to a single term.

Global rewriting is the simpler one, as only pointers related to a single node have
to be modied. This is done by a procedure global rewrite (ti;ty) that replacesall
occurrencesof t; in the whole context with tj:

function global _rewrite( tq;ty)

for each ftj(t; type;n;i) 2 t1:Tsyperg do
UTaupi = t2

end for

for each f(d;t)jd 2 t1:Dis; (t; t1) 2 d1:Tihisg do
d_delete( t;tq;d)
d_add(t; ty; d)

end for

t2: Tsuper = t2:Tsuper [ t1:Tsuper

t1 Tsuper =

delete( t1)

The deletion of t; doesnot necessarilycausethe node to be removed from the graph,
it is kept if e.g. it is still referencedby external pointers. Within the data structure
howewer t; is unusedafter a global rewrite.

Note that updating the positional tree is potertially costly, asit dependson the overall
number of occurrencesof t; in the whole context. Howewer the terms relevant to a
rewriting are looked up in virtually no time.

If there is however no needto maintain a positional tree, this feature can be abandoned.
The result is a very e cien t environment optimised towards purposesmainly relying on
global rewriting.

Apart from global rewriting, local substitution is a common operation on terms. The
proceduresubstitute (t1;ts;tre0t) replacesall occurrencesof t1 in tygt by to.

function substitute( t1;t2;troot)
declare modified := f(t1;t2)g
for each t 2 sniff (ty;troot) dO
declare subterms := t:Tgy
for each i n do, wheren is the arity of t
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if (subterms(i);thew) 2 modified
then subterms(i) = tpew
end if
end for
modified := modified [f (t; add(t:Type(subterms)))g
end for
declare subterms := tygot:Tsub
for each i n do, wheren isthe arity of t;qot
if (subterm(i);tnew) 2 modified
then subterm(i) := tpew
end if
end for
return  add(tyeot : Trype (SUDtErms))

In caseof t; having no occurrencesin trqoot, Sniff returns an empty list and tyqot is
returned unmodi ed. Note that otherwise sniff returns the substituted nodesin right
order, i.e. subterms beforetheir superterms.

5.4 Conclusion

Unfortunately an actual evaluation of the speedup that canbe obtained by the data structure
proposedin this work is still do be undertaken. Howewer the results of implementations of
similar approadies are quite encouraging. In generalthe speed up gained by term sharing
and indexing techniqueswasdramatic. For rst order logic there are seweral implementations
of indexing techniques, one exampleis the award winning E-Prover [68], where term sharing
and term indexing techniqueslead to a considerablespeedup. While the technique is rather
well explored for the rst order case,the evaluation of its use for higher order logic is still
in progress. Howewer, at least the parts of matching that are similar to rst order matching
will certainly experiencea dramatic speedup, and subclassesof higher order terms can be
well handled. An exampleis an implemertation of substitutional tree indexing by Brigitte
Pientka [65] basedin higher order patterns, wherethe speedup wasbetweem100%and 800%.
Theseresults are so corvincing, that the techniquesusedhere will probably becomestandard
in automated reasoningsoon.

The adaption that has been made to the indexing technique as it is usedin other ap-
proachesis the addition of a reactive elemen. Automated rst order theorem proversusually
employ strong machine oriented proof strategies,in which indexing is usedto quickly lookup
suitable terms. At the time of such a lookup, there is in general one pattern for which a
corresponding term has to be looked up. For knowledge based systems,e.g. mega, the
situation is di erent, asthere are in generala considerablenumber of strategiesthat may be
applicable. Thus the task becomesnow to match a possibly large number of patterns against
a possibly large number of proof lines. Therefore the indexing technique was adapted to react
on insertion of new terms and have matching triggered by occurrencesof matching subterms,
and thus to avoid super cial lookups. The sameappliesfor an interface to a CAS: a number
of algorithms are speci ed that may be applicable in seweral places.

While this work is mainly focusedon the implementation of an interface betweena de-
duction system and its external subsystems,the technique described here is of relevance to
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a variety of purposeswhere term matching is involved. The data structure is in general
applicable to the purposeof automated seard for applicable inference steps within a proof
situation. This problem is certral to any high level deduction system and is addressede.g.
by Sorge'sagert based ants medanism [9] in the mega system. While this approact

is much more generaland is lessrigid in the the way inference steps are described (the core
of my data structure implemerts rst order style term matching), it howewer assaiates in-

ferencerules and ageris, ead of which actively seardesthe databaseand therefore causes
costly computations. A lazy approact where the actual processof matching is triggered by

certain criteria being met avoids unsuccessfulmatching to a considerabledegree. A further

reduction of costis obtained by pre-ewaluation of relations betweenterms, which is a general
aspect of term sharing techniques. Here a combination of the e cien t term matching of my

data structure and the freedom of programmable agerts for special purposesis thinkable.
Indexing technigue can be usedhereasa lter for suitable terms, which then are supplied to

the agens' special purp oseevaluation.

The term structure of the databaseis not bound to any speci ¢ formal system, but rather
implements a minimum of structural elemers. This makesit open for implemenation in
various contexts, i.e. in di erent system, but also for various purposes.

While this reduction in costin the processingof terms already pushesthe limit towards
solving more complex problemsby being able to master greater knowledgebasesin acceptable
time, the represetation of terms that is usedin this work and in similar approacdhesmay help
to reveal completely new aspects of term processing.As the term sharing technique proposed
in this work relates expressionsand their elemerns rather than simply assenbling expressions,
it allows e.g. to seard syntactical structures bottom up, i.e. given say a variable it is possible
to lookup all expressionsthat have occurrencesof this variable without examination of data
that is not related to that variable. A further aspect is the represenation of equivalence
classeswhich are much easierto implemert as there is only a single represertation of eat
syntactical structure, thus it is easyto assaiate all occurrencesof an expressionsto an
equivalenceclass.

A nal aspect of this work is that it is possibleto encale a knowledgebasealong with the
basic functionality of term matching into a single graph. This allows a compact implemena-
tion e.g. for various interfacing purp osesand infrastructural issues,iterm Iters or blackboard
architectures with matching functionalities. The data structure can furthermore be usedfor
all sorts of evaluation of setsof terms that are usedfor heuristics or even cortrol at system
level. Thinkableis e.g. an assaiation of mathematical theories and the occurrenceof certain
term structures, where the databasecould be usedto trigger the systemto load additional
mathematical theories into working memory according to the type of hew expressionsthat
are inserted into a proof plan. By extending this principle by e.g. feeding badk results of
this matching into the graph or by integration of seweral databaseinto a single system, it
is possibleto provide a framework to very easily implemert basic techniques of automated
reasoning. As this would allow to implement reasoningsystemsby only providing term pat-
terns to specify inferencerules and possibly graphically designingthe data o w infrastructure,
it may ewven help to provide a very exible and easyto use dewelopmen kit for reasoning
techniques and possibly make these techniques accessibleto usersthat are not too familiar
with the peculiarities of a concretetheorem prover and do not want to becomeexpert in the
useof a full scalereasoningsystem.
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Conclusion

Subject of this work is the white box integration into a deduction system. Seweral aspects
of such an integration have beenexamined. All experimerts described here have beenimple-
mented in and around the mega system[70] and make use of the already existing Sapper

interface by Sorge[71].

In chapter 3 | describe the implementation of the prototypical computer algebra system
Mass and its integration into the mega ervironment. Unlike many other approades to
integrate a CAS into a deduction system, Mass doesnot act as a black box, but provides
su cien t information to remodel its computation within  mega's formalism. Thus these
computations can be further processedby mega's proof handling facilities. This isin rst
line mega's proof cheder to verify the correctnessof Mass' computations, but also other
facilities e.g. for proof represeniation and explanation canbe used. This interesting e.g. to use
proofsthat are dewveloped under participation of a CAS in computer supported mathematical
education. Tednically Mass is similar to its predecessor CAS by Sorge[71], it is however
more robust and o ers a wider applicability than CAS, which was necessaryfor a further
evaluation of this kind of white box architecture.

The increasedrobustnessand applicability of Mass made it a suitable tool for further
experiments. A novelty hereby was the conmbination of a CAS that is fully integrated into a
deduction system's formalism and a commercial CAS that behaveslike a black box system.
The combination of Maple 's computational strength in non-trivial computations and Mass'
strength in veri cation helpedto make non-trivial algebraic computations veri able, while it
was neither necessaryto formalise a full grown CAS like Maple nor to advancethe dewelop-
ment of the prototypical CAS like Mass to a level where sophisticated data structures and
algorithms are required. Mass wasemployedin experimerts in the domain of limit proofs[54]
and in the exploration of properties of residue classeqd53].

As a white box integration requiresto maintain a common mathematical databasethat
is accessibleto both the CAS and the deduction systemand has furthermore to be perfectly
syndironised with the CAS' algorithms, this issueis addressedin chapter 4. The solution
proposed her is the mathematical authoring tool Taco for the dewvelopmen of tactics in

mega. While the maintenance of CAS algorithms and analogue inference steps in the
deduction system is still left to the human deweloper, Taco allows to dewelop tactics at
a high level of abstraction within a graphical user interface without losing the power of a
programming language. The approadc in Taco to dewelop tactics at an abstract level o ers
furthermore a comfortable way to make the information available to dierent systemsor
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di erent moduleswithin a single system, thus avoiding multiple implemenrtation for di erent
purposes. A special feature of Taco is the facility to conmbine already implemented tactics
and a set of simple formalised control structures to develop simple algorithms.

The last aspect of the integration of a CAS into a deduction systemthat hasbeenexamined
in this work is how the Sapper interface could be extendedto allow a ner interaction between
CAS and deduction system. Although starting from the issueof CAS integration, the data
structure describedin chapter 5 and its application for interfacing purp osess of relevancefor
the generalproblem of identi cation of suitable proof strategiesin a given proof situation. The
approad is basedon term indexing techniques[74], which have beenadapted to implement a
reactive database,asit could sere for the implementation of various interface architectures,
blackboard medanisms, constraint collectors or similar devicesthat require a medanism
for term matching. Although the e ciency of the approadc has not beenevaluated yet, the
revolutionary successf indexing techniquesin rst order logic theorem proving [68] suggest
a reasonableperformanceof the data structure proposedherein practical application.

The challenge for future work is to advancethe dewelopmen of the systemsMass and
Taco especially concerning the independenceof a speci ¢ system. While Mass is already
systemindependert except for the requiremert of a common mathematical database, Taco
could sene to bridge this gap by o ering possibilities to adapt abstract inferencede nitions
to dierent systems. An adaption to standardised mathematical description languageslike
OpenMa th or OMDoc is thinkable, too. Of interest is furthermore the integration of for-
malised programming languageelemeris in alogical ervironment asit is donee.g. to formalise
the Java Virtual Machine in Isabelle [66, 6, 62]. This could sere to implement a virtual
machine that allows both to executethe code of algorithms and to reasonabout it. An in-
tegration of this approadc within the systemsdescribed in this work could sere to advance
systemindependency With respectto CAS integration into formal environments, this could
also help to avoid costly and possibly erroneousdouble implementation of computer algebra
algorithms and the formalisation of their computations. A further subject of my interest is
the application of graph structures to implement operations on terms, becauseit sometimes
openscompletely new ways to deal with terms.
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The Pro of of LIM+

This the complete proof of the LIM+ problem introduced in section 3.6.2. Note that the
schema of Complex-Estimate was slightly modi ed for better understanding in section 3.6.2.
The actual method is, as indicated by the name, rather complex. The corresponding proof
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Generated Code for
Split-Monomials-Plus

This is the complete code of the tactic Split-Monomials-Plus asit is written to a le by Taco.
The code presered heresenestwo purposes:First it canbereadby Taco. The speci cations
relevant for Taco are encaded asLisp commens in the rst part of the code, separatedby
special tags. Second,the code can be loaded into mega. Here the native Lisp code in
the secondcode is interpreted, while the commerts containing the abstract speci cation are
ignored.

; TACOTACTICsplit-monomials-plus
; TACOVariables

;phi z a

; TACOTheory Constants
;plus  times div num

; TACOParameters

;(pos position)

(X term)

(y term)

; TACOPatterns
;(nonexistent  existent)
;(existent  nonexistent)
;(existent  existent)

; TACOTheory

‘real



115

;. TACOPremises
(1 (formula phi (times z a) pos))
: TACOConclusions

(12 (formula phi
; (plus (times x a) (times y a))
; pos))

;. TACOConstraints

{and (data~primitive-p ?X)

; (numberp (keim~name ?x))}

{and (data~primitive-p ?2y)

; (numberp (keim~name ?y))}

{and (data~primitive-p ?2)

; (numberp (keim~name ?2))}

:(z = {term~constant-create

; (+ (keim~name ?x) (keim~name ?y))
; ?num})

; TACOGeneral Help
;Rewrite z*a=x*a+y*a where X,y,z are numbers and z=x+y.
; TACOArgument Help

(2 "A Line containg x*a+y*a")
;11 "A Line containing z*a")
:(pos "The position of the term")
i(x "The first  coefficient")

:(y "The second coefficient")

;  TACOExpansion

;(inference  expand-num (I3 [1)({pos~add-end ?pos 1} x Y))
;(inference  distribute-right (12 13) (pos))

: TACOCode

(infer~deftactic split-monomials-plus
(outline-mappings
(((nonexistent  existent)
split-monomials-plus-1)
((existent  nonexistent)
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split-monomials-plus-2)

((existent  existent)

split-monomials-plus-3)) )
(expansion-function  taco=expand-split-monomia Is-p lus)
(parameter-types  position term term)
(help "Rewrite z*a=x*aty*a where X,y,z are numbers and z=x+y."))

(com~defcommandsplit-monomials-plus
(argnames 12 11 pos X Y)
(argtypes ndline ndline position term term)
(arghelps "a line containg x*a+y*a"

"a line containing z*a"

"the position of the term"

"the first coefficient"

"the second coefficient")
(function  taco=split-monomials-plu  s)
(frag-cats  tactics)
(defaults)
(log-p 1)
(help "Rewrite z*a=x*aty*a where X,y,z are numbers and z=x+y."))

(defun taco=split-monomials-plus

(12 11 pos xy)

(infer~compute-outline 'split-monomials-plus
(list 12 11)
(list pos x y))

(tac~deftactic split-monomials-plus-1 split-monomials-plus
(in real)
(parameters
(pos pos+position "the position of the term")
(x term+term "the first coefficient")
(y term+term "the second coefficient"))
(premises 11)
(conclusions  12)
(computations
(12
(taco=split-monomials-plu ~ s-1- 12
(formula 11)
pos X Y)))
(sideconditions
(taco=split-monomials-plus  -1-p
(formula 11)
pos X Y))
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(description  "Apply tactic split-monomials-plus
to pattern (nonexistent existent)."))

(defun taco=split-monomials-plus  -1- 12
(taco-I1  taco-pos taco-x taco-y)

(let*

((taco-x0

(data~struct-at-position taco-I1 taco-pos))
(taco-x1

(data~appl-arguments  taco-x0))
(taco-a

(nth 1 taco-x1))

(taco-x7

(list taco-y taco-a))

(taco-times

(data~appl-function taco-x0))
(taco-x6

(data~appl-create  taco-times taco-x7))
(taco-x5

(list taco-x taco-a))

(taco-x4

(data~appl-create  taco-times taco-x5))
(taco-x3

(list taco-x4 taco-x6))

(taco-plus

(env~lookup-object  :plus
(pds~environment omega*current-proof-plan )))

(taco-x2
(data~appl-create  taco-plus taco-x3)))
(data~replace-at-position taco-I1 taco-pos taco-x2)))

(defun taco=split-monomials-plus -1-p
(taco-I1  taco-pos taco-x taco-y)
(and
(and (data~primitive-p taco-x )
(numberp (keim~name taco-x )))
(and (data~primitive-p taco-y )
(numberp (keim~name taco-y )))
(let*
((taco-x0
(data~struct-at-positio n taco-I1 taco-pos))
(taco-num
(env~lookup-object  :num
(pds~environment omega*current-proof-pla  n)))
(taco-times
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(env~lookup-object  :times
(pds~environment omega*current-proof-pla n))) )
(and
(data~appl-p taco-x0)
(term~taco-equal taco-times
(data~appl-function taco-x0))
(let*
((taco-z
(term~constant-create
(+ (keim~nametaco-x ) (keim~nametaco-y )) taco-num))
(taco-x1
(data~appl-arguments  taco-x0)))
(and
(and (data~primitive-p taco-z )
(numberp (keim~name taco-z )))
(listp  taco-x1)
(:
(list-length taco-x1)
2)
(term~taco-equal taco-z
(nth 0 taco-x1)))))))

(tac~deftactic split-monomials-plus-2 split-monomials-plus
(in real)
(parameters
(pos pos+position "the position of the term")
(x term+term "the first  coefficient")
(y term+term "the second coefficient"))
(premises 11)
(conclusions  12)
(computations
(1
(taco=split-monomials-plu ~ s-2- 11
(formula 12)
pos X Y)))
(sideconditions
(taco=split-monomials-plus  -2-p
(formula 12)
pos X Y))
(description  "Apply tactic split-monomials-plus
to pattern (existent nonexistent)."))

(defun taco=split-monomials-plus  -2- I1
(taco-I2  taco-pos taco-x taco-y)
(let*
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((taco-x2

(data~struct-at-position taco-I2 taco-pos))
(taco-x3

(data~appl-arguments  taco-x2))

(taco-x6

(nth 1 taco-x3))

(taco-x7

(data~appl-arguments  taco-x6))

(taco-a

(nth 1 taco-x7))

(taco-num

(env~lookup-object  :num

(pds~environment omega*current-proof-plan )))
(taco-z

(term~constant-create

(+ (keim~name taco-x ) (keim~name taco-y )) taco-num))
(taco-x1

(list taco-z taco-a))

(taco-times

(data~appl-function taco-x6))

(taco-x0

(data~appl-create  taco-times taco-x1)))
(data~replace-at-position taco-I2 taco-pos taco-x0)))

(defun taco=split-monomials-plus -2-p
(taco-I2  taco-pos taco-x taco-y)
(and
(and (data~primitive-p taco-x )
(numberp (keim~name taco-x )))
(and (data~primitive-p taco-y )
(numberp (keim~name taco-y )))
(let*
((taco-x2
(data~struct-at-positio n taco-12 taco-pos))
(taco-num
(env~lookup-object  :num
(pds~environment omega*current-proof-pla  n)))
(taco-times
(env~lookup-object  :times
(pds~environment omega*current-proof-pla  n)))
(taco-plus
(env~lookup-object  :plus
(pds~environment omega*current-proof-pla  n))) )
(and
(data~appl-p taco-x2)
(term~taco-equal taco-plus
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(data~appl-function taco-x2))
(let*
((taco-z
(term~constant-create
(+ (keim~name taco-x ) (keim~name taco-y )) taco-num))
(taco-x3
(data~appl-arguments  taco-x2)))
(and
(and (data~primitive-p taco-z )
(numberp (keim~name taco-z )))
(listp  taco-x3)
(:
(list-length taco-x3)
2)
(let*
((taco-x6
(nth 1 taco-x3))
(taco-x4
(nth 0 taco-x3)))
(and
(data~appl-p taco-x6)
(data~appl-p taco-x4)
(term~taco-equal taco-times
(data~appl-function taco-x6))
(term~taco-equal taco-times
(data~appl-function taco-x4))
(let*
((taco-x7
(data~appl-arguments  taco-x6))
(taco-x5
(data~appl-arguments  taco-x4)))
(and
(listp  taco-x7)
(:
(list-length taco-x7)

2)

(listp  taco-x5)

(:
(list-length taco-x5)
2)

(term~taco-equal taco-y
(nth 0 taco-x7))
(term~taco-equal taco-x
(nth 0 taco-x5))
(let*
((taco-a

(nth 1 taco-x7)))
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(term~taco-equal taco-x5

(list taco-x taco-a)))))))))))))

(tac~deftactic split-monomials-plus-3

(in real)
(parameters

(pos pos+position "the position

(x term+term "the first coefficient")
(y term+term "the second coefficient"))

(premises 1)
(conclusions  12)
(computations)
(sideconditions

(taco=split-monomials-plus  -3-p

(formula 12)
(formula 11)
pos X y))

(description  "Apply tactic
to pattern (existent

(defun taco=split-monomials-plus -3-p
(taco-I2  taco-l1 taco-pos taco-x taco-y)

(and
(and (data~primitive-p

taco-x )

(numberp (keim~name taco-x )))

(and (data~primitive-p

taco-y )

(numberp (keim~name taco-y )))

(let*
((taco-x2

split-monomials-plus
existent)."))

split-monomials-plus

of the term")

(data~struct-at-positio n taco-12 taco-pos))

(taco-x0

(data~struct-at-positio n taco-I1 taco-pos))

(taco-num
(env~lookup-object
(pds~environment
(taco-times
(env~lookup-object
(pds~environment
(taco-plus
(env~lookup-object
(pds~environment
(and

:num
omega*current-proof-pla

‘times
omega*current-proof-pla

‘plus
omega*current-proof-pla

(data~appl-p taco-x2)
(data~appl-p taco-x0)
(term~taco-equal taco-plus

n))

n))

n)) )
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(data~appl-function taco-x2))
(term~taco-equal taco-times
(data~appl-function taco-x0))
(let*
((taco-z
(term~constant-create
(+ (keim~name taco-x ) (keim~name taco-y )) taco-num))

(taco-x3

(data~appl-arguments  taco-x2))
(taco-x1

(data~appl-arguments  taco-x0)))
(and

(and (data~primitive-p taco-z )
(numberp (keim~name taco-z )))
(listp  taco-x3)

(:
(list-length taco-x3)
2)

(listp  taco-x1)

(:
(list-length taco-x1)
2)

(term~taco-equal taco-z
(nth 0 taco-x1))
(let*
((taco-x6
(nth 1 taco-x3))
(taco-x4
(nth 0 taco-x3))
(taco-a
(nth 1 taco-x1)))
(and
(data~appl-p taco-x6)
(data~appl-p taco-x4)
(term~taco-equal taco-times
(data~appl-function taco-x6))
(term~taco-equal taco-times
(data~appl-function taco-x4))
(let*
((taco-x5
(list taco-x taco-a))
(taco-x7
(list taco-y taco-a)))
(and
(term~taco-equal taco-x6
(data~appl-create  taco-times taco-x7))
(term~taco-equal taco-x4
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(data~appl-create  taco-times taco-x5))))))))))))

(defun taco=expand-split-monomia Is- plus (outline parameters)

(let* ((taco-I2  (nth 0 outline))
(taco-IL  (nth 1 outline))
(taco-pos (nth 0 parameters))
(taco-x (nth 1 parameters))
(taco-y (nth 2 parameters)))
(tacl~init outline)
(let*  ((outlinel (tacl~apply ‘expand-num
(list  nil taco-11)
(list (pos~add-end taco-pos 1) taco-x taco-y)))
(taco-I3  (nth 0 outlinel)))
(tacl~apply 'distribute-right
(list taco-12 taco-I3)
(list  taco-pos)))
(tacl~end)))

; TACOEND
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